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An Introduction to Tensor Calculus

1.1 Overall Context

We will be developing the laws of continuum physics throughout the first part of this book.
We will do so in an uncommon but pedagogic way by starting with the laws that describe
the discrete movement of individual atoms and then summing over the molecular dynamics.
The emergent continuum laws so obtained come in the form of partial-differential equations
(PDEs) that determine how fields are changing in time at each point in space based on how
the fields are varying in space in the immediate neighborhood of that point. The second part
of the book will treat, for the most part, mathematical techniques for analytically solving
the PDEs with a heavy dose of Fourier analysis and contour-integration methods. Students
learning this material from me over the years have reported that the first part where the
continuum rules are established is more difficult for them compared to the second part
where math problems are solved. Perhaps this is analogous to how building a toy model is
more challenging than playing with the toy once it is built.

In continuum mechanics in particular, the key field representing the underlying
molecular-force interactions is a tensor (the “stress tensor””) and across all of continuum
physics, the material properties and constitutive laws are often only describable using
tensors. In short, it is impossible to learn continuum physics properly without a solid
foundation in tensors and tensor calculus, and this is why we begin the book with this
foundational topic. What you learn in this first chapter, especially the tensor-calculus
product-rule identities of Section 1.7, will be used at every step throughout our devel-
opment of the rules of continuum physics. Fortunately, tensors and tensor calculus are a
natural, even effortless, extension from the concepts of vectors and vector calculus that
I assume you are familiar with. This chapter reviews the various types of spatial deriva-
tives employed in continuum physics (the gradient, divergence, and curl), while allowing
these spatial derivatives to act upon tensor fields, which is assumed to be new to the reader.
It is my experience that even more senior research scientists can benefit from this chapter’s
survey of tensor calculus in preparation for the derivations in all the chapters that follow.

Throughout the book, our focus is on analytical understanding of the physics and mathe-
matics and this involves pencil and paper work. You need to develop confidence in pushing
the symbols around the page as you handle and ultimately solve the PDEs we will be deriv-
ing. The goal is to build intuition and hands-on familiarity with the physical processes
being discussed. Simulating macroscopic experiments in the real world, often performed
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4 An Introduction to Tensor Calculus

in complicated heterogeneous bodies of matter with irregular boundaries, is called the for-
ward problem and usually needs to be performed numerically because analytical solutions
of the governing equations are not possible. Recording the material response at places
within a body during various types of experiments and minimizing the difference between
the recorded data and simulations of the data with the goal of determining the physical
properties throughout the body is called the inverse problem and is also a numerical exer-
cise in nearly all cases. But we will not be addressing in this book numerical aspects of
the forward and inverse problems posed in macroscopic bodies. Instead we content our-
selves with first developing the PDEs that control basic processes of interest across many
physical-science disciplines (Part I) and then solving simplified forms of the equations in
simple geometries where analytical results are possible so that your physical intuition about
the physics can be developed (Part II).

1.2 Some Actors

Any physical quantity continuously distributed over the space of some region is called a
field. Continuum physics involves the study of fields. Fields can be scalars, vectors, or
tensors.

Scalar Fields: A field quantity that has no intrinsic direction is called a scalar field. Exam-
ples include temperature, pressure, and various types of densities. In the nomenclature of
tensors, a scalar can be called a zeroth-order tensor.

Vector Fields: A field quantity that has a direction associated with it is called a vector field.
Examples include electric fields, fluid velocity, and gravitational acceleration. Vector fields
are represented at each point in space by an arrow whose length denotes the amplitude of
the vector field at that point. In the nomenclature of tensors, a vector can be called a first-
order tensor. Vector fields as depicted in Fig. 1.1 can be written analytically in different
ways:

r = position vector used to identify points in space
=x1X] + XX +x3X3=xX+yy+2z2 (1.1)

= (x1, X2, X3) = x;X; (summation over repeated indices),

Figure 1.1 Points in space denoted by the vector r and a vector field a(r) at each point r.
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1.2 Some Actors 5

a(r) =a(x;, xp, x3) = vector field defined at each point r
=X + aXr + asXz3=a X +ay+az (1.2)

= (a1, a2, a3) = a;X;.

The caret symbol " placed above a vector means that vector is unitless and has an amplitude

of 1, that is, @ = a/|a|, where |a| = /(a3 + a3 + a3) denotes the amplitude of vector a.

IMPORTANT: Whenever an index appears twice in an expression, you always sum over that
index. The index that is summed over is sometimes called a dummy index because the index
does not survive the summation and could be given any name. For example, we have a;b; =
ab;=ayby =" ayby =0 aib; =31, aib; = a\by + azb, + azbs, where the i, j and n are
examples of the dummy indices that we sum over. The summation over repeated indices in
vectorial and tensorial expressions is called the Einstein summation convention and simply saves
us from having to write the summation sign over and over.

Another type of vector is the vector operator that we call the gradient operator that is
defined

0 9 0 .
V =x— +y— +z— = gradient operator (a vector operator). (1.3)
0x ay 0z

For example, if ¥ (r) = ¥ (x, y, z) is some scalar field, then the gradient of ¥ is

V¢=£%+§’a—w+ia—w. (1.4)
ox ay 9z
and is a vector that we can also write Vi =X;0v/dx; using the summation convention.
The gradient vector Vi is oriented in the direction that the scalar field ¥ is increasing the
most rapidly and the amplitude | V| gives the rate of that maximum increase.

For a vector field a = a;x;, we call the a; the scalar components of the vector and call the
unit vectors X; in each direction i the base vectors. Note that a vector at some point in space
is an arrow with a length and is completely independent of the coordinate system we use
to describe it. So @ happily exists as the same arrow and does not change if we rotate the
coordinate system. Note, however, that the scalar components of the vector @; will change
as we rotate our coordinate system (alter the orientations of the base vectors) or switch to
another coordinate system such as cylindrical coordinates.

Some authors put an arrow above a symbol to denote that it is a vector field, i.e., a.
When working in typed text, we always use a bold-face symbol to denote a vector, i.e., a.
When writing by hand, we have elected not to use an arrow over a symbol but instead use
a squiggly underscore, i.e., @.

You are free to develop your own vectorial and tensorial notation when writing by hand
but using squiggly underscores for vectors and tensors has served me well over a long
career. Note that if you do not use some type of notation to denote that a symbol is a vector
or tensor, you will be in a constant state of confusion when manipulating the fields of
continuum physics.
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6 An Introduction to Tensor Calculus

Second-Order Tensor Fields: A field quantity that acts as the proportionality between
two vector fields that are related to each other at each point in space is called a second-
order tensor field (can equivalently be called a “second-rank” tensor). Another word that
is synonymous to second-order tensor is dyad or dyadic. We write a second-order tensor
field as

T(r) = a second-order tensor field defined at each point r

=T XX + Ty Xy + T %2

+ Ty 9% + 10,3y + 1,92 (1.5)
+ szé-if- + szﬁ_)A’ + Tzzéﬁ
=T;xX; (summation over repeated indices assumed). (1.6)

Just like the vector @ = a,X + a,y + a.Z is the sum of three vectors in the three coordinate
directions, so the second-order tensor T is the sum of nine second-order tensors as made
explicit in Eq. (1.5). The T}; are the scalar components of the second-order tensor and the
various base vector pairs X;X; for the various possible i and j are what we call second-order
tensors. And just like we can write a vector in the array format a = (ay, a,, a;), so can we
write a second-order tensor as

Txx Txy sz
T=| T, T, T. |. (1.7)
Te Ty T

So a second-order tensor can be represented as a matrix. Much of what you learned about
matrices in linear algebra applies to how we use second-order tensors. The main differ-
ence between a matrix and a second-order tensor is that although a matrix may have any
dimension (N x M) and corresponds to any proportionality between an M and N dimen-
sioned vector (first-order) array, a second-order tensor is a field quantity distributed through
three-dimensional space and is always a (3 x 3) matrix in three-dimensional space and is
a physical field that is always the proportionality between two vector fields that each have
clear physical meaning as will be demonstrated repeatedly throughout this book.

An example of a second-order tensor is two vector fields that sit side by side to each
other in an expression without a scalar or vector product (that are defined in an upcoming
section) between them:

ab = (a;% +a,y + a:z) (& + b,y + b.Z) (1.8)
= a,b XX + a,by Xy + a.b, X2
+ ayb, yx + a,by 3y + ayb, Y2 (1.9

+ab.2x +ab, 2y +ab. 22
=a;bjX;X; (summation over repeated indices as always). (1.10)
It is convenient to construct the 3 x 3 matrix representing ab as the matrix product between

a written as a 3 x 1 array and b written as a 1 x 3 array, which corresponds to the
multiplications of Eq. (1.8):

© in this web service Cambridge University Press & Assessment www.cambridge.org



www.cambridge.org/9781108844611
www.cambridge.org

Cambridge University Press & Assessment
978-1-108-84461-1 — An Introduction to Continuum Physics

Steven R. Pride

Excerpt

More Information

1.2 Some Actors 7
a, ab, aby, ab,

ab=1 a, (bx, by, bz) =| ab, ab, ab, |. (1.11)
a, a:by ab, a.b,

When two vectors sit next to each other to form a second-order tensor, it is common to
call that product the tensor product or dyadic product, even if we will not employ these
words outside of this paragraph. Some authors in the engineering literature introduce a
special symbol ® to denote the tensor product, i.e., a ® b =ab. So for the tensor product
between the base vectors in any second-order or higher-order tensorial expression, these
authors write, for example, X ® ¥ to represent what most authors write more simply as xy.
The extra symbol ® uses space on the page without providing any needed clarification,
which is why we do not use it.

Another example of a second-order tensor is the gradient of a vector field. Working in
Cartesian coordinates where derivatives of base vectors are zero, we have

Va = (fci +§i +23> (a:X +ayy + a.z) (1.12)
ox dy 0z : N
day ., Oday ., da; ., .
= 8xxx+§xy+...=a—mx,-xj, (1.13)

da, day da;
dx Odx Ox
Oy
Va=| 8 | (ar ay a)=| 2% da da | (1.14)
9 ’ dy dy dy

day day Oa;

dz 09z 0z

We emphasize that we get these simple expressions for the components of Va only in Carte-
sian coordinates where derivatives of the base vectors are zero because the base vectors in
Cartesians are spatially uniform. When the components of Va are written out in curvilinear
coordinates (cylindrical, spherical, etc.) in which the base vectors themselves vary with
position in space and thus have nonzero spatial derivatives, the result of performing Va is
more complicated. The expressions for Va in arbitrary orthogonal curvilinear coordinates,
cylindrical coordinates, and spherical coordinates are all given in Section 1.8.6.

Just like with a matrix, we can talk about the transpose of a second-order tensor T'=
T;x:%; and write

T" = the transpose of T
= Ty&%; = Tixix). (1.15)

Thus to perform the transpose, we can either flip the indices on the scalar components
T;j — Tj; of the tensor or flip the position of the two base vectors as they sit side by side.

Note that like with a vector, a tensor T exists at a point and is independent of the coor-
dinate system. If we rotate or change coordinate systems, T does not change. However, the
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8 An Introduction to Tensor Calculus

scalar components of the tensor 7j; will change as we change the coordinates because the
base vectors X; are changing. When working in typed text, we always denote a second-order
tensor with bold type. When we write a second-order tensor by hand, we use two squiggly
underscores T'=T.

Higher-Order Tensor Fields: The generalization to higher-order tensors is straightfor-
ward. A third-order tensor is written

3P = Py XXXy (1.16)
a fourth-order tensor as
40 = QijuX XXX, (1.17)

and so on for still higher-order tensors. Summation over each index is again assumed.
If, for example, a second-order tensor A happens to sit next to two vectors a and b we
would have the fourth-order tensor

Aab :A;jakb[.f[.i?jfkf[. (118)

In general, we have Aab # Aba # aAb # bAa # abA # baA, so the order, from left to right,
in which tensorial expressions sit next to each other to form higher-order tensors is very
important.

The transpose of higher-order tensors must be specified by the way in which the base
vectors are moved around relative to each other in the desired transpose operation. So, for
example, for the fourth-order tensor 4Q = QX XXX, we can define transpose operations
such as

T

4Q2134 = Qljklfj.i',‘.i'kfl = jSklﬁig/‘ik&l (1.19)
T

4Q1243 = Qljkl.f?i.i'jflfk = Qijlk-i'i-ﬁj-f«'k-i'l (1.20)
T

4O = QuuRiR iR %) = Quikik%i % .21y

and so on. There are 4! — 1 = 23 such transposes for a fourth-order tensor, that is, there are
4! — 1 different ways of placing the four base vectors next to each other that are different
than in the nontransposed form. Similarly, an nth-order tensor would have n! — 1 differ-
ent possible transpose operations; so a second-order tensor has only one way to write the
transpose.

We write an nth-order tensor ,Q by hand as ,Q for n > 2.
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1.3 Some Acts

In tensor calculus, just like in vector calculus, we define two commonly employed types of
products between vectors and tensors called the scalar product and the vector product.

Scalar Products: A scalar product between two vector fields @ and b that have an angle 6
between them at each point as depicted in Fig. 1.2 is the product of the amplitude of the
two vectors after one of the two vectors is projected into the direction of the other vector.
The scalar product a - b between two vectors is a scalar and is denoted with a dot sitting
between the vectors and is defined by the following rule

a-b=a||lb|cosO, where |a|:1/a§+a§+a§. (1.22)

Soa-b=0ifa L b, which means thatx -y =0 and x -Z =0, butx - ¥ = 1, etc. Using these
rules, we thus have

a - b = [ax,% + ay_)A’ + azﬁ] ° [bx-i‘ + b)yA + bzi]
=a,b, + ayb, + ab, (1.23)

= (ll‘b,‘.

The scalar product is also called the dot product or the inner product.

What if vector field a is related to vector field b at some point in space? How do you
obtain @ given b? That is what a second-order tensor such as T = T;;x;X; does for us once
we introduce the scalar product:

a=T-b
Toxx + Toyxy + T2
+ Lg% + T35 + T92 |- (b +by+bE) (1.24)
+ TR+ T 4+ T
(Tex by + Ty by + Tio b)) & + (Tyu by + Ty by + Ty, b2) ¥

+ (T by + Ty by + To. b2) 2 (1.25)
= (TyRi%;) - (ki) = Tybik; (%5 - %) = Tybj%s, (1.26)
b
A -

Figure 1.2 Two vectors @ and b with an angle 6 between them.
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10 An Introduction to Tensor Calculus

where in the last line we used that X;-X; requires k=j. Using the familiar matrix
multiplication for the scalar product, this can be written

ax TAX TXy TA,Z bx
ay |=| T Ty Ty by |. (1.27)
a. T. T, T. b

IMPORTANT: Second-order tensor fields are always maps between two vectors that are phys-
ically related to each other at a point r. You cannot visualize directly a second-order tensor (or
higher-order tensors) using your 3D sense of perception. But you can picture in your mind’s
eye the two vectors (arrows) that are related to each other at a point and thus imagine there is a
mapping (second-order tensor) that takes the one vector to the other.

Note that throughout this entire book, we work exclusively in orthogonal coordinates where
dot products are zero between the different base vectors of a coordinate system. It is pos-
sible, for example, in crystallography, to want to work in skew coordinate systems where
the base vectors are not orthogonal to each other. Complicating ideas such as covariant
and contravariant base vectors arise and the reader interested in tensor calculus in skew
coordinates is directed toward specialized texts (e.g., Lebedev et al., 2010).

We can also speak of the double-dot product : between tensors, that in this book is

defined
ab:cd=(@a-d)(b-c) (1.28)
= (a,‘i‘,‘ . dj.f,‘j) (bk.i'k . C[.i\f[) (129)
= a,-djbkc; (fc, 32']) (fc .72'1) . (130)

Other authors define the double-dot product as (a - ¢) (b - d). Either definition works if used
consistently. We choose the convention of Eq. (1.28) so that when you see the : between
vectors or base vectors, you perform the first dot product between the vectors that reside
immediately on either side of the dot symbol and once that is done, perform the second
dot product between the remaining vectors. This convention is the easiest to remember and
is highly recommended. In writing out a tensorial expression such as given in Eq. (1.29),
always use a different index for each base vector and associated coefficient. Because of the
nature of the scalar product in orthogonal coordinate systems, we thus have [=k and j =i
in Eq. (1.30) or

ab :cd = a;bycid;  with summation over repeated indices (1.31)

=a1bicid; + axbic1dy + a1bycrdy + arbrcod,  in 2D. (1.32)

Note that for two second-order tensors S and 7', we have S - T = (T T. ST)T and that S - T #
T - S in general. For the double-dot product, however, we do have S: T =T :S for any S
and T, where
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1.3 Some Acts 11
SZTZSUfiijTkl.i'ki\f] (133)
=8;iTu (J?j -fck) (fc,- ~fcl) which requires [ =i and k = (1.34)
=S§;T; with summation over repeated indices. (1.35)

Renaming the dummy indices gives § : T = S;;T;; = S;T; =T;S;; =T : S.
The second-order identity tensor I is defined I =§;; x;X;, where the §; are called the
Kronecker coefficients and are defined

!o ifis) b 0o

07 sothat I=| 0 1 0 |. (1.36)
1 ifi=j 0 0 1
Upon summing over the indices, we have I =X X| 4+ 2%, + X3%3 = X% + 9 +22. The
identity tensor works as follows: A-I=1-A =A for any second-order tensor A. We
further have that if the position vector is written r = x;x; in Cartesian coordinates, then
I=Vr= (axj'/ax,').i',‘.fj = 3,].72,)2']

A double-dot product with the identity tensor results in A : 1 =A;;6; =A; =tr{A} =
A1 + Ay + Asz, which is called the frace of second-order tensor A. The trace is the sum
of the second-order tensor components along the diagonal, for example, I : I =3 (in 3D).
The double-dot product between two second-order tensors is the trace of the scalar (matrix)
product of the two tensors, thatis, A : B=A;B; =tr {A-B} =tr {B-A}.

We can extend the number of dot products we take between two higher-order tensors to
as many as desired. So the triple-dot product ? between, say, two third-order tensors 3S and
3T can be defined

38 3T = Sijkxixjxk I TyunX XX,

= Sijlemn(j:k ' i\71)(-%] . -%m)(-%i ' -Qn)a

which tells us that n =i, m =j and [ = k so that the triple-dot product between two third-
order tensors comes out to be

3S§3T=S,_'/‘ka_,',' =tr{38:3T} (1.37)

with summation over repeated indices. We can extend such notation and definition to still
higher-order dot products between still higher-order tensors.

Note that each dot product removes two base vectors from a tensorial expression. So
without writing anything out, we know that a tensorial expression like sA ? ¢B is a fourth-
order tensor, that is, the eighth-order tensor gA contributes 8 base vectors to this expression
and the sixth-order tensor ¢B contributes 6 more base vectors but the 5 dot products remove
10 of those base vectors so that the result is a fourth-order tensor. As practice, we can write
this lengthy example out to give

¢A 6B =

Aijklmnoqurstuv-ei-%j-%k (-i'p : -i\:q)(-i\:o : -Qr) (J%n . 29)(2111 . .i,'[) (-i\:l . -if-u)-%va (138)

© in this web service Cambridge University Press & Assessment www.cambridge.org



www.cambridge.org/9781108844611
www.cambridge.org

