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abelian group, 22

absorption property, 233

adjacent transpositions, 50

adjunction of an element, 324

algebraic closure inside a ield, 334

algebraic closure of a ield, 368, 611,
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algebraic element, 323, 324

algebraic ield extension, 324

algebraic function, 342

algebraic integer, 315

algebraic number, 611

alternating group, 47

Artinian partial order, 510

associate elements, 271

automorphism action, 159

automorphism group, 78, 79

automorphism of a group, 78

axiom of choice, 99, 254, 593

basis of an ideal, 234

binary string, 605

block-diagonal matrix, 495

Boolean ring, 209

bounded sets in partial orders, 597

cancellable element, 211

cancellation, 23

canonical map, 82

canonical projection, 457

cardinality, 601

Cayley representation of a group, 76

centralizer of permutation, 200

centralizer of a group element, 139

centre of a group, 50, 51, 63

chain, 254, 596

chain in a partially ordered set, 596

chains of subsets, 594

character on a group, 379, 380

characteristic of a ring, 246

choice function, 254, 593

circle group, 29, 51

class equation, 139

commutative diagram, 85

commutator of two group elements,

70, 96

commutator subgroup, 177

commutators in a group, 176

complete reduction in a Gröbner

domain, 531

complex number, 23

component of a module element, 460

composite element, 20

composite integer, 7

composite of two subields, 335

congruence class, 15

congruence modulo a subgroup, 53

congruent integers, 12

conjugacy class, 49, 64, 138

conjugate elements, 64

conjugate of a subgroup, 64

conjugate permutations, 49

conjugate subgroup, 148

conjugates in a ield extension, 351

conjugation action of a group, 138

conjugation in a group, 64

constructible circle, 429

constructible line, 429

constructible point, 429

constructible real number, 433

content of a polynomial, 296

coprime, 5

coprime elements, 286, 472

coset modulo an ideal, 244

cycle, 37

cycle notation, 37

cycle structure of a permutation, 40

cyclic extension, 418

cyclic group, 29, 52

cyclic module, 454

cyclotomic polynomial, 306, 409

degree of a ield extension, 322

degree of an algebraic element, 328

denominator set, 259

derivative of a polynomial, 360, 361

derived series, 178

derived subgroup, 177

Dickson basis, 514

dihedral group, 32, 126

direct product of modules, 452

direct product ring, 205

direct sum decomposition, 460

direct sum of modules, 452

direct sum of submodules, 460

direct summand of a module, 461

discriminant of a cubic, 405

disjoint permutations, 37

divisor, 1

eigenspace, 490

eigenvalue, 490

Eisenstein’s criterion, 305

elementary divisors of a inite abelian

group, 106

elementary symmetric function, 400

equivalence class, 35

equivalence relation, 34

Euclidean algorithm, 4

Euclidean division, 1

Euclidean domain, 278, 317

Euclidean function, 278

even permutation, 44

extension by a single radical, 418

extension of a partial order, 514

extension ring, 208

external product group, 91

factor, 1

factor theorem, 239

faithful group action, 118, 372

ield, 213

ield extension, 322

ield of algebraic numbers, 334

ield of fractions, 261

inite index, 55
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initely generated algebra over a ield,

559

initely generated group, 52

initely generated ideal, 234

initely generated module, 454

irst isomorphism theorem, 458

ixed ield, 351, 382

ixed set of a permutation, 132

ixed subset, 229

fraction notation, 260

free module, 455

Frobenius map, 364, 369

fundamental theorem of algebra, 399

fundamental theorem of Galois theory,

387

Galois correspondence, 387

Galois extension, 385

Galois group of a polynomial, 374

Gaussian integers, 208

general linear group, 25

generalized eigenspace, 490

generator of ring, 217

generators of a ring extension, 331

generators of an ideal, 234

Gröbner basis of an ideal, 523

Gröbner domain, 520

Gröbner function, 520

greatest common divisor, 3, 286

ground ield, 322

group, 20

group action on a set, 116

group homomorphism, 74

group isomorphism, 77

group of units, 24

group of units in a ring, 210

Hilbert’s Nullstellensatz, 575

histogram, 105

ideal in a ring, 233

ideal membership problem, 535

idempotent, 236, 579

identity element, 21

identity homomorphism, 74

image of a group homomorphism, 76

image of a homomorphism, 227

image under a module homomorphism,

457

independent elements, 456

independent module elements, 466

index of a subgroup, 55

inert group action, 118

ininite set, 600

inner automorphism, 79

integer, 1

integer combination, 2

integral domain, 213

intermediate ield, 370

internal product of two subgroups, 94

invariant of a inite abelian group, 106

invariant subspace, 488

inverse element, 20

inverse Galois problem, 444

inverse of a unit in a ring, 210

inversion by a permutation, 45

irreducible element, 268

irreducible modulo a prime, 315

irreducible polynomial, 256, 257

isomorphic groups, 77

isomorphic rings, 232

isomorphism lifting theorem, 348

isomorphism of modules, 453

Jordan block, 494

Jordan normal form, 496

kernel of a group homomorphism, 76

kernel of a module homomorphism, 457

kernel of a ring homomorphism, 231

Klein 4-group, 69

Lagrange resolvent, 420

Laurent polynomials, 265

leading monomial, 524

leading term, 524

least common multiple, 6, 12, 293

left coset action of a group, 119

left multiplication action of a group,

118

length of a solvable group, 178

length of an orbit, 188

lexicographic order, 509, 515

linear combination of module elements,

454

localization, 260

localization at a prime, 311

matrix of a linear operator, 490

maximal p-subgroup, 151

maximal chain in a partially ordered

set, 596

maximal element in a partially ordered

set, 597

maximal ideal, 253

minimal element, 513

minimal Gröbner basis, 523

minimal polynomial, 325, 326

minimal polynomial of a linear

operator, 472, 489

module basis, 455

module inherited from a linear operator,

452, 488

module over a ring, 450

monic polynomial, 540

monomial order, 514

multiple, 1

multiple notation, 27, 207, 228

multiplicity function, 289

multiplicity of a prime, 9, 283, 289

natural number, 1

neutral element, 20

Noetherian module, 476

Noetherian ring, 275

normal closure, 354, 421

normal ield extension, 353

normal subgroup, 63

normality theorem, 352

normalizer of a subgroup, 149

normalizer subgroup, 73

odd permutation, 44

orbit of a group action, 122

orbit of a permutation, 36, 188

orbit structure, 196

orbit structure of a permutation, 40

order of a group, 27

order of a set, 27

order of an element in a group, 28

parity of a permutation, 43, 44

partial order, 254

partially ordered set, 254, 508, 596

partition of a positive integer, 41, 107

perfect ield, 367

permutation, 21

permutation on n letters, 22

p-group, 100, 142, 146

pigeon-hole principle, 213

polynomial term, 540

positive integer, 1

power mapping, 79
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power notation, 26, 27, 207

power set, 605

primary component, 108

primary component of a module, 474

primary decomposition of a linear

operator, 489

primary decomposition of a module,

474

primary module, 473

prime element, 269

prime ideal, 255

prime integer, 7

primitive generator, 369, 397

primitive polynomial, 295

primitive root of unity, 241, 408

principal ideal, 234

principal ideal domain, 274

product decomposition of a group, 91

product order, 513

projective module, 462

proper ideal, 233

quadratic residue, 90

quaternion group, 72

quotient for Euclidean division, 238

quotient group, 82

quotient module, 457

quotient ring modulo an ideal, 245

radical, 418

radical extension, 420

radical tower, 420

rational number, 23

rational roots test, 301

real number, 23

reduced form, 301

reducible element, 268

reducible polynomial, 256

reduction in a Gröbner domain, 520

reduction modulo a prime, 315

reduction modulo n, 15

relexive relation, 34

relation on a set, 34

remainder for Euclidean division, 238

repeated root, 361

replacement principle, 14

residually inite groups, 99

residue, 15

residue class, 15

right coset of a subgroup, 53

ring, 203

ring automorphism, 232

ring endomorphism, 232

ring isomorphism, 232

roots of unity, 408

ruler and compass construction, 428

saturated denominator set, 266, 539

scalar multiplication, 450

second isomorphism theorem, 172

semi-direct product of groups, 160

separable polynomial, 362

set domination, 601

similar matrices, 492

similar operators, 453, 489

simple extension, 397

simple group, 71

solvability by radicals, 420

solvable group, 170

special linear group, 51

splitting ield of a polynomial, 344

stabilizer in a group action, 123

standard form of a polynomial, 219

standard n-tuple, 455

subield, 322

subgroup, 47, 51

subgroup generated by a set, 52

submodule, 453

subnormal chain, 170

subnormal series, 170

subring, 208

substitution map, 228

sum of abelian groups, 95

sum of submodules, 460

Sylow p-subgroup, 153

symmetric function, 400

symmetric group, 33

symmetric relation, 34

symmetry, 125

symmetry of polygons, 126

terms of a polynomial, 524

third isomorphism theorem, 172

torsion element in a module, 465

torsion-free module, 455, 465

torsion module, 465

total order, 508

totally ordered families of sets, 594

totally ordered set, 508, 596

tower of ields, 330

transcendental element, 324

transcendental number, 611

transfer of polynomial coeficients, 346

transitive group action, 122, 372

transitive relation, 34

transposition, 42

trivial group, 21, 51

trivial homomorphism, 74

Tschirnhausen transform, 406

unique factorization domain, 273

unit, 18, 24, 210

Vandermonde polynomial, 44

well-ordered set, 509, 597

well-ordering, 597

well-partial ordering, 510

well-partially ordered set, 510

word in a group, 52

zero divisor, 211, 212

zero ideal, 233

zero ring, 206

Zorn’s lemma, 255, 597
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