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Preface

We currently are witnessing the spectacular success of “deep learning” in both

science (for example, in astronomy, biology, and medicine) and the public sector,

where autonomous vehicles and robots are already present in daily life. However,

the development of a rigorous mathematical foundation for deep learning is at an

early stage, and most of the related research is still empirically driven. At the same

time, methods based on deep neural networks have already shown their impressive

potential in mathematical research areas such as imaging sciences, inverse prob-

lems, and the numerical analysis of partial differential equations, sometimes far

outperforming classical mathematical approaches for particular classes of problem.

This book provides the first comprehensive introduction to the subject, highlighting

recent theoretical advances as well as outlining the numerous remaining research

challenges.

The model of a deep neural network is inspired by the structure of the human

brain, with artificial neurons concatenated and arranged in layers, leading to an (ar-

tificial feed-forward) neural network. Because of the structure of artificial neurons,

the realization of such a neural network, i.e., the function it provides, consists of

compositions of affine linear maps and (non-linear) activation functions ̺ : R→ R.

More precisely, the realization of a neural network with L layers, and N0, NL , and

Nℓ , ℓ = 1, . . . , L − 1, the number of neurons in the input, output, and ℓth hidden

layer, as well as weight matrices and bias vectors, W (ℓ) ∈ RNℓ×Nℓ−1 and b(ℓ) ∈ RNℓ ,

respectively, is given by

Φ(x, θ) = W
(L)ρ(W (L−1) · · · ρ(W (1)

x + b
(1)) + · · · + b

(L−1)) + b
(L), x ∈ RN0 ,

with free parameters θ =
(

(W (ℓ), b(ℓ))
)L

ℓ=1
. Given training data

(z(i))m
i=1

:= ((x(i), y(i)))m
i=1
,

which arise from a function g : R
N0 → R

NL , the parameters are then learned by

xv
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xvi Preface

minimizing the empirical risk

1

m

m
∑

i=1

L(Φ(·, θ), z(i)) ,

with L a suitable loss function. This is commonly achieved by stochastic gradient

descent, which is a variant of gradient descent accommodating the obstacle that

the number of parameters and training samples is typically in the millions. The

performance is then measured by the fit of the trained neural network to a test data

set.

This leads to three main research directions in the theory of deep learning,

namely: (1) expressivity, i.e., studying the error accrued in approximating g by

the hypothesis class of deep neural networks; (2) optimization, which studies the

algorithmic error using minimization of the empirical risk; and (3) generalization,

which aims to understand the out-of-sample error. Expressivity is at present from a

theoretical viewpoint the most advanced research direction; a current key question

is the impact on the overall performance of various architectural components of

neural networks, such as their depth. Optimization has recently seen intriguing new

results. However, the main mystery of why stochastic gradient descent converges

to good local minima despite the non-convexity of the problem is as yet unraveled.

Finally, generalization is the direction that is the least explored so far, and a deep

theoretical understanding of, for instance, why highly overparametrized models

often do not overfit, is still out of reach. These core theoretical directions are

complemented by others such as explainability, fairness, robustness, or safety –

sometimes summarized as the reliability of deep neural networks. Interestingly,

basically the entire field of mathematics, ranging from algebraic geometry through

to approximation theory and then to stochastics is required to tackle these challenges,

which often even demand the development of novel mathematics. And, in fact, at

a rapidly increasing rate, mathematicians from all areas are joining the field and

contributing with their unique expertise.

Apart from the development of a mathematical foundation of deep learning,

deep learning has also a tremendous impact on mathematical approaches to other

areas such as solving inverse problems or partial differential equations. In fact, it

is fair to say that the area of inverse problems, in particular imaging science, has

already undergone a paradigm shift towards deep-learning-based approaches. The

area of the numerical analysis of partial differential equations has been slower to

embrace these novel methodologies, since it was initially not evident what their

advantage would be for this field. However, by now there exist various results of

both a numerical and a theoretical nature showing that deep neural networks are

capable of beating the curse of dimensionality while providing highly flexible and

fast solvers. This observation has led to the fact that this area is also currently being
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Preface xvii

swept by deep-learning-type approaches, requiring the development of a theoretical

foundation as well.

This book is the first monograph in the literature to provide a comprehensive

survey of the mathematical aspects of deep learning. Its potential readers could be

researchers in the areas of applied mathematics, computer science, and statistics,

or a related research area, or they could be graduate students seeking to learn about

the mathematics of deep learning. The particular design of this volume ensures that

it can serve as both a state-of-the-art reference for researchers as well as a textbook

for students.

The book contains 11 diverse chapters written by recognized leading experts

from all over the world covering a large variety of topics. It does not assume any

prior knowledge in the field. The chapters are self-contained, covering the most

recent research results in the respective topic, and can all be treated independently

of the others. A brief summary of each chapter is given next.

Chapter 1 provides a comprehensive introduction to the mathematics of deep

learning, and serves as a background for the rest of the book. The chapter covers the

key research directions within both the mathematical foundations of deep learning

and deep learning approaches to solving mathematical problems. It also discusses

why there is a great need for a new theory of deep learning, and provides an overview

of the main future challenges.

Chapter 2 provides a comprehensive introduction to generalization properties of

deep learning, emphasizing the specific phenomena that are special to deep learning

models. Towards analyzing the generalization behavior of deep neural networks,

the authors then present generalization bounds based on validation datasets and an

analysis of generalization errors based on training datasets.

Chapter 3 surveys a recent body of work related to the expressivity of model

classes of neural networks. The chapter covers results providing approximation

rates for diverse function spaces as well as those shedding light on the question

of why the depth of a neural network is important. The overview not only focuses

on feed-forward neural networks, but also includes convolutional, residual, and

recurrent ones.

Chapter 4 presents recent advances concerning the algorithmic solution of op-

timization problems that arise in the context of deep learning, in the sense of

analyzing the optimization landscape of neural network training. A specific focus

is on linear networks trained with a squared loss and without regularization as well

as on deep networks with a parallel structure, positively homogeneous network

mapping and regularization, and that have been trained with a convex loss.

Chapter 5 summarizes recent approaches towards rendering deep-learning-based

classification decisions interpretable. It first discusses the algorithmic and theoret-

ical aspects of an approach called Layer-wise Relevance Propagation (LRP). This
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is a propagation-based method, allowing us to derive explanations of the decisions

of a variety of ML models. The authors also demonstrate how this method can be

applied to a complex model trained for the task of visual question answering.

Chapter 6 introduces stochastic feed-forward neural networks, one prominent

example of which is deep belief networks. The authors first review existing ex-

pressivity results for this class of networks. They then analyze the question of a

universal approximation for shallow networks and present a unified analysis for

several classes of such deep networks.

Chapter 7 explores connections between deep learning and sparsity-enforcing

algorithms. More precisely, this chapter reviews and builds on previous work on

a novel interpretation of deep neural networks from a sparsity viewpoint, namely

as pursuit algorithms aiming for sparse representations, provided that the signals

belong to a multilayer synthesis sparse model. The authors then present extensions of

this conceptual approach and demonstrate the advantage of the resulting algorithms

in a specific supervised learning setting, leading to an improvement of performance

while retaining the number of parameters.

Chapter 8 provides a comprehensive introduction of the scattering transform. The

author presents both mathematical results, showing that geometric stability indeed

plays a key role in deep learning representations, and applications to, for instance,

computer vision. Also, more general group-invariant feature descriptors in terms

of Lie groups and non-Euclidean domains are described.

Chapter 9 focuses on the application of deep neural networks to solving inverse

problems. The author provides an introduction to the use of generative deep learning

models as priors in the regularization of inverse problems. Also, the specific setting

of a compressed sensing problem is studied and both mathematical and numerical

results in compressed sensing for deep generative models are presented.

Chapter 10 introduces a reformulation of the training process for residual neural

networks as well as a corresponding theory. More precisely, the dynamical sys-

tems viewpoint regards the back-propagation algorithm as a simple consequence

of variational equations in ordinary differential equations, whereas the control the-

ory viewpoint regards deep learning as one instance of mean-field control where

all agents share the same control. The authors finally introduce a new class of

algorithms for deep learning as one application of these conceptual viewpoints.

Chapter 11 illuminates the connections between tensor networks and convolu-

tional neural networks. These are established by relating one of the current goals

of the field of many-body physics, namely the efficient representation of highly

entangled many-particle quantum systems, to the area of deep learning. As one

application of this framework, the authors derive a new entanglement-based deep

learning design scheme which allows theoretical insight in a wide variety of cus-

tomarily used network architectures.
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