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Preliminaries and tools

The material we present in this book relies heavily on basic harmonic analysis
tools on the real line R and on the torus T = R/2n7Z. There are many excellent
textbooks on the subject, e.g. Katznelson [84], Stein—Weiss [135], Stein [133],
Folland [61], Wolff [154], and Muscalu—Schlag [116]. In this preliminary
chapter, we state without proof the results we need in order to develop the
wellposedness theory of dispersive partial differential equations (PDEs).

We first recall the Lebesgue spaces of measurable functions (for K = T or

R):

L”(K)={f2K—>C:|IfII”, :=fKIfI”<<>°}, p €[l 00),

L¥(K) ={f : K = C:|Ifll~ := esssup|f| < oo},

and Holder’s inequality

fog

£r ={a:Z—>C: llally, =Zlak|" <<>0}, p€[l,00), and
kezZ

< Wfllzraollgllizacky, 1< p,q < oo,

Also recall

™ = {a 1 Z — C:alles = suplag| < 00}.

keZ

For linear operators between L7 spaces, we have the Riesz—Thorin

interpolation theorem, see Folland [61]:

Theorem 1.1 Let T be a linear operator mapping LP + LP' to L7 + L. Fix
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2 Preliminaries and tools

0 € (0, 1) and define
1 1-6 6 1 1-6 0
+

b}

pe P P 4 @ @
Then T maps LP to LY, and

1-6 0
||T||L”ﬁ—>L"H < ”T”Lﬁo_,qu”T”Lmﬁqu .

An easy consequence of the above theorem is Young’s inequality for the
convolution of two functions (see Exercise 1.1)

I 1 1
If gl < Al llgllee, 1+ — = P 1 <p,g,r<co. (1.1)

The corresponding statement holds also for the €7 spaces.
Another useful convolution inequality is the Hardy—Littlewood—Sobolev
theorem; see Stein [133]:

Theorem 1.2 Foranyl <p <r<oo

1 1
R e 1 >

A useful extension of Riesz—Thorin theorem is the complex interpolation
theorem of Stein [132]:

Theorem 1.3 Let {T.} be a family of linear operators analytic in the strip
{z € C:0 < Re(z) < 1} and continuous on the closure. Namely, for any test
functions f, g, the inner product {f, T,g) is analytic on the strip and continuous
on the closure. Assume that there exists b < nt so that for any simple functions
[, g and for any z in the strip

Kf. Tog)l < Cp g™,
Also assume that

ITo+illzro—ro < Mo(y), 1T 14iyllr —pa < M(y)

and that M, j = 1,2, grow at most exponentially as y — +oo. Then for all
0<o<1

1 TollLro 190 < C,
where C depends on M and 6.

For a Banach space X, the dual space X’ is the space of all bounded linear
maps from X to C. From now on, we will use p’ for the dual exponent % of
p, and similarly for ¢’ and r’. Recall that the dual space of L”(K) is L' (K) for
1 < p < oo, Also recall that the adjoint 7* : ¥ — X’ of a bounded linear
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Preliminaries and tools 3

map T between two Banach spaces X and Y is defined by (see Folland [61] for
more details)

[T*(x) = UT(x), L€YY, xeX

The next lemma provides a standard method to establish the boundedness of
linear operators between L? spaces; see Stein [133, p:280]

Lemma 1.4 (TT* method) Let T be a linear operator defined on a dense
subset of L*, and with a formal adjoint T*. Then the following are equivalent:
(D) T\l 2srr < A,

(i) 1Tl 12 < A,

(i) |ITT | 1o < A

To study low regularity solutions of PDEs, we need to define the solution in
a distributional sense. We introduce the following test function spaces

C”(K) ={f : K — C: fis infinitely differentiable}, K =Ror T,
Cy([R) ={f € C*(R) : f is compactly supported},

S®) = {f € C°R) : Pyun(f) = [[(x)" f" ()| < 00,m.n2>0}.

Recall that these spaces are locally convex topological vector spaces. The
topology on C* is given by uniform convergence of each derivative on compact
sets. Similarly, we say f; converges to f in C if there is a compact set F
containing the support of each f; and f, and that f; and all of its derivatives
converges to f and its derivatives uniformly on F'. We say f; converges to f in
S(R) if Py, ,(f = f;) converges to O for each m,n > 0.

Note that the dual space S’ of a topological vector space S is defined
analogously as the space of linear continuous maps from S to C. We define
the space of distributions on R, D(R), as the dual of C’(R), and the space of
periodic distributions, D(T), as the dual of C*(T). We also define the space
of tempered distributions, S’(R), as the dual of S(R). We refer the reader to
Folland [61] for the basic properties of distributions. We denote the action of a
distribution u on a test function ¢ by u(¢). If u is an L? function, then we have
(see Exercise 1.2)

u(g) = f u(x)$(x) dx.
R
We define the Fourier transform for functions in L' (R) as

F1E) = Fl6) = \/%7 fR FWeEdx, £CR.
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4 Preliminaries and tools

Recall that fis a continuous bounded function on R that decays to zero at
infinity. In the case when f € L!(R), one has the inversion formula

— 1 o~
x)=F " flx =—fe”‘f dé, xeR.
f(x) fx) v ) f©)dé
Similarly, for f € LY(T), we define the Fourier series as
21
FrR =0 =~ [ foge™dy, kez.
2w 0

In the case f € ¢!, we have

F@ =FF00 = > M F.

keZ

We have the Poisson summation formula ; see e.g. Folland [61]

2rk) = —— ke, S(R). 1.2
k;x,f(“ k) @k;mf( )e™ . feSR) (1.2)

For f,g € L'(R), we have the Fourier multiplication formula
f Fg(x) dx = f f(0)g(x) dx. (1.3)
R R

This leads to Parseval’s identity

9= [ Fogdx= [ Femerde = (77). fige L@,
and, in particular, we have Plancherel’s theorem

WA llr2ey = “ﬂ|LZ<R)'

Similar formulas hold in the case of Fourier series. Interpolating Plancherel’s
theorem with the inequality

171, < 170
yields the Hausdorff—Young theorem
”ﬂlLﬂ’ < “f”LP, 1< p< 2’ llj + l% -1

By noting that F is a continuous bijection from S(R) to S(R), one can
extend the definition of the Fourier transform to the space S’(R) by the formula

Fu(@) := u(F ).
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Preliminaries and tools 5

Similarly, one can define the Fourier series of periodic distributions as

Fu(k) = Ziu(e—”").

T

Most of the basic properties of ¥ can be extended to the distributional
definitions, see [61]. In particular, both distributional definitions agree with
the usual definition for u € L(K).

For s > 0, we often use the operators D* = (-A)2 given on the Fourier side
as

D f(&) = I f(©).
Similarly, we have the operators J* given on the Fourier side as
If© =&’ f@.
We define the L2 based Sobolev spaces, for s € R
H'®R) ={f € S®) : Ifllm:@ = I fllz < oo},
where (£) := \/W . Similarly, for s € R, we have
H(T) = {f € D) : fllmscry = I fllz2 < o0}

The homogenous Sobolev spaces H* are defined analogously with D? instead
of J*.

Recall that C’ functions are dense in H*(K) for any s and in LP(K) for 1 <
p < co. Note that for @ > 0, D* : H* — H*™?, and for any «, J* : H* — H*™“.
Also note that

0.f = HDf = DH,
where H is the Hilbert transform
Hf (&) = isign(€) f(€).

which is bounded in H*(R) for any s, and in L for 1 < p < oo.
We collect some basic properties of Sobolev spaces in the following lemmas
(see Exercises 1.3 and 1.4):

Lemma 1.5 (Sobolev embedding) For K = R or T, we have

1
- T 2<p<°°:

Iy S W llgsys s = »

| =

1
IAllz=y S Wfllasgy, 8 > 5
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6 Preliminaries and tools
Lemma 1.6 (Algebra property) For K =R or T, and s > 1, we have

Lfellzscxy < Wz llgllzs ) -

We also need basic definitions and theorems from the Littlewood—Paley
theory. We start with Littlewood—Paley projections

Pif(© = p27*9)[ (),
where ¢ is a smooth cut-off function supported in {£ : % < |€] < 2} with the
property

Z e(27*¢) =1, foreach¢ # 0.
k

We use the same definition for functions on the torus. Similarly, Py is given
as

Pof© = &) ) ¢27¢),
=k

and P, = Id — Ps;. It is important to note the uniform bounds
IPef Ol [Pt fO)] < C M f(x). (1.4)

Here M is the Hardy-Littlewood maximal function
1
Mf(x) = sup ——— lfl dy,
r>(];)) |B(x» r)| B(x,r)

where B(x, r) is the ball of radius » centered at x, and |B(x, r)| is the volume of
B(x, r). Both inequalities follow by majorizing the inverse Fourier transform
of the cutoff function by a sum of characteristic functions of balls. The Hardy—
Littlewood theorem states that for any 1 < p < oo

IMfllz < Cpllfllee,

both on R and T. This implies uniform L” boundedness of the Littlewood—
Paley projections via (1.4).

We also have the following characterization of the Sobolev spaces in terms
of Littlewood—Paley projections (see Exercise 1.5)

s = Pt £, + " 22 NP, (1.5)
k=1
Also recall that for f € S(R), we have

Paf+ Y Puf > finS®), (1.6)
k=1
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asn — oo,
We finish this section by stating some additional results on Sobolev spaces.
The proofs of these results are more involved, and Taylor [146] is a good
reference for these and related inequalities.
We first state the Gagliardo—Nirenberg inequality [117]:

Theorem 1.7 Let f : R — C. Fix 1 < p,q,r < oo and a natural number m.
Suppose also that a real number a and a natural number j are such that

1 . (1 ) -«
—=j+|--m|a+ —
p r q

and

S |~
IA
R
IA
—_

Then
IDY fllr < ID™ AU F1I5

We will mainly use the following corollary:

Corollary 1.8 For any j, k € N, we have
O OS| o < Wl fll-

Proof We can assume that j,k > 1. Letm = j + k. Let

2m 2m Jj k
Pr=—, P2=—F, 1= —, = —.
j k m
Note that in this case le + pLz = % and a; +a, = 1. By Holder’s and Gagliardo—
Nirenberg’s inequalities, and the L” boundedness of the Hilbert transform, we

have

<
12

aLfof

], 1
<Dl 1DA £ < N A2 DA
S PR

O

The following is a standard commutator estimate that we use in Chapter 3
to establish the wellposedness theory for some dispersive PDEs. For the proof,
see Kato—Ponce [83], Kenig—Ponce—Vega [88], and Taylor [146, page 106].

Lemma 1.9 Fors € (0,1), we have

17°(f9) = fI7gllrz < 11 fllrslIglle-
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8 Preliminaries and tools

For s > 1, we have

[75(f8) = £7%]|,» < Il llgllzs + Lflz gzt
We state the following version of fractional Leibniz rule; see Taylor [146].

Lemma 1.10 Fors >0

1 1 1 1 1
—=— 4+ — = — + —, 2<pl7q2goo’
2 proa1 P2 o

we have
Wfgllas < Al 1 gl + 1T fllze-llgllzee .
Finally, we have the following L" version of this lemma; see Taylor [146].

Lemma 1.11 Fors >0, 1 < r < oo, we have

WM < Wz 1 gllzar + 117 fllzelIgllze
where pj,q; € (1,00), and

1 1 1 1 1

rpr q p2 q2

Exercises

1.1  Prove that
Ilf = gllee < fllzrligllzr, and

f gl < A1 fllzellgllze -

Derive Young’s inequality (1.1) using these bounds and Theorem 1.1.
1.2 Fix p € [1, 00]. Prove that any f € L”(R) is a tempered distribution with
the action given by

1@ = [ feoowdr o e S
R
1.3 (a) Consider the tempered distribution |x|™*, 0 < @ < 1 on R. Prove that

F (-1 @) = calél™™,

where ¢, is a constant depending only on a.
(b) Use the Hardy-Littlewood—Sobolev theorem, part (a), and duality to
prove the Sobolev embedding theorem on R

1Al < CID* flli2gw)
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1.4
1.5
1.6

1.7

1.8

Exercises 9

with 3 = L +sand 2 < p < co.
(c) Use part (b) to prove the following version of the Gagliardo—
1

Nirenberg inequality on R, for p € [2,c0] and 6 = 5 —

Il < CIFNNA11 (1.7

(d) Give an alternative proof of (1.7) by interpolating the bounds for
p =2and p = co. For the latter bound, express f> using the fundamental
theorem of calculus.

Prove the algebra of Sobolev spaces stated in Lemma 1.6.

Prove (1.5) using Plancherel’s theorem.

(Gronwall’s inequality) Assume that for a.e. 7 € [0, T'], we have

JO <A+ fo g f()dr

for some A > 0 and some nonnegative functions f and g such that fg €
L'([0, TY). Prove that

f() < Aexp (f g(‘r)d‘r), te[0,T].
0

Consider the linear Schrodinger equation on R

{ iy +uy =0, xeR, 1 eR, (18)

u(0,-) = g() € H'(R).
(a) For each r € R, define u(t, -) as a tempered distribution by the formula
u(t,) = 7 [ € F o) 0

Prove that u € C?Hj(R x R) and that [|u(?, -)||zsr) 1S constant.

(b) Prove that if g, converges to g in H*, then, for each ¢, u,, (¢, -) converges
to u(t,-) in H*.

(c) Prove that u solves (1.8) in the sense of distributions, i.e.

M( — i, + ¢xx) =0,

for all ¢ € S(R?).

(d) Prove that if v € C?H;(R X R), v(0,x) = g(x), and v solves (1.8) in
the sense of distributions, then v = u.

(a) Let ¢ € S(R) and z € C\{0} with a nonnegative real part. Then

2~ 1 a2
2 dx = —f T dx.
Le Pl V2z Jr € = pladx
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10 Preliminaries and tools

(b) Assuming that g € S(R), express the solution of (1.8) as a convo-

i
lution of the tempered distribution ﬁe’% with g.
(c) Similarly, prove that the solution of the linear Schrodinger equation
on R”

{ i, + Au=0,x e R, t e R, (1.9)

u(0,-) = g() € SR")

is given by

. 1 2
g = - f e g(y)dy.
Armit)2 Jre

(d) Conclude that the following dispersive estimate holds
; 1
itA
“e g”L;"(R") < (47‘(|[|)% ”g”LI(R")'

1.9 Let f € CF(R), ¢ € C*, and ¢'(x) # O for any x in the support of f.
Then

1) = fei’lq’(x)f(x)dx =0, as 1 > =
R

for any k € Z*.

1.10 (Van der Corput lemma) Let ¢ : R — R be C*.
(a) Assume that for some k € Z*, we have |¢®(x)| > 1 for any x € [a, b],
with ¢’(x) monotonic when k = 1. Then

b
f el/lqﬁ(x) dx
a

where the constant ¢y is independent of a and b.

Hint: The case k = 1 follows from an integration by parts noting that
¢" does not change sign. For the general case, use induction, noting that
#*=D can vanish at most at a single point, and decompose [a, b] into two
disjoint sets appropriately.

(b) Under the hypothesis of part (a), prove that

b
f 9 £(x)dx

a

_1
< Ck/l K

< a7t (Il + 1 M) -

1.11 (Bernstein’s inequality) Prove that if P is a trigonometric polynomial of
degree N, then

P/

L S N”P”LP, 1 < )4 < oo,

Hint: Express P’ as
P’ =Px*Ky,

© in this web service Cambridge University Press & Assessment www.cambridge.org



www.cambridge.org/9781316602935
www.cambridge.org

CAMBRIDGE

Cambridge University Press & Assessment

978-1-316-60293-5 — Dispersive Partial Differential Equations
Wellposedness and Applications

M. Burak Erdogan , Nikolaos Tzirakis

Excerpt

More Information

Exercises 11

where K}y is a suitable convolution kernel with the property ||[Ky|[;1 < N,
see Katznelson [84].
1.12 Using the Poisson summation formula, (1.2) prove that the convolution
kernel ¢y of P; on the torus satisfies the bound
k

(1 + 2K)x?”

N =

lee(0)l < € keN,|x| <

@© in this web service Cambridge University Press & Assessment www.cambridge.org



www.cambridge.org/9781316602935
www.cambridge.org

