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1

Non-compact Elliptic Problems

The solvability of elliptic equations with variational structure can be studied by
detecting the existence of minimizers of the corresponding constrained mini-
mization problems or critical points of the corresponding functionals. In this
chapter, we will study the possible loss of compactness of some sequences of
approximating critical points for some functionals. This will lay the founda-
tion for the construction of peak or bubbling solutions in Chapters 2 and 4, and
for the discussion of the multiplicity results in Chapter 5. To show the main
ideas, we will consider two typical types of elliptic problems: the Schrodinger
equation in RV and the semilinear elliptic problems with a critical Sobolev
exponent in a bounded domain of RY. One of the main topics in this chap-
ter is how one can recover the compactness of the minimization sequences, or
the Palais—Smale sequences, by an energy constraint. We will also discuss a
global compactness result that shows how a Palais—-Smale sequence may lose
its compactness.

The theories in Chapter 1 were mainly developed in the 1970s and 1980s.
The readers interested in other aspects of critical point theory can refer to the
books [124, 134, 151].

1.1 Minimization Problems with Compactness
Consider the following eigenvalue problem
—Au = Af(x,u), in K,
(1.1.1)
u=>0, on 0€2,

for some unknown pair (X, u), where Q2 is a bounded domain in RY and
f(x,1) € C(2 x R) with the property that | f(x, )| < C(1 + |¢|?) for some
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2 Non-compact Elliptic Problems

constants C > O and p € (1, 2% — 1). Here we denote 2* to be % or +00
accordingas N > 3or N =1, 2.

Before solving the above eigenvalue problem, let us briefly discuss the
following constraint minimization problem in calculus.

Let g(x) and G(x) be two C! functions in RV. Suppose that VG (x) # 0
for any x € R" and that the equation G(x) = 0 defines a compact closed
hyper-surface in RV . Define

m = inf{g(x):x e RY, G(x) = 0}. (1.1.2)

Theorem 1.1.1 The quantity m defined in problem (1.1.2) is achieved by some
Xx0. Moreover; this xg satisfies

Vg (x0) = AVG (xo), (1.1.3)

for some ) € R.
Proof. Step 1. Take a minimization sequence {x,} such that G(x,) = 0 and
1
m<g(x,) <m+ —. (1.1.4)
n

Step 2. Since the set {x : G(x) = 0} is compact, there exists a subsequence
which, by abuse of notation, is still denoted by {x,}, and x¢ such that x,, — x.
Since G (x;) = 0, we have that G (xg) = 0.

Step 3. It follows from (1.1.4) and the continuity of g that

m > lim g(x,) = g(xg) > m.
n—0oo

This shows that m is attainable.

Step 4. It remains to prove (1.1.3). For any tangent vector / of the hyper-
surface {x : G(x) = 0} at xg, we take a curve x(¢) on {x:G(x) = 0} such
that

x'(O)]=0 =1,
x(0) = xo.

Let h(t) := g(x(¢)). Then h(0) = g(xp) and i (¢) achieves its minimum at
t = 0. Therefore,

(Vg(x0), 1) = h'(0) = 0.

This implies that Vg (xp) is perpendicular to any tangent vector of the surface
{x:G(x) = 0}. In other words, Vg(xg) is a normal vector of this surface
G(x) = 0 at xg. On the other hand, for any z € {x:G(x) = 0}, VG(2) is
a normal vector of the surface {x:G(x) = 0} at z. So we find that at the

© in this web service Cambridge University Press www.cambridge.org



www.cambridge.org/9781108836838
www.cambridge.org

Cambridge University Press

978-1-108-83683-8 — Singularly Perturbed Methods for Nonlinear Elliptic Problems
Daomin Cao , Shuangjie Peng , Shusen Yan

Excerpt

More Information

1.1 Minimization Problems with Compactness 3

minimum point xo, VG and Vg are parallel, and therefore, there exists A € R
such that

Vg(xo) = AVG(xp). O

Remark 1.1.2 We note that the proof of the existence of a minimizer for the
constraint minimization problem (1.1.2) only requires the following assump-
tions: (i). The compactness of the set {x:G(x) = O0}. (ii). g(x) is lower
semi-continuous, i.e., lkrg &r;f g(x) = g(xo).

In the sequel, we define the space HOl (R2) to be the closure of C;°(£2) with

respect to the norm ||u|| = ( fQ |Vu|2)%, which is induced by the inner prod-
uct (u, v) = fQ VuVv. For some important results on the space HOl (R2), the
readers can refer to the appendix.

Let us now study the eigenvalue problem (1.1.1). The weak solution
u e Hé (2) of (1.1.1) satisfies the following relation:

/ VuVg = A/ fx,u)p, Vgce H(; (). (1.1.5)
Q Q

It is well known that the left-hand side of (1.1.5) is the derivative of the
functional

1
Iw) = —/ IVul?,  u e Hy(Q),
2 Ja

while the right-hand side is the derivative of the functional fQ F(x, u), where
F(x,t) = fé f(x,s)ds. Thus, a weak solution (A, u) of (1.1.1) satisfies

VI(u) =AV/ F(x,u).
Q

Hence we are led to study a problem similar to the algebraic equation (1.1.3). In
view of this, it is then natural to consider the following constraint minimization
problem:

mi= inf{l(u):u e Hol(sz),/ Fx,u) = 1}. (1.1.6)
Q

To prove that problem (1.1.6) is achieved by some u € H(; (R2), we first take
a minimization sequence {u,} C HO1 (R2), satisfying

1
m<I1(uy) <m-+ —, / F(x,u,) =1. (1.1.7)
n Q

From the proof of Theorem 1.1.1, we see that we need to prove the
following:
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4 Non-compact Elliptic Problems

(1) There is a subsequence of {u,}, still denoted by {u,}, such that u,
converges to u# in ‘certain’ sense.
(ii) The functional I (1) is lower semi-continuous. That is, lirf I(uy) > 1(u).
n—+00

iii) The fi ional F i i . That i li F =
(iii) The functional [, F(x,u) is continuous. That is, ,Jim Jo F(x,up)

fQ F(x,u).

Remark 1.1.3 (1) H(} (2) is generally not compact. However, we do have that
H(} (R2) is weakly compact (see Theorem 6.3.1). In other words, any bounded
sequence {u,} in H(}(Q) has a subsequence, which we still denote by {u,},
such that for any ¢ € H(}(Q), one has (u,, ¢) — (u, ¢) for some u € HOI(Q).
We use the notation u,, — u to denote the weak convergence of u, to u in
Hy ().

(2) I (u) is weakly lower semi-continuous in H(} (R2). Consequently, if u, —
u in Hy (), then

liminf 7 (u,) > I ().
n—+o00
(3) Hl (@) — LP*(Q) is compact if 1 < p < N+Z and Q is bounded.

Theorem 1.1.4 Suppose that {u:u € Hé (), fQ F(x,u) = 1} is not empty.
Then (1.1.6) is achieved. Moreover, if V fQ F(x,u) # 0atu, (1.1.5) holds for
some ) € R.

Proof. Let {u,} be a minimization sequence in H(}(Q) that satisfies (1.1.7).
Then {u,} is bounded in Hol(Q). By Theorems 6.3.1 and 6.3.7, there exists
a subsequence of {u,}, which one still denotes by {u,}, and a function u €
Hg () such that

u, — u  weakly in H(} (),
and

up — u  strongly in LPT1().

Recalling that | f(x, )] < C(1 + |#|?), we now see that there exists 0 €
[0, 1],

/ [F(x,uy) — F(x,u)l
Q

- ‘/ f,u+ 0w, —u)(u, —u)
Q

= (/Q|f()€,u+9(un —u))|pTH># (L'u” _u|p+1)pl+1
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1.1 Minimization Problems with Compactness 5

1

L
<o a5 ) ([ =)
Q

L
/|u —u|p+1 "0

asn — oo.
On the other hand, we have

1 2 1 2
1(un)=—/ [Vu| —/ V(un—u)Vu-ir—/ V(@ —up)|
2 Ja Q 2 Ja

1
z—/ |Vu|2—/ V(u, — u)Vu
2 Ja Q

=1(u) +o(l),

where 0o(1) — QO asn — +o0.
Therefore, m = lim I (u,) > I(u) > m. As aresult, u achieves m.
n—o0

Next, we prove (1.1.5). For any function ¢ € H(} (2), u 4+t may not satisfy
fQ F(x,u+tp) = 1fort # 0. Therefore, we need to correct this perturba-
tion suitably. From the assumption V fQ F(x,u) # 0, we can find a function
/S HO1 (€2) such that

f Fleuwp # 0,
Q

Define the following function

H(t,s):/ Fx,u+tp+sy)—1.
Q

Then one has

dH (0,0
H(0,0) =0, # /f( wy #0.

By the implicit function theorem, there is a C! function s(¢) defined for small
t such that H(¢, s(t)) = 0, s(0) = 0, and

f [, u)e
Joa

s'(0) = — )
f Fl Y
Q
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6 Non-compact Elliptic Problems

Now the function £(¢) = I(u +top + s(t)w) attains its minimum at ¢ = 0.
Hence &’(0) = 0. On the other hand, a direct calculation gives

s’<0>=/ Vuw—xf Fx w0,
Q Q

where

Hence the result follows. O]

Remark 1.1.5 If f(x, 1) = |t|P~'t, we have F (1) = #Ml’“. In this simple

_1
p+1) P (u+t9)

1 ( . .
case, for any ¢ € H, (€2) and |z| small, W) satisfies the constraint.

A direct consequence of Theorem 1.1.4 is the existence of a positive solution
for a nonlinear elliptic problem.

Theorem 1.1.6 The following elliptic problem has a solution

—Au=uf, u>0, inQQ,

(1.1.8)
u=0, on 0L2,
where Q is a bounded domain in RN and p € (1,2* — 1).
Proof. Since F(t) = ﬁlﬂf”“, we can always choose a minimization

sequence, which is non-negative. It then follows from Theorem 1.1.4 that there
exists a constant A € R, u € H(} (R2) and u > 0 such that

— Au =X uP, inQ. (1.1.9)

Since # o |u|p"‘1 = 1, we must have u # 0. On the other hand, it is easy
to see from (1.1.9) that

1

By the maximum principle, we see that # > 0 in Q2. Hence A 7-Tu is a solution
of (1.1.8). O
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1.2 Non-compact Minimization Problems 7

1.2 Non-compact Minimization Problems: The
Concentration Compactness Principle

The minimization problem discussed in the previous section is compact in the
sense that the functional f o F (x, u) is continuous under the weak convergence
in HOl (£2). Such compactness condition is not true anymore if €2 is unbounded,
or f(x,t) grows at the Sobolev critical rate of Itlz*_l as |t| — +oo. In this
section, we will consider two typical cases, where the compactness condition
is violated.

Question 1. Suppose that V (x) € C(RV) satisfies

0<Vo=V =W,

for some constants V| > Vy > 0. We consider the following minimization
problem

inf{l/ (VU + Ve ul®)u e Hl(RN),/ u|PH! = 1}, (1.2.1)
2 JrN RN

where 1 < p < M2if N > 3,1 < p < +00if N = 2, and the space H! (R")

is the closure of C{° (RN) under the norm ||u|| = (‘[]R1\;(|Vu|2 + |u|2))%, which
is induced by the inner product (u, v) = fRN (VuVv 4 uv). We point out that,
in this case, the functional % RN(|VZA|2 + V(x)|u|?) is weakly lower semi-
continuous in H'! (]RN ), but the functional fRN |u|1’+1 is not continuous under
the weak convergence in H'(RV).

Question 2. Suppose that € is a bounded domain in R¥, N > 3. Consider

inf{lf(|Vu|2—A|u|2):u € Hg(sz),/ ul? = 1}, (1.2.2)
2 Ja Q

where A € (0, A1). Here, we use A; to denote the first eigenvalue of the
operator —A in €2, subject to the homogeneous Dirichlet boundary condition.
We also emphasize that, in this case, %fg(wuﬁ — A|u|2) is weakly lower
semi-continuous in HOl (£2), but fQ lu|?" is not continuous under the weak
convergence in HOl (2).

Before we study the above minimization problems, let us first discuss a sim-
ple problem in calculus for some useful ideas. Let f(x) € C (R™) be bounded
from below. Consider

m:= inf f(x). (1.2.3)

xeRN

A solution to such problem may not be achieved. For example, inﬂg arctan x
xXe

cannot be achieved.
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8 Non-compact Elliptic Problems

Now we discuss the conditions which guarantee that the minimum in (1.2.3)
is achieved. Choose a minimization sequence {x,} C R¥ such that flxp) —
m as n — +00. Then we have two possibilities:

(i) There exists a subsequence, which we still denote by {x,}, such that
X, = xo € RN . Then f(x) achieved m at xq.

(i) |x,| — oo. In this case, we have

m= lim f(x,)> liminf f(x):=m* >m.
n—-+00 |x]— 400

Thus, m = m®™.
The possible loss of compactness for a minimization sequence {x,} for
(1.2.3) is when |x,| — +o0. If this occurs, we have

inf f(x) = liminf f(x).
xeRN |x|—>+00
Thus, the loss of the compactness will not occur if the function f(x) satisfies

inf f(x) < liminf f(). (1.2.4)

xeRN

From the above discussion, we have the following theorem.

Theorem 1.2.1 Suppose that f(x) is bounded from below and is continuous
(or lower semi-continuous). If (1.2.4) holds, then the minimum in (1.2.3) is
achieved.

Remark 1.2.2 m® := |li‘m inf f(x) may be regarded as the limit problem of
X|—+o00
(1.2.3).

As seen from the above discussion, to study the minimization problems
(1.2.1) and (1.2.2), we need to understand the possible loss of the compactness
of the minimization sequence and determine the corresponding limit prob-
lem. The compactness of the minimization sequence can then be recovered
by imposing a condition on the two problems.

1.2.1 A Minimization Problem in an Unbounded Domain

In this subsection, we will discuss (1.2.1). Let

I(u) = / (Vul? + Vu?), ue H'®RY),
RN
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1.2 Non-compact Minimization Problems 9

where V(x) € C(RV) satisfies 0 < Vo < V(x) < V; for some constants
Vi > Vo> 0,and

Iim V(x)=Vy >0.

[x|—>+00

Consider the following constraint minimization problem
I, = inf{l(u):u € H‘(RN),/ Pt =a > 0]. (1.2.5)
RN

To start, we summarize some properties for /,. Using the change of variable
_L .
u = artlv, we can Verlfy that

2
I, =artly,

which gives
I, <Ipy+1,p, Vbe(0,a). (1.2.6)
It is easy to check that for any @ > 0, one has I, > 0. If I, is achieved by
some u € H'(RVN), then |u| also achieves I,. Hence we may assume that I, is

achieved by some non-negative function u % 0. Moreover, it is easy to verify
that u satisfies

1
—Au+VExu="uP u>0xecR",
a (1.2.7)

u € H'(RV).
1
Therefore, w = (I,/a) ?~Tu satisfies the following nonlinear Schrodinger
equation
—Aw+Vxw=wP,w>0,x eRY,
(1.2.8)
w e H'@RN).

To study whether (1.2.5) is achieved, we choose a minimizing sequence
{(up} ¢ H'(RY) of I,. Then {u,} is bounded in H'(R"). We may assume
that there exists u € H!(RY) such that

u, — u weakly in H'®RY),
and

u, — u strongly in L;]OC(RN) for any g € [2, 2%).
From the weakly lower semi-continuity of 7 («) in H L(RN), we conclude that

T(w) < lim_I(uy) = I,
n——+00
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10 Non-compact Elliptic Problems

while Fatou’s lemma implies that

/ lu|Pt! < lim/ lun|?! = a.
RN n—0o0 RN

Thus, in order to prove that u achieves I,, we just need to prove that
Jgw lulPT =a.
Following the same idea as in the discussion of (1.2.3), we need to exclude
all the possibilities that may cause {1} to lose compactness in L?+!1(RV).
Let v, = u,, — u. Then, for any R > 0, we have

/ loa [P > 0, asn — +oo.
Bgr(0)

Intuitively, if v, does not converge strongly in LP+1(RY), we then have the
following two cases.

Case 1. The main part of u,, lies in the infinity if u = 0.

Case 2. u,, splits into two ‘separate’ parts u and v, if u % 0. This case is
called the dichotomy case.

In case 1, we then have

14 —Vooﬁzo/ ﬁ+/ V(x) — Vo )u?
/RN( ) ) (BR«»M) RN\BR«»( ) )

=o(1) + O (max [V (x)— voo|) f u? =0,
|x|=R RN\Bg(0)

(1.2.9)
as n — 4-o0. This in turn implies that
I, = HBTOO I(uy) = ninfoo 1%°(uy) > I;o’
where
1° = inf[loo(u):u e H'RY), / u|PH = a], (1.2.10)
RN
and

I1%°(u) = fRN(WuF + Voott?).

Similar to the discussion of (1.2.3), we call (1.2.10) the limit problem for
(1.2.5). The above discussion shows that if I, < IJ°, then case 1 does not
occur.

To exclude the dichotomy case, we need the following Brezis-Lieb lemma
(see [23]).
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