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CHAPTER

1 Tensor Calculus — A Brief Overview

1.1 Introduction

The principal target of tensor calculus is to investigate the relations that remain the same when we
change from one coordinate system to any other. The laws of physics are independent of the frame
of references in which physicists describe physical phenomena by means of laws. Therefore, it is
useful to exploit tensor calculus as the mathematical tool in which such laws can be formulated.

1.2 Transformation of Coordinates

Let there be two reference systems, S with coordinates @', X2, ..., %" and S with coordinates
D) (Fig. 1). The new system S depends on the old system S as

=@, a2 i=1,2,...,n (1.1)

Here ¢' are single-valued continuous differentiable functions of x!,x2,...,x" and further the
Jacobian

00! op' op  ag!

) ,\712 0x22 0x32 oxt

o0 9" op” 9" 9¢”
T = |ox! ox2 0x3 7" ox ;é()

X

Differentiation of Eq. (1.1) yields

n n

; n a(ﬁi i a—i , .,
ﬁzggdx:;a—;dx:z:ardx.

r=1

Now and onward, we use the Einstein summation convention, i.e., omit the summation symbol Z
and write the above equations as

&&= g =3y, (1.2)
ox” r
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2 Tensor Calculus — A Brief Overview

Figure1 S and S frames.

or

axi = O = d dx". (1.3)

The repeated index r or m is known as dummy index. The index i is not dummy and is known as
free index.
The transformation matrices are inverse to each other

aadn=s" (1.4)
The symbol 61" is Kronecker delta, is defined as

ot=1if m=r
=0ifm#r

Obviously vectors in (E) system are linked with (S) system.

1.3 Covariant and Contravariant Vector and Tensor

Usually one can describe the tensors by means of their properties of transformation under coordinate
transformation. There are two possible ways of transformations from one coordinate system (x') to
the other coordinate system (Ei).

Let us consider a set of n functions A; of the coordinates x'. The functions A; are said to be the
components of covariant vector if these components transform according to the following rule

_ J
Ai = 0_)_6 i
oxi J

(1.5)

Also, one can find by multiplying Z—ji and using % % = 5{{ and 5£Aj =A;

_ox -

Ak—ﬁ i
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Covariant and Contravariant Vector and Tensor 3

. . OB . .
Gradient of a scalar B, i.e., B; = S isa covariant vector.

i

Here, A; is known as the covariant tensor of first order or of the type (0, 1).
The functions A’ are said to be the components of the contravariant vector if these components
transform according to the following rule
_. ox

Al= == A 1.6
pwr (1.6)

Also, one can find by multiplying both sides with ‘;—’; and using 5}’.‘Af = Ak

AF = a—’fk,Ai.
ox!

Here, A’ is known as the contravariant tensor of first order or of the type (1,0).

dii : o .
Tangent vector m of the curve x' = x'(u) is a contravariant vector.

Let components of velocity vector in Cartesian coordinates are x and y. Find corresponding
components in polar coordinates.

Hint: Here, x' = x, x> = y,and X' = r, ¥ = 0 with x = rcos, y = rsin, i.e., r = \/x2 +)2,
0= tan‘l(f).

Let Al = &, A% = . We will have to find A , A .

(“dot” denotes differentiation with respect to ¢.)

Using the definition A = %Af , we have

—1 a)_Cl 1 a)_Cl 2 1 or . or.
A =—A+—=—A"0r,A =—i+—y=
ox! ox? or ox 0yy "
Similarly,
-2 00 00 ;
A =—i+—y=60.
dxx 6yy

Let components of acceleration vector in Cartesian coordinates be X and V. Find corresponding
components in polar coordinates.
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4 Tensor Calculus — A Brief Overview

—1 —2
Hint: Let A! = ¥, A> = 9. We willhave to find A , A .
Here,

—1 . =2 ..
A= Py rb, A =@x+‘;—‘9y=0+g
'y r

ox dy ox

7.

1.3.1 Invariant
Let ¢ be a function of coordinate system (x) and ¢ be its transform in another coordinate system
(x'). Then, ¢ is said to be invariant if ¢ = ¢.

The expression A‘Bi is an invariant or scalar, i.e.,

AiB, = A'B (1.7)

i

Hint: Use definitions given in Egs. (1.5) and (1.6).

An invariant or scalar is known as the tensor of the type (0, 0).

1.3.2 Contravariant and covariant tensors of rank two
Let C' and B/ be two contravariant vectors with n components, then C'B/ = A¥ has n? quantities, i.e.,
AV are the set of n? functions of the coordinates x'. If the transformation of AY is like

(1.8)

then AV is known as contravariant tensor of rank two. Here, A¥ is also known as the contravariant

tensor of order two or of the type (2,0).
ox" ox’

If we multiply both sides of (1.8) by et then
Ar = SO g,
ox! ox/

Again, if C; and B; are two covariant vectors with n components, then C;B; = A; form n?

quantities, i.e., Aij are the set of n2 functions of the coordinates x'.
If the transformation of A i is like

- ox* ax!
=LA, (1.9)

then A;; is known as covariant tensor of rank two.
Here, Al-j is also known as the covariant tensor of order two or of the type (0, 2).
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Covariant and Contravariant Vector and Tensor 5

If we multiply both sides of (1.9) by Z—i g—i, then

_ 0x' oW -
T oxroxs U

A

1.3.3 Mixed tensor of order two A;

Suppose A; is a set of n? functions of n coordinates. If the transformation obeys the following rule

A= XX i
I oxk o’

then A;‘ is known as the mixed tensor of order two or of the type (1, 1).
Thus, mixed tensor of order two can be obtained by taking a covariant vector A; and a
contravariant vector B/, i.e., C, = A;B.

Kronecker delta 5{ is a mixed tensor of order two.

Hint: If 5{ can be combined with components of two vectors to form a scalar, then 5{ will be a tensor.
Now

AiBjéf = A'B; = scalar.
If the transformation obeys the following rule

<iiy.i,  OX1 OX2 ox oxh oxk Oxle k..,
Jzds gak gxke T gxke X 0% T gxle hhele

kiky.. .k, . .
then A, 'l : ;" is known as mixed tensor of the type (p, 9).
1h2ee-ly

1.3.4 Symmetric and skew-symmetric tensors
If a tensor is unaltered after changing every pair of contravariant or covariant indices, then it is said
to be a symmetric tensor. Let 7, be a covariant tensor of rank two.

If T,5 = Tp,. then it is known as symmetric tensor.

If a tensor is altered in its sign but not in magnitude after changing every pair of contravariant
or covariant indices, then it is said to be a skew-symmetric tensor.

If T,5 = =T, then it is known as antisymmetric or skew-symmetric tensor.

Exercise 1.7

Kronecker delta §; is a symmetric tensor.
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| |

Exercise 1.8

0A; aAj . .
— — —1Sa skew-symmetrlc tensor.
0x; ox;

= By; and show that B; = —B;,.

If A, is covariant vector, then curlA; =

: 0A, A,
Hint: Use curlA;, = —- — -
0x; X;

Symmetry property of a tensor is independent of the coordinate system.

A symmetric tensor of order two in n-dimensional space has at most @ independent components

whereas an antisymmetric tensor of order two has at most @ independent components.

1.4 Operations on Tensors

i. The addition and subtraction of two tensors of the same type is a tensor of same type.

A +Bij=C

it i AU+ B =CU A+ B =]
1 1 l

Exercise 1.10

Any covariant or contravariant tensor of second order can be expressed as a sum of a symmetric and
a skew-symmetric tensor of order two.
Hint:

1 1
a; = E(aij + aﬁ) + E(aij - aﬁ), etc.

ii. The type of the tensor remains invariant by multiplication of a scalar a.

ah; = Cy, aAl=Cl, aAl=C
1 1

iii. Outer product: The outer product of two tensors is a new tensor whose order is the sum of the
orders of the given tensors.
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Let two tensors of types (2,3) and (1,2) be respectively, AZlm and Bj , then the outer product of these
tensors has type (3,5), i.e.,

ij pa _ gija
Aklmec - T;dmbc

iv. Contraction: The particular type of operation by which the order (r) of a mixed tensor is lowered
by order (r — 2) is known as contraction.

Let AZlm be a mixed tensor of order five. The new tensor AZim can be obtained by replacing lower
index / by the upper index i and taking summation over i, one gets the tensor of order three.

Al

kim — " km

v. Inner product: The outer product of two tensors followed by contraction with respect to an upper
index and a lower index of the other results in a new tensor which is called an inner product.

Exercise 1.14

AVBY =c™ =pi = AYB"=p"
k “mn kmn k 7ij k

mn’

1.4.1 Test for tensor character: Quotient Law
An entity whose inner product by an arbitrary tensor (covariant or contravariant) always gives a
tensor is itself a tensor.

If C(i,j)A'B’ is an invariant, then C(i,j) = C; is a tensor of the type (0,2).

Exercise 1.16

If C(p,q,r)BY = A, then C(p, q,r) = C, is a tensor of the type (1,2).

Exercise 1.17

Let A, ' be the components of two arbitrary vectors with a,;; A" u' ¥ u* = 0, then prove that

Apijic + Apggi + Ay + Qg = 0.
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8 Tensor Calculus — A Brief Overview

Hint: Given that
A= ahijkﬂhyiﬂj/,tk =0.

Differentiating with respect to A", we get

0A

EYOR Ay ¥ + ayy A ' = 0.

Again, differentiating with respect to #/, we get

0°A

alhaﬂJ hzjkluﬂ t+a 1hk”” =0.

Now, differentiating with respect to u' and u*, one will find, respectively,

A
aﬂh()ﬂj(),u
9*A
oMo N ouiou*

k_
hykﬂ +ahka/" ta lhk/’l + g =0,

= i + Qi Ajigge + Az = 0.

Exercise 1.18

If A’ is an arbitrary contravariant vector and C,-jA"Af is an invariant, then show that C;; + C;; is a
covariant tensors of the second order.
Hint: Given CiinAj is an invariant for arbitrary contravariant vector Al therefore,

CA’A/ C’ ligli,

Tensor law of transformation yields

v/
Coaid = 2 4e %
7 ox A4 oxF
Now interchanging the suffix i and j
o 1j 30 W
CoAAl = €05 9 qapp = ¢t 9 OX yapp,
s T ox* oxP I ox® OxP
(interchanging the dummy suffixes @ and f)
Thus,
(i + CPAA = (C, +oy o
U7 ox® oxP
ox'! ox'/
P — B
= (Cpp + Cp)A"A (C’ + C:J)a w ,;A AP,
Cap + Cp) = (C 4 CYZE 9 yagr g
( af + ﬂa) ( + 7 9x 9x ﬂ
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Since A” is arbitrary, therefore, the expression within the square bracket vanishes. Hence, C, 5+ Cj,
is a (0, 2)-tensor.

1.4.2 Conjugate or reciprocal tensor of a tensor
Consider a symmetric covariant tensor of second order «;;, i.e., of the type (0,2) whose determinant,
la;;| is nonzero; then

ij>

cofactor of a; in |a;

|aij|

is known as reciprocal tensor of a;;. It is of the type (2,0).

Reciprocal tensor exists for any tensor. Only condition being its determinant is nonzero. Here,
a;b* = 5J’f and |a;||b*| = |5]’.‘| = 1. Usually, conjugate of a;; is written as a¥ and aya’ = &, = n.

ij
Tensor equations in one system (x') remain valid in all other coordinate systems (}i), e.g., if T]l:kl =

. —i —i
27’ljk, then Tﬂd = 2lek.

1.5 Generalized Kronecker Delta

The generalized Kronecker Delta 5;’6 is defined as follows:

a sh
85 8,
82 80
+l,a#f,a=u, f=v
_l7a$éﬁaa V,ﬂ=ﬂ

0, otherwise.

6% =
Hv

We can define 6?7 and §*#7” as follows:
uvé uvéw

B
5% 8l o,
5aﬂ7 =|5“ 5ﬂ 57
W s b st |
55 65 55
a s
5 &) o, &
5aﬂ7p — 53 5V§ 65 55

véw a v ogP |

! 5§ 55 5¢' 54‘
82 8b o 5

© in this web service Cambridge University Press www.cambridge.org



www.cambridge.org/9781108837996
www.cambridge.org

CAMBRIDGE

Cambridge University Press

978-1-108-83799-6 — The General Theory of Relativity
Farook Rahaman

Excerpt

More Information

10 Tensor Calculus — A Brief Overview

Exercise 1.19

123 _ <123 _
5123 = 5231 =1,
123 _ <123 _
5213 - 5132 =-L
Exercise 1.20
Show that
af _ Aca
6#13 = 35”.
Show that
8% =4.

Show that
8a0t =250
Myt ur'
Hint:
8% 8/, 5°
aft B o
Oye = |67 6y 67
8280 &
Now, expand along third row and use 67 = 4
Show that
5% 80y 67
aftp _ )
5,4\/7;; =—1|0y 6‘;} o |-
a T
67 6, 6]

@© in this web service Cambridge University Press www.cambridge.org



www.cambridge.org/9781108837996
www.cambridge.org

