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The Fundamentals of Heavy Tails

Heavy tails — extreme events or values more common than expected — emerge every-
where: the economy, natural events, and social and information networks are just a
few examples. Yet after decades of progress, they are still treated as mysterious, sur-
prising, and even controversial, primarily because the necessary mathematical models
and statistical methods are not widely known.

This book, for the first time, provides a rigorous introduction to heavy-tailed distri-
butions accessible to anyone who knows elementary probability. It tackles and tames
the zoo of terminology for models and properties, demystifying topics such as the
generalized central limit theorem and regular variation. It tracks the natural emer-
gence of heavy-tailed distributions from a wide variety of general processes, building
intuition. And it reveals the controversy surrounding heavy tails to be the result of
flawed statistics, then equips readers to identify and estimate with confidence. Over
100 exercises complete this engaging package.
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Preface

Heavy tails are a continual source of excitement and confusion as they are repeatedly “dis-
covered” in new contexts. This is true across the social sciences, the physical sciences, and
especially the information sciences, where heavy-tails pop up seemingly everywhere — from
degree distributions in the web and social networks to file sizes and interarrival times of
compute jobs. However, despite nearly a century of work on heavy tails, they are still treated
as mysterious, due to their counterintuitive properties; surprising, since the central limit the-
orem trains us to expect the “Normal” distribution; and even controversial, since intuitive
statistical tools can lead to false discoveries.

The goal of this book is to show that heavy-tailed distributions need not be mysterious
and should not be surprising or controversial either. The book strives to demystify heavy-
tailed distributions by showing how to reason formally about their counterintuitive properties
by demonstrating that the emergence of heavy-tailed phenomena should be expected (not
surprising) and by revealing that most of the controversy surrounding heavy-tails is the result
of bad statistics and can be avoided by using the proper tools. It proceeds by offering a
coherent collection of bite-sized introductions to the big questions:

How can we understand the seemingly counterintuitive properties of heavy-tailed
distributions?
Why are heavy-tailed distributions so common?
How can heavy-tailed distributions be estimated from data?

These questions are important not just to mathematicians but also to computer scientists,
economists, social scientists, astronomers, and beyond. Heavy-tailed distributions truly come
up everywhere in the world around us, and understanding their consequences is crucial to
an understanding of the world. Despite this, many students learn probability and statistics
without being taught how to think carefully about the heavy tails. Our mission is to make
this practice a thing of the past.

This book aims to provide an accessible introduction to the fundamentals of heavy tails. It
covers mathematically deep concepts that are typically taught in graduate-level courses, such
as the generalized central limit theorem, extreme value theory, and regular variation; but it
does so using only elementary mathematical tools in order to make these topics accessible
to anyone who has had an introductory probability course. To make this possible we have
explicitly chosen, at times, not to prove results in full generality. Instead, we have worked to
rigorously present the core idea in as simple a manner as possible, pushing aside technicalities

X
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that are necessary to extend the analysis to the most general cases. However, we always
provide pointers to other books and papers where proofs of the most general results can be
found.

How to Use This Book

The book is designed for teaching as well as for independent study by anyone who wants to
develop the intuition and mathematical tools for reasoning about heavy-tailed distributions.
In teaching from the book, we have found that each chapter corresponds to approximately two
80-minute lectures (though we do not cover all the material in each chapter during lectures)
and that it is exciting to include a project component in the course where students explore
heavy tails in their areas of interest. Due to the interdisciplinary nature of heavy tails, we
have found that students tend to come from widely varying backgrounds and so the projects
can be extremely diverse.

The first chapter of the book introduces the class of heavy-tailed distributions formally, and
discusses a few examples of common heavy-tailed distributions. These examples illustrate
how the behavior of heavy-tailed distributions contrasts with that of light-tailed distributions,
but do not yet build intuition for these differences or explain why heavy-tailed distributions
are so common in the world around us. The chapter also begins to introduce the controversy
that often surrounds heavy-tailed distributions because intuitive statistical approaches for
identifying heavy tails in data are flawed.

The remainder of the book is organized to first provide intuition, both qualitative and
mathematical, about the defining properties of heavy-tailed distributions (Part I: Properties),
then explain why heavy-tailed distributions are so common in the world around us (Part
II: Emergence), and finally develop the statistical tools for the estimation of heavy-tailed
distributions (Part III: Estimation).

Given the mystique and excitement that surrounds the discovery of heavy-tailed phenom-
ena, detection and estimation of heavy tails in data is an activity that is often (over)zealously
pursued. You may be tempted to skip directly to Part III on estimation. However, the book
is written so that the tools used in Part II are developed in Part I, and the tools used in Part
III are developed in Parts I and II. Thus, we encourage readers to work through the book in
order. That said, we have organized the material in each chapter so that there is a main body
that presents the core ideas important for later chapters, followed by sections that present
examples and/or variations of the main topic. These later sections can be viewed as enrich-
ment opportunities that can be skipped as desired if the goal is to move quickly to Part III.
The quickest path for acquiring the background needed before digging into Part III consists
of Chapter 2 from Part I, then Chapters 5 and 7 from Part II.

Finally, we would like to emphasize that the aim of this book is to present the fundamentals
of heavy-tailed distributions in a way that is both rigorous and accessible to readers who
have taken an introductory undergraduate course in probability. Given that the theory of
heavy tails uses advanced mathematical tools and is typically presented in a way that is
accessible only to graduate students in mathematics, our target has required us to rethink
and reprove many classical results in the area with the goal of providing a simple, intuitive
presentation. This often means stating theorems that have more restrictive assumptions than
the most general results known and presenting proofs that convey the key ideas but address
some of the difficult technical details via either an assumption or a reference to a technical
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lemma in another source. To provide interested readers with references to the full generality
of the results we discuss, each chapter ends with an “Additional Notes” section that includes
references to more detail on the topics presented in the chapter. We encourage readers to
follow up on the references in these sections. Additionally, many of the exercises at the ends
of the chapters ask the reader to derive extensions or fill in technical details that we have left
out of the main body of the chapters, so we encourage readers to work through the exercises.

Our goal for this book is that, through reading it, heavy-tailed distributions will be demys-
tified for you. That their properties will be intuitive, not mysterious. That their emergence
will be expected, not surprising. And, that you will have the proper statistical tools for study-
ing heavy-tailed phenomena and so will help resolve (or avoid) controversies rather than feed
them. Happy reading!
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