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absolute frame, see frame, inertial
acceleration
centripetal, 24
Coriolis, 24
transformation from inertial to rotating frame,

23
acceleration in
(deep) cylindrical-polar coordinates, 106
(deep) orthogonal-curvilinear coordinates, 100
(deep) spherical-polar coordinates, 103
(shallow) cylindrical-polar coordinates, 117
(shallow) orthogonal-curvilinear coordinates,

114
(shallow) spherical-polar coordinates, 116

adiabatic expansion, 246
adiabatic process, 34, 286
advection
operator, 18
passive, 20

aerosol, 7, 38, 41
albedo, 239
alternative to Vallis (2017)’s prototypical oceanic

Gibbs potential, 312–319
pure-water part, 312–315
saline-correction part, 315–317
some derived quantities, 317–321

atmosphere
cloudy, 38, 63
dry, 37, 38
planetary, 14, 37

atom, 70, 94
axial-orthogonal-curvilinear coordinates
definition of, 121

axis of rotation, see rotation axis
azimuthal angle, 123

balance
dynamical, 72
geostrophic, 144–147
horizontal, 145

hydrostatic, 136, 146–147, 161, 190
of horizontal forces, 147, 156, 171
of vertical forces, 147, 156, 171
physical, 146
quasi-hydrostatic, 144–147
three-way, 144, 146
two-way, 146
vertical, 145

baroclinicity vector, 470
barotropic fluid, definition, 29
barotropic PV equation, spheroidal planet, 13,

631–651
alternative material forms, 644, 647
assumptions, 634–637
diagnostic Poisson problem for pressure
in axial curvilinear coordinates, 648
in vector form, 648

dynamical consistency, 647
global conservation, 639–643
axial angular momentum, 640
mass, 639
total energy, 641

material conservation of PV
derivation from 3D conservation, 646
derivation from first principles, 643–645

meridional variation of gravity
geometric constraint, 635
influence on fluid flow, 651

stream function forms, 645
variational derivation, 649

barotropic vorticity equation, classical, 631
basic Gibbs potential for
dry air, 223–224, 239
pure frozen water, 227, 239, 247
pure liquid water, 225–227, 239, 247
water vapour, 224–225, 239, 247

basic Gibbs potentials, enthalpy of
condensation, 250
fusion, 250
pure frozen water, 250
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pure liquid water, 250
vaporisation, 250
water vapour, 250

bathymetry, 11, 12, 331, 338
representation of, 372, 381, 384, 396

cardinal thermodynamic potential, see
fundamental thermodynamic potential

Carnot’s law, 55, 58
celestial body, 3, 44, 146, 238
characteristic equation of state, see fundamental

equation of state
chemical bond, 73
chemical potential, 54, 78
of seawater, 304, 313

circle of revolution, 123
circulation
atmospheric, 134, 238, 243
global, 4, 134, 243
oceanic, 10, 238, 243
thermohaline, 10

Clairaut’s fraction, 168, 189, 196–197, 211, 214,
215

Clapeyron’s equation, 251–253
Clausius-Clapeyron approximation, 252–259
thermodynamical consistency of, 258–259

cloud formation, 7, 243
cloudy air, 15, 75, 228, 232, 236, 259–275
approximated equation of state, 51–52
approximated thermodynamic-energy

equation, 56–62
closed parcel, 43–45, 47, 49, 56, 64, 71
criterion for saturation, 266–267
definition of, 40, 259–260
equation of state for, 49–52, 65–67
explicit forms for entropy, 89–90
explicit forms for internal energy, 86–89
functional forms, 86–92
governing equations for motion of, 62–64
internal energy, 54, 55, 62
latent internal energy, 54–56
mass-continuity equation for, 47–48
mass fraction of dry air at saturation, 263–266
momentum equation for, 52–53
nomenclature and definitions, 65, 66
open parcel, 56
parcel, 40–41, 56, 217, 261
realisable phase combinations, 260, 262
release of latent internal energy, 263, 265
saturation vapour pressure, 263, 265
thermodynamic-energy equation for, 53–62
thermodynamic properties from entropy, 92
thermodynamic properties from internal

energy, 90–92
thermodynamical consistence, 282–286

unapproximated equation of state, 49–51
coexistence, see phase coexistence
coexistence curve, 243, 244, 275, 278, see also

saturation curve
determination of, 252–259
liquid–frozen (exact), 253–254
slope of, 251–253, 257–258
vapour–frozen (Clausius–Clapeyron

approximation), 256–257
vapour–frozen (exact), 255
vapour–liquid (Clausius–Clapeyron

approximation), 255–256
vapour–liquid (exact), 254–255

colatitude, 101
commutivity of
variation and differentiation, 430
variation and integration, 430

component
of a thermodynamic system, 69, 233

composite Gibbs potential, 228–237, 239–241,
243

a very useful property, 236–237
composition
change of, 77, 84
chemical, 14, 247
constant, 38, 41, 49–51, 75, 286, 290
definition of, 6
mixture of inert ideal gases, 15, 31, 32, 37, 223

mixture of substances, 67
of a planet, 141, 149, 156, 175, 176
of Earth, 137, 161, 176, 200, 203, 330
of Earth’s atmosphere, 6–8
of Earth’s dry air, 6–7, 32
of Earth’s oceans, 6, 9–12
variable, 39, 41, 49, 50, 53, 220

condensation, 7, 243, 246, 250
nucleus, 41

configuration space, 429, 430, 432, 435, 445
conservation
of internal energy, 54

conservation principles, 5, 13–15, 463–494, 499
conservation principles, curvilinear form, 480–487

axial absolute angular momentum, definition,
482

global, 483–487
Lagrangian and Eulerian forms, summarised,

480–481
potential vorticity, definition, 483
tabulated, 484, 485
total energy, definition, 482

conservation principles, vector form, 465–480
absolute vorticity, 468–469
angular momentum, 466
axial absolute angular momentum, 466–468
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conversion between Lagrangian and Eulerian
forms, 476–480

global, 479–480
Lagrangian and Eulerian forms, summarised,

477
mass, 465–466
potential vorticity, 470–475
tabulated, 476
total energy, 469–470

conservative system, 427
conservative temperature, 239
definition of, 291
for alternative to Vallis (2017)’s oceanic

prototype, 318–321
for Vallis (2017)’s oceanic prototype, 311–312,

320, 321
constituent, 41, 44, 49, 55, 63, 74, 240, 259
of a thermodynamic system, 69

conversion, mass fraction/mixing ratio, 43
cooling at Earth’s surface, 54
coordinate system
axial-orthogonal-curvilinear, 121–126
COS (Confocal-Oblate-Spheroidal), 109–111
cylindrical-polar (deep), 103–106
cylindrical-polar (shallow), 116–118
ellipsoidal, 6
generalised-vertical, 374–388
geocentric-polar, 179–180, 182, 192
geodetic, 106–109, 335–336
geographic-polar, 180–181
geopotential, 12, 126, 144, 146, 147, 354–366
GREAT (Geophysically Realistic, Ellipsoidal,

Analytically Tractable), see GREAT
coordinates

non-Euclidean, see non-Euclidean geometry
orthogonal-curvilinear (deep), 98–111
orthogonal-curvilinear (shallow), 111–118
parametric-polar, 180
SOS (Similar-Oblate-Spheroidal), 118, 355
spherical-polar (deep), 101–103
spherical-polar (shallow), 114–116
terrain-following, 12, 372, 382–385

core of a planet, 161, 200, 206
Coriolis force, 24, 144, 146, 147
expression in terms of metric factors, 122–126,

519
crust of a planet, 161, 200, 206
cryosphere, 240, 295
curl in
(deep) cylindrical-polar coordinates, 105
(deep) orthogonal-curvilinear coordinates, 100
(deep) spherical-polar coordinates, 102
(shallow) cylindrical-polar coordinates, 117
(shallow) orthogonal-curvilinear coordinates,

113

(shallow) spherical-polar coordinates, 115

Dalton’s law of partial pressures, 31, 65, 241
deep ocean layer, 10, 11
degrees of freedom for molecules of an ideal gas,

94
accessible, 96
possible, 94
rotational, 94
translational, 94
vibrational, 94

density distribution, functional form for
ellipsoidal planet, 199–203
spherical planet, 160–163

deposition, 243, 246, 250
derivation methodologies for approximate

equation sets, 511, 533
classical Eulerian, 511, 533
Lagrangian, using Euler–Lagrange equations,

511, 533
Lagrangian, using Hamilton’s principle, 511, 533

derivative following fluid, seematerial derivative
distance metric in
confocal-oblate-spheroidal (COS) coordinates,

110
cylindrical-polar coordinates (deep), 105
cylindrical-polar coordinates (shallow), 117
geodetic coordinates, 108
orthogonal-curvilinear coordinates (deep), 99
orthogonal-curvilinear coordinates (shallow),

112
spherical-polar coordinates (deep), 102
spherical-polar coordinates (shallow), 115

divergence in
(deep) cylindrical-polar coordinates, 105
(deep) orthogonal-curvilinear coordinates, 100
(deep) spherical-polar coordinates, 102
(shallow) cylindrical-polar coordinates, 117
(shallow) orthogonal-curvilinear coordinates,

113
(shallow) spherical-polar coordinates, 115

downwelling, 10
dry air, 9, 15, 38, 40, 41, 49, 55, 63, 65, 239
dust, 41
dynamical consistency, 13, 531, 562, 647, 651
definition, 498

dynamical core, 12, 410, 500, 533, 698, 762
overview, 4–5

dynamical coupling, 4

Earth
mass of, 135
mass of its atmosphere, 135
volume of, 135

eccentricity, 336
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elastic boundary, 371, 396, 397
ellipsoid, 106, 126, 134, 137
eccentricity, 181
functional forms, 179–182
surface area, 181
volume, 181

ellipticity, 178, 197
empirical representation, 220
energy
internal, 12
transfer, 243

energy representation, 79
energy-like invariant for elastic lids
at finite pressure, 403–405

enthalpy, 59, 62, 222, 248, 249, 290
flux of, 249
for alternative to Vallis (2017)’s oceanic

prototype, 318–321
for Vallis (2017)’s oceanic prototype, 310–311,

320, 321
of condensation, 249, 250
of deposition, 250
of freezing, 249, 250
of fusion, 246, 249, 250
of sublimation, 249, 250
of vaporisation, 246, 249, 250

entropy, 79, 218, 220, 249, 297
change from heating, 82, 225
prognostic equation, 79

entropy representation, 79
equation of state
conventional for an ocean, 297, 318

equations of state, 80–82
from entropy, 81
from internal energy, 80

equatorial plane, 24, 123, 154, 176
equatorial radius, 135, 136, 197
equilibrium, 136, see also geophysical fluid,

equilibrium states
chemical, 72, 228, 247
mechanical, 72, 247
quasi-static, 72
thermal, 72, 247

equilibrium depth of an ocean, 348, 369
Ertel’s theorem for conservation of potential

vorticity, 473–475, 538–540
Euler–Lagrange equations for momentum

components, 128–129, 516, 548, 584, 595,
649

derivation, 453–454
Eulerian versus Lagrangian viewpoints of fluid

dynamics, 414–417
mathematical representation, 415–416
physical representation, 414

transformation between location and label
spaces, 416–417

evaporation, 7, 45, 245, 246, 249
exact non-linear solutions, 13, 772
exact steady solutions, 3D equations, 698–722
compatibility constraints for balance, 701–702
construction procedure, 705–708
generalised thermal wind equation, 708–709
horizontal balance, 700–701, 704–705
illustrative examples, 710–721

atmospheric flow, non-separable
temperature, 715–721

atmospheric isothermal flow, 713–714
incompressible flow, 710–713

inclusion of orography/bathymetry, 706–707
overview, 698–699
vertical balance, 700–701, 705

exact steady solutions, shallow-water equations,
655–695

derivation methodology, 658–659
illustrative examples, spheroidal geometry,

661–668
equatorial jet, 662
exponentially decaying jet, 667
isolated polar vortex, 663
Jovian jets, 666
twin mid-latitude jets, 662
wind profiles, 663

overview, 655
rotated solutions, spherical geometry, 668
stability to linear perturbation, 671–695

application of stability criteria, twin jets
above a flat boundary, 684–688

application of stability criteria, twin jets
above hills, 688–695

derivation of stability criteria, 676–682
linearised perturbation equations, 672–676

zonal metric factor, visualisation, 660
exact unsteady solutions, 3D equations, 746–762

balancing pressure
family of solutions, 760
particular solution, 761

decomposition of total pressure, 752
family of solutions, 760
flow characteristics, 751
fluid composition, 751
overview, 746–747
particular solution, 761
quartet of equation sets, 750
representation of
Coriolis force, 754
gravity, 751

test cases for validating models, 762–772
atmospheric prototype, 768, 770
individual waves over an ellipsoid, 764
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multiple rotated waves over a sphere, 765
multiple waves over a sphere, 764
oceanic prototype, 769, 770
overview, 762–763, 771–772
practical considerations, 766–771

top boundary condition, role of, 762
exact unsteady solutions, barotropic PV equation

over an ellipsoid, 723–745
exact unsteady solutions, barotropic PV equation

over an ellipsoid
balancing pressure
family of solutions, 742–744, 759
particular solution, 739–742, 759

complementary derivation, 737–739
derivation, 725–737

compatibility conditions, 727–730
eigenproblem, 725–726
family of solutions, 733–735
functional form of solutions, 726–727
implied model of gravity, 731–732
meridional structure, 732–733
particular solution, 735–737

family of solutions, 756–757
overview, 723–725
particular solution, 757

exosphere, 8
expansion/contraction term, 469

Figure of the Earth, 107, 133, 137
first ellipticity, 136
first law of thermodynamics, see fundamental

thermodynamic relation
flattening parameter, 135, 136
fluid, 4, 15
incompressible, 225
reservoir, 71, 72
spheroid, 136
stratified, 8

fluid element, see fluid parcel
fluid flow
incompressible, 710
unaccelerated, 143–147

fluid parcel, 15, 21, 71, 77
closed, 71
open, 71
partially open, 71, 72
velocity of, 16–17

fog formation, 7, 244
force
acting on a body, 21
apparent, 24, 138
apparent gravitational attraction, 147
apparent gravity, 144, 147
centrifugal, 24, 25, 135, 137–139, 154, 192
conservative, 25

Coriolis, see Coriolis force
exerted by a gas on a piston, 32
gravitational attraction, 192
Newtonian gravitational attraction, 135, 138,

139, 154
forcing
external, 143

frame
inertial, 21, 22, 24
rotating, 21, 22, 24, 64

freezing, 243, 250
frozen cloud, 260
composition, 40
Gibbs potential, 273
other thermodynamic potentials, 273–275
saturation, 264–266
saturation vapour pressure, 265–266

frozen water, 41, 49, 54, 55, 63, 65
functionals, 419–431
fundamental equation of state, 73–75, 89, 217,

237
alternative form, 79
for an ocean, 294
for cloudy air, 89

fundamental thermodynamic potential, 218
fundamental thermodynamic relation, 75–77, 220,

223
fundamental thermodynamic relation for
enthalpy, 222
Gibbs potential, 223
Helmholtz free energy, 223
internal energy, 222

fusion, 243, 245

gas
argon, 37, 94
carbon dioxide, 6, 7, 37, 95, 238, 253
diatomic, 6, 85, 94
greenhouse, 7
helium, 94
inert, 31, 32, 38
methane, 7, 37, 238, 253
monatomic, 6, 94
nitrogen, 6, 37, 95
nitrogen oxide, 7
oxygen, 6, 95
ozone, 7
polyatomic, 6, 94
sulphur dioxide, 7
triatomic, 6, 94

gas constant, 30, 49, 50, 55, 65
composite, 41, 50, 52
ratio, 52

Gauss’s divergence theorem, 167, 192, 775
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generalised coordinates, 428, 429, 432, 433, 435,
437, 445, 451

generalised thermal wind equation, 708–709
generalised vertical coordinates
governing equations, 378–380
hybrid aspects, 380–381
mass-continuity equation, 376–378
time integration, 380
transformation relations, 374–376

geodesic, definition of, 422
geodesy, 330–337

definition of, 147
geographic latitude
relating to metric factors, 123–125

geoid, 12, 176, 197, 330–332, 335, 337, 338, 340
geophysical fluid
equilibrium states, 141, 143–147

geopotential, 12, 25, 133
geopotential for
ellipsoidal planet, constant density, 186
ellipsoidal planet, variable density, 195, 208
spherical planet, constant density, 153
spherical planet, variable density, 169

geopotential of apparent gravity, see geopotential
geopotential surface, 5, 25, 137, 141, 146, 147, 162

spheroidal, 139
geostrophic balance equation, 145
Gibbs phase rule, 233–235
Gibbs potential for
alternative to Vallis (2017)’s oceanic prototype,

312–319
cloudy (saturated) air, 267–268
cloudy air, 260–261, 266–270
frozen cloud, 269–270
humid (subsaturated) air, 267
humid air, 240–242
liquid and frozen cloud, 270
liquid cloud, 268–269
pure water substance, 247
saline ocean, 294–327
TEOS-10, 319–327
Vallis (2017)’s oceanic prototype, 299–312

glacier, 246
Global Positioning System, 5, 147, 329, 332
governing equations for motion of a geophysical

fluid, in
axial-orthogonal-curvilinear coordinates, 128,

373, 449, 378–452, 464–465
cylindrical-polar coordinates, 131, 386
generalised vertical coordinates, 374–388
spherical-polar coordinates, 130, 385
vector form, 92–94, 120, 439–449

GPS, see Global Positioning System
gradient in
(deep) cylindrical-polar coordinates, 105

(deep) orthogonal-curvilinear coordinates, 100
(deep) spherical-polar coordinates, 102
(shallow) cylindrical-polar coordinates, 117
(shallow) orthogonal-curvilinear coordinates,

113
(shallow) spherical-polar coordinates, 115

gravity, 5–6
apparent, 25, 140
assumptions for representation in atmospheric

and oceanic models, 336
meridional variation, 134, 175
some history, 136–138
standard gravitational parameter, 135
vertical variation, 134, 135

gravity for
ellipsoidal planet, constant density, 182–189
ellipsoidal planet, variable density, 191–211
spherical planet, constant density, 150–156
spherical planet, variable density, 156–171

GREAT coordinates, 118, 170, 354–366
choices for meridional coordinate, 361
Clairaut’s fraction, 347, 352
geopotential representation, 340–354
geopotential surfaces, 353
meridional metric factor, 361
metric factors, preparatory steps, 359
metric factors, summary, 363
orthogonal trajectories, 354
overview, 357
spherical asymptotic limit, 366
transformation algorithms, 364
vertical metric factor, 360
zonal metric factor, 363

Green’s identities, 775
Greenwich Royal Observatory, 333

haline contraction coefficient, 304, 313
halocline, 11
Hamilton’s principle of least action, see

Hamilton’s principle of stationary action
Hamilton’s principle of stationary action
background, 427–428
benefits, 428
governing equations for global fluids, in
curvilinear form, 449–452
vector form, 439–449

Lagrangian and action of a physical system,
428–430

mathematical statement, 430, 512, 605
system of point particles, 435–439
verbal statement, 429–430

heat
diffusion, 54
removed, 54, 232
supplied, 54, 232
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transfer, 71, 243
heating
at Earth’s surface, 54
rate, 73, 77
solar, 11

homentropic fluid, see barotropic fluid
humid air, 52, 232, 236, 239–242
composition, 40
definition, 239

hydrological cycle, 7, 238, 246
hydrostatic balance equation, 9, 146
hydrostatic primitive equations, 366, 500, 503, 504,

519, 522, 526

ice, 227
ideal gas, 6, 15, 30, 38, 216
assumption, 15
enthalpy of, 35
governing equations for motion of, 36
internal energy of, 33
mixture, 31–32
specific heat capacities, 94–96
thermodynamic-energy equation for, 15, 33–36

ideal-gas law, 30–32, 38, 49, 63
for a mixture of constant composition, 32

IERS (International Earth Rotation Service)
reference meridian, 333

impermeability, 71
infinitesimal volume, 15
initial state, 4
internal energy, 73, 79, 218, 222
conservation of, 73, 75
definition of, 73
prognostic equation, 77–79

inverse of ellipticity, 135
isentropic process, 222, 286, 290, 292
isohaline process, 286
isopycnal surface, 160–162, 200–202
isothermal layer, 8

kinematic equation, 23
kinetic energy, 26
dissipation into heat, 54

kinetic theory of gases, 30, 33, 216

label space, 415–417
coordinates, 415

Lagrangian mechanics, 427
Laplace’s equation, 138, 149, 157, 167, 176, 191
Laplacian
of a zonally averaged function, 173

Laplacian in
(deep) cylindrical-polar coordinates, 105
(deep) orthogonal-curvilinear coordinates, 100
(deep) spherical-polar coordinates, 102

(shallow) cylindrical-polar coordinates, 117
(shallow) orthogonal-curvilinear coordinates,

113
(shallow) spherical-polar coordinates, 115

lapse rate, 8
adiabatic, 304, 313

latent cooling, 222, 239, 243
cloudy air, 54, 56, 58

latent heat, 7, 59, 244, 249
of condensation, 250
of deposition, 250
of evaporation, 250
of freezing, 250
of fusion, 55, 59, 62, 87, 225, 250
of sublimation, 250
of vaporisation, 55, 59, 62, 87, 225, 250

latent heating, 61, 62, 222, 239, 243
cloudy air, 39, 52, 54, 56, 58, 61

latent internal energy, 87, 227, 242–249
latitude
geocentric, 177–179
geographic, 181
parametric, 180

latitude circle, 122
latitudinal plane, 122
Le Chatelier’s principle, 232
Legendre polynomials, 138, 158, 172, 176
level surface, see geopotential surface
liquid cloud, 260

composition, 40
Gibbs potential, 271
other thermodynamic potentials, 271–273
saturation, 261–264
saturation vapour pressure, 263–264

liquid water, 9, 41, 49, 55, 63, 65
local speed of sound, 85
location space, 415–417, 429

coordinates, 415

macroscopic scale, 232
definition of, 70
transfer, 232

mantle, 161, 200
Mariana Trench, 10
Mars, planet, 37
mass
sink, 44
source, 44
transfer, 71, 72

mass density, 65
mass fraction, 32, 41–42, 62, 74, 218, 236
definition of, 41
for dry air, 42
for frozen water, 42
for liquid water, 42
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for water vapour, 42
for an ocean, 78, 240
for cloudy air, 50, 55, 78, 240
of dry air, 6
of solute, 9
of total water substance, 46, 56

mass-continuity equation, 26–29
Eulerian form, 27
Lagrangian form, 27
specific volume form, 29, 417–419

material conservation, 20, 79
material derivative, 16, 18
of a scalar, 17–20
of a vector, 20–21

material derivative in
(deep) cylindrical-polar coordinates, 105
(deep) orthogonal-curvilinear coordinates, 100
(deep) spherical-polar coordinates, 103
(shallow) cylindrical-polar coordinates, 117
(shallow) orthogonal-curvilinear coordinates,

114
(shallow) spherical-polar coordinates, 115

material element, see fluid parcel
material rate of change, 22
material transport, 43, 44, 47
dry air, 44
water substance, 44–45

matter, 69–70, 228
composition of, 69

Maxwell relation, 219, 220, 297
mean sea level, 135, 140, 147, 330–332
melting, 238, 243
meridian, 121
meridional plane, 121, 134, 176
mesopause, 8, 135
mesosphere, 8
metric
deep, 141
shallow, 141

metric factor in
confocal-oblate-spheroidal (COS) coordinates,

110
cylindrical-polar coordinates (deep), 105
cylindrical-polar coordinates (shallow), 116
geodetic coordinates, 107
orthogonal-curvilinear coordinates (deep), 99
orthogonal-curvilinear coordinates (shallow),

112
spherical-polar coordinates (deep), 101
spherical-polar coordinates (shallow), 115

metric terms, 101
microscopic kinetic energy, 73
microscopic potential energy, 73
microscopic scale, 232
definition of, 70

mixed layer, 10, 11
mixed-phase cloud, see cloudy air
mixing ratio, 42–43, 62

definition of, 42
for dry air, 42
for frozen water, 42
for liquid water, 42
for water vapour, 42

moist air, 9
molecule, 70, 73, 84, 94, 232, 240, 245, 247
momentum equation, 21–26

in a rotating frame, 22–25
in an inertial frame, 21–22
vector-invariant form, 26

motionless atmospheric state, with zero pressure
at finite height, 405–410

motionless atmospheric state, with zero pressure
at finite height

deep, 407–410
isothermal and shallow, 406–407

Newton’s constraint, 187, 196
Newton’s second law, 14, 21
Newton’s universal gravitational constant, 135,

136, 140, 166, 175
Newton–Raphson iteration, 255, 278, 288
Newtonian gravitational potential for
ellipsoidal planet, constant density, 186
ellipsoidal planet, variable density, 195, 208
spherical planet, constant density, 152
spherical planet, variable density, 165

Newtonian gravity, 149–150
Gauss’s reformulation of, 149

Newtonian mechanics, 427
Noether’s theorem, 428, 487–494
labels, 488
Lagrangians, 488, 489
particle-relabelling symmetry and conservation

of potential vorticity, 493–494
rotation symmetry and conservation of axial

angular momentum, 489–491
statement, 487
symmetries, 488
time translation symmetry and conservation of

total energy, 492–493
non-Euclidean geometry, 111–112
non-rotating frame, see frame, inertial
normalisation of Gibbs potentials for water

substance, 227–228

ocean conveyor belt, 10
oceanic Gibbs potential
construction, 296–299
decomposition, 296
empirical expansions, 297
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fundamental thermodynamic relation, 296
pure-water part, 296
saline correction part, 296

orography, 12, 147, 331, 336, 338
representation of, 372, 381, 384, 396

partial pressure, 31, 50, 51, 65, 241, 275
at saturation, 261, 263

pathline, 16
permeability, 71
phase, 40, 44, 74, 227, 233
change of, 12, 44, 54, 56, 71, 243, 246

phase coexistence, 228, 233, 244, 246–248
phase diagram, 243–245, 251, 260
phase transition, 62, 220, 238, 243–275
continuity of Gibbs potential, 248
discontinuity of other thermodynamic

potentials, 248–251
qualitative overview, 243–247
terminology, 245, 246, 249–251

piston within a cylinder, 33, 70
planet
ellipsoidal, 175

constant density, 142, 175
variable density, 142, 176

fluid, 175
idealised, 141
rigid, 150, 156, 175
rotation rate, 166, 175, 197
spherical
constant density, 142
variable density, 142

spheroidal, 175
surface area, 167, 192
total mass, 166, 167, 175, 197, 202, 207
volume, 167, 192

plumb line, 139, 144, 145, 155, 331
point particle, 15
Poisson’s equation, 138, 149, 160, 167, 176, 183,

191, 197
polar radius, 135, 136
potential
of apparent gravity, 25, 138
of centrifugal force, 25, 139, 151, 182, 192, 198
of Newtonian gravity, 21, 139, 150, 176, 190

potential density, 239
definition of, 292
for alternative to Vallis (2017)’s oceanic

prototype, 318–321
for Vallis (2017)’s oceanic prototype, 312, 320,

321
potential enthalpy, 239
definition of, 290–291
for alternative to Vallis (2017)’s oceanic

prototype, 318–321

for Vallis (2017)’s oceanic prototype, 311, 320,
321

potential temperature, 239, 286–289
definition of, 287
for alternative to Vallis (2017)’s oceanic

prototype, 317–318, 320, 321
for dry air, 36, 289
for humid (subsaturated) air, 288–289
for Vallis (2017)’s oceanic prototype, 309–310,

320, 321
potential temperature versus entropy, 289–290
potential theory, 138, 139, 149–150, 176

revisited, 189–191
potential vorticity conservation, 470–475, 494
barotropic for a spheroidal planet, 643
for shallow-water equations, 628–630

precipitation, 7, 44, 72, 232, 238, 243, 246
pressure
units, 10

pressure gradient
force, 22, 144
horizontal, 145, 146
vertical, 147

pseudo force, see force, apparent
pycnocline, 11

quasi-hydrostatic balance equation, 145
quasi-shallow equation sets
classical Eulerian derivation, 533–543
in axial-orthogonal-curvilinear coordinates,

with conservation principles, 557–559
Lagrangian density approximation, 543–545
Lagrangian derivation
using Euler–Lagrange equations, 548–549
using Hamilton’s principle, 545–548
variations for quasi-shallow contributions,
559–561

radiation, 54, 228
short-wave, 245
solar, 11, 239

radiative cooling, 11, 54
radiative heating, 4, 11, 54
radiative properties, 7, 11, 53
reaction
chemical, 7, 45
photochemical, 45

reference ellipsoid, 5, 12, 147
reference pressure, 286, 290, 292
reference state
for entropy, 89

representative values for physical constants
of basic Gibbs potentials, 228

reversible compression, 54
reversible expansion, 54
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reversible thermodynamic process, 286
Reynolds’ transport theorem, 27, 47, 776
rigid boundary, 371, 395, 397
Rossby–Haurwitz wave
ellipsoidal geometry, generalisation to,

723–745, 756, 760–762, 771
spherical geometry, 747, 756, 757, 762, 764, 771

rotated coordinate transformation on a sphere,
695–697

rotation axis, 22, 121, 136, 137, 139, 176
rotation rate, 136
rotation vector, 23, 24

saline contraction coefficient, 304
saline water, 240
salinity, 9, 71, 240, 294, 302
Absolute Salinity, 9, 75, 78, 296, 298, 322
Practical Salinity, 9

saturation, 239, 242–246, 248
instability at, 248

saturation curve, 243–245, see also coexistence
curve, 247

saturation vapour pressure, 225, 226, 244
scale factor, seemetric factor
scale separation, 70
sea pressure, 304
seawater, 9, 15, 64, 75, 296, 319, 323, 326
closed parcel, 71
parcel, 78

second ellipticity, 136
shallow ocean, 176
shallow-water equations, 13, 562–630

assumptions, 567–571
in ellipsoidal coordinates, 576–578

geocentric, 576
geographic, 578
parametric, 577

reference geopotential surface, 575
representation of gravity, 578–581

shallow-water equations, ‘basic’, 566–591
classical Eulerian derivation, 566–575
in axial curvilinear coordinates, 573–574
in ellipsoidal coordinates, 580, 582–583

geocentric, 582
geographic, 583
parametric, 582–583

in spherical-polar coordinates, 583–584
in vector form, 574
Lagrangian density, 584–590
from first physical principles, 587–590
from governing equations, 584–587

vertically averaged pressure
from first physical principles, 590
from governing equations, 584–587

shallow-water equations, ‘quasi-shallow’

conservation principles
in axial curvilinear coordinates, 599–602,
624–630

in spherical-polar coordinates, 603
in axial curvilinear coordinates, 598
in spherical-polar coordinates, 602
Lagrangian density, 591–594, 621–623
Lagrangian derivation of horizontal

momentum components, 595–598
vertically averaged pressure, 594

shallow-water equations, ‘unified quartet’,
605–618

application of Hamilton’s principle, 613
columnar flow and labels, 606–608
constant density and mass-continuity equation,

608–609
derivation methodology, 605
Hamilton’s principle for incompressible fluid

flow, 605
in spherical-polar coordinates, 614–618
Lagrangian density, 609–613

shallow-water equations, exact steady solutions,
see exact steady solutions, shallow-water
equations

singular limit, 171
solenoidal term, 469
solute, 9, 75, 78, 240
space weather, 134
specific heat capacity, 62, 82–84

at constant pressure, 55, 61, 83, 297, 304, 313
at constant volume, 54, 61, 82–83, 225
difference at constant pressure and constant

volume, 83–84
for ideal gas, 84

specific humidity, 240
specific volume, 29, 65, 249
spherical geopotential approximation, 5, 140, 170,

215, 338
as an asymptotic limit, 6, 211–212
gravitational flux divergence, 213

spherical harmonic, 138
spherical solid harmonic, 157, 161, 173, 183, 193
spheroid, 5, 106, 126, 134, 136
functional forms, 176–178

spirit level, 144, 145, 331
star fixed frame, see frame, inertial
statistical mechanics, 30, 84, 94
Stokes’s theorem, 776
stratification, 10, 134
stratopause, 8, 135
stratosphere, 8
subatomic particle, 70
sublimation, 45, 238, 243, 245, 246, 249
substance, 41, 49, 55, 69, 70, 228
constituent of, 69
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molecules of, 70
phase of, 69
rate of change of, 78

substance content
measures of, 41–43
mixture of, 63

substance transport, 43–47
Eulerian forms, 48–49
using mass fractions, 45–46
using mixing ratios, 46

substantive derivative, seematerial derivative
supercooled liquid, 244, 248
surface layer, seemixed layer

temperature
virtual, 52

temperature profile
atmosphere, 8
ocean, 11

TEOS-10, 9, 295, 304
background, 319
notation and units, 319–322
toolboxes, 296, 327

TEOS-10 Gibbs potential, 237, 296, 319–327
coefficients for pure-water part, 324
coefficients for saline correction part, 326
decomposition, 300
pure-water part, 323–325
saline correction part, 325–326

thermal expansion coefficient, 304, 306, 313
thermocline, 10, 11
thermodynamic change
irreversible, 77, 232
quasi-static, 77
reversible, 77

Thermodynamic Equation Of Seawater 2010, see
TEOS-10

thermodynamic equilibrium, 45, 70, 74, 79, 89,
217, 218, 232

definition of, 72
thermodynamic flux, 240
thermodynamic potential, 217–237

natural variable, 218, 220, 221, 223, 241
thermodynamic properties
from Gibbs potentials, 228
from thermodynamic potentials, 221

thermodynamic state, 72, 217
thermodynamic system, 228, 235, 236
closed, 53, 70–72, 228
component of, 69
composition of, 70, 71
open, 70–72, 232
state of, 72
wall of, 70

thermodynamic variable

extensive, 72
intensive, 72, 295

thermodynamic vocabulary, 69–73
thermodynamics
of an ideal gas, 29–36

thermopause, 8, 135
thermosphere, 8
total derivative, seematerial derivative
total energy
budget equation, 249

total energy input rate, 54, 78
total pressure, 31, 67, 241, 275
at saturation, 261, 263

traditional approximation, for shallow fluids, 498,
500, 511, 518, 519, 522

triple point of a substance, 244
triple point of water, 225, 228, 243, 244, 251
temperature and pressure at, 244

triple point of water in presence of dry air, 228,
239, 275–282

2D phase diagram, 276–278, 280, 281
3D phase diagram, 275–279
coexistence curve, 279
distribution of water substance, 279–282
temperature and pressure at, 278

tropopause, 8, 135
troposphere, 8

unified quartet of deep/shallow,
(quasi-)hydrostatic/ non-hydrostatic, 3D,
equation sets

classical Eulerian derivation, 511–512
geopotential representation
in spherical geometry, 506
in spheroidal geometry, 509

historical overview, 500–504
in spherical geometry, with conservation

principles, 504–507, 522–526
in spheroidal geometry, with conservation

principles, 507–511, 526–530
interrelationships, 501
Lagrangian densities
in spherical geometry, 515
in spheroidal geometry, 514

Lagrangian derivation
using Euler–Lagrange equations, 516–517
using Hamilton’s principle, 512–516

transition from deep to shallow forms, 517–519
unified sextet of deep/quasi-shallow/shallow,
(quasi-)hydrostatic/non-hydrostatic, 3D equation
sets
components of planetary vorticity vector,

541–543
in spherical geometry, with conservation

principles, 553–556
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in spheroidal geometry, with conservation
principles, 549–553

interrelationships, 532

Vallis (2017)’s prototypical oceanic Gibbs
potential, 298–319

decomposition, 299–300
definition, 299, 303–304
pure-water part, 300–302, 304, 307
representative values for parameters, 304, 305
saline correction part, 302–304, 308
some derived quantities, 304–312

vaporisation, 243
vapour pressure, 244–245
variational principles, 419–431
variational problems, simple

gravitational attraction between two particles,
425–427, 431–435

shortest arc between two points on a sphere,
422–425

shortest curve between two points in a plane,
419–422

variations in axial orthogonal coordinates,
456–462

vector identities, 773–776
velocity in

(deep) cylindrical-polar coordinates, 105
(deep) orthogonal-curvilinear coordinates, 99
(deep) spherical-polar coordinates, 102
(shallow) cylindrical-polar coordinates, 117
(shallow) orthogonal-curvilinear coordinates,

112
(shallow) spherical-polar coordinates, 115
COS (Confocal-Oblate-Spheroidal) coordinates,

110
geodetic coordinates, 108

vertical
local, 144, 147

vertical boundary conditions and conservation
axial angular momentum, 399–401
prototypical configurations, 401–403
total energy, 397–399

vertical boundary conditions and conservation,
381–382, 395–403

atmosphere–ocean boundary, 398–399
elastic boundary, 396–398

rigid boundary, 395–397
vertical coordinate

height-based, 382–383
issues at top of the atmosphere, 405–406
pressure-based, 383–385
terrain following, 372, 382–385

vertical coordinate, evolution equations, 388–395
axial angular momentum, 393–395
energy, 389–393
mass, 388–389

virial interaction, 240, 247
volatile organic compounds, 41
volume element in

confocal-oblate-spheroidal (COS) coordinates,
110

cylindrical-polar coordinates (deep), 105
cylindrical-polar coordinates (shallow), 117
geodetic coordinates, 108
orthogonal-curvilinear coordinates (deep), 99
orthogonal-curvilinear coordinates (shallow),

112
spherical-polar coordinates (deep), 102
spherical-polar coordinates (shallow), 115

vortex tilting/stretching term, 469
vorticity

absolute, 26
planetary, 26
relative, 26

water substance, 7, 37, 38, 40, 41, 49, 55, 216, 236,
247–259

frozen state, 7, 37, 238
liquid state, 7, 37, 238
vapour state, 7, 37, 238

water vapour, 7, 38, 41, 55, 63, 65, 239
WGS 84 (World Geodetic System 84), 330–337

coordinate system, 332, 333, 335
geodetic coordinates, 335–336
reference ellipsoid, 106, 332–335, 337, 357
defining parameters, 334

reference meridian, 106, 335
whole atmosphere model, 62, 134
work done, 54, 71, 232

by gravity, 139
by or on a gas, 32–33, 228
on a fluid parcel, 24, 25
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