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Network Flow Algorithms

Network flow theory has been used across a number of disciplines, including theoretical
computer science, operations research, and discrete math, to model not only problems
in the transportation of goods and information but also a wide range of applications
from image segmentation problems in computer vision to deciding when a baseball
team has been eliminated from contention.

This graduate text and reference presents a succinct, unified view of a wide variety of
efficient combinatorial algorithms for network flow problems, including many results
not found in other books. It covers maximum flows, minimum-cost flows, generalized
flows, multicommodity flows, and global minimum cuts and also presents recent work
on computing electrical flows along with recent applications of these flows to classical
problems in network flow theory.

DAVID P. WILLIAMSON is a professor at Cornell University in the School of
Operations Research and Information Engineering. He has won several awards for
his work in discrete optimization, including the 2000 Fulkerson Prize, sponsored by
the American Mathematical Society and the Mathematical Programming Society. His
previous book, The Design of Approximation Algorithms, coauthored with David B.
Shmoys, won the 2013 INFORMS Lanchester Prize. He has served on several editorial
boards, and was editor-in-chief of the SIAM Journal on Discrete Mathematics. He is a
Fellow of the ACM and of SIAM.
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Preface

I have gathered a posy of other men’s flowers, and nothing but the thread that
binds them is mine own.
— Montaigne

Any new book on network flow would seem to need to justify its existence,
since the definitive book on the topic has perhaps already been written.
I am referring to the magisterial Network Flows: Theory, Algorithms, and
Applications, by Ahuja, Magnanti, and Orlin [4], written by some of the
premier researchers in the theory and practice of efficient network flow
algorithms, and published in 1993; I will refer to the book as AMO, using
the initials of its authors. The late 1980s and early 1990s were a golden era
for research in combinatorial, polynomial-time algorithms for network flow
problems, and not only does AMO discuss most of the work done during this
period, it also gives an extensive overview of the entire area of network flows
and is full of applications of network flow theory to practical problems. So why
another book on the topic? I offer three reasons.

The first is a matter of focus. It is hard to be both definitive and succinct,
as I know from having tried to write a definitive book on another topic [206].
AMO is certainly the former; it is my aim here to be the latter. In this volume,
I am concerned primarily with combinatorial, polynomial-time algorithms for
network flow problems and their analyses. The material for this book comes
from having taught several iterations of a graduate-level course in network
flow algorithms at Cornell University’s School of Operations Research and
Information Engineering. The students were primarily in operations research
and computer science, but there were also some in electrical and civil
engineering. Thus I know from experience that with a bit of selection, the
bulk of the material in this book can be taught in a semester-long course.
Additionally, because the book is a result of a course, the results covered are

ix
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ones that I was able to teach successfully in a single lecture. As a consequence,
results that are either too long or too complex to cover in a single lecture
are not included here. I do not say much concerning other parts of network
flow theory, such as applications or algorithms without polynomially bounded
running times. Here the existence of AMO is a boon; the interested reader is
welcome to refer to that volume for the parts of network flow theory that are
not covered in this book.

The second reason is to provide some coverage that AMO does not.
Although several of the algorithms covered here for the maximum flow prob-
lems and minimum-cost circulation problems are also covered by AMO, there
are some important exceptions. As mentioned above, although the late 1980s
and early 1990s were a golden era for research in network flow algorithms,
there has continued to be work in the area in the last 25 years, which AMO does
not cover. One notable example is the 1998 paper of Goldberg and Rao [90],
giving what until recently was the theoretically fastest known algorithm for the
maximum flow problem. Another is the 1991 algorithm of Wallacher [201] for
the minimum-cost circulation problem; the algorithm has a relatively simple
analysis. Furthermore, interesting polynomial-time combinatorial algorithms
for several types of flow problems were emerging just as AMO went to
press, and are not covered there; I am thinking primarily of algorithms for
global minimum cut, generalized maximum flow, and multicommodity flow
problems. In recent years, specializations of interior-point methods to network
flow problems have resulted in still faster algorithms; while these algorithms
are not combinatorial and thus do not fall in the scope of this book, I include a
few of these results connected to the classical topic of electrical flows.

The third reason is that in the end, I could not really help myself. My main
area of research interest is combinatorial, polynomial-time algorithms, but with
one exception [173], none of my work has been on network flow problems. So I
can say as an unbiased outside observer that the area is one with truly beautiful
and useful algorithmic ideas that build on each other in a very aesthetically
pleasing way. Following the Montaigne quotation above, my goal in writing
this book has been one of selection and arrangement to try to bring out as
best I can the beauty that is already inherent in the algorithms and analysis of
others; I hope the reader enjoys the resulting bouquet as much as I do.

David P. Williamson
Ithaca, New York
January 2019
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Beggar that I am, I am even poor in thanks, but I thank you; and sure, dear
friends, my thanks are too dear a halfpenny.
— William Shakespeare, Hamlet, Act 11, Scene 11
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