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actor, 57,297, 384
adjacency matrix, 61
adjacent nodes, 145
ARPANET, 17
automorphism, 146
average path length, 167

basic reproduction number, 430, 436
basic reproduction number
COVID-19, 431, 437
SARS epidemic, 431
Bayesian approach
belief propagation algorithm, 307
bijection, 146, 386
biological networks, 42, 177
biological networks
bacteria, Escherichia coli, 44
baker’s yeast, Saccharomyces cerevisiae, 44,
307, 370
fruit fly, Drosophila melanogaster, 43
gene regulatory networks, 43
Human Genome Project, 42
mouse, Mus musculus, 43
nematode worm, Caenhorhabditis elegans, 43
neural networks in the brain, 46
protein—protein interaction networks, 45
sea urchin, Echinoidea, 43
transcription factors, 44
transcriptional regulatory network, 44
bipartite graph, 59, 62
block assignment function, 339
block-membership matrix, 314
bond, 57
brain networks, 46
branching process
extinction probabilities, 86
Galton—Watson, 84, 96, 140
probability generating function, 84

call graph, 65
Cayley’s formula, 83
Chernoff bounds, 80
citation networks
h-index, 24
bibliographic coupling, 25
CiteRank index, 24
co-citation, 25
eigenfactor, 24
high-energy physics papers, 24
SARA, 24
U.S. Supreme Court opinions, 23
wake citation score, 24
Clauset-Newman—Moore algorithm,
333
clique
maximal, 61
clustering coefficient, 165, 167, 188
communications networks, 219
compact metric space, 399
computational complexity, 13, 336
conditional independence, 255
configuration model
clustering coefficient, 188
common neighbor, 186
degree distribution, 187
edge probability, 184
giant component, 194
giant component diameter, 197
multiple edges, 184
node-degree sequence, 183
phase transition, 194
Poisson-distributed network, 198
power-law distribution, 196
second neighbors, 192
self-loops, 185
spectral density, 326
spokes, stubs, half-edges, 183
third neighbors, 193
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almost exact recovery, 340
classification problems, 338
consistent estimator, 338
exact recovery, 340
partial recovery, 340
spectral clustering, 353
strongly consistent criterion, 339
weakly consistent criterion, 339
critical probability, 78
cumulative sum (CUSUM), 421
cycle, 57

degree distribution, 434
degree distributions
Erdés-Rényi random graph model, 169
power law, 171
scale-free network, 173
Watts—Strogatz model, 170
degree-corrected stochastic blockmodel, 314
dependence graph, 254
detailed balance, 224
diameter, 173
dimensionality reduction, 404
direct product of two graphs, 145
directed acyclic graph (DAG), 58
disease transmission models, 428
distance
between two nodes, 145
cut, 377
edit, 376
Hamming, 376
distance between networks
Hamming, 423
HIM, 424
IM, 424
Jaccard, 423
spectral, 423
duplication model, 212
dyad, 6, 239, 241
dynamic biological networks, 425
dynamic community discovery, 415
dynamic network tomography, 412
dynamic networks, 411
dynamic networks
continuous-time, 414
discrete-time, 413
endogenous change, 421
exogenous change, 421
initiated change, 421
longitudinal social networks, 420
mixed-membership SBM, 416
network stability, 421

e-mail networks
Enron employees, 34
European Research Institute, 34
ecological networks
food webs, 49
edge, 57
edge density, 400
edge-weighted static networks, 413
effective reproduction number, 437
epidemic model
discrete-time, 432
epidemic modeling
network approach, 433
epidemics, 428
Erdés-Rényi random graph, 166
Erdés-Rényi-Gilbert random graphs, 76
ERGM: see p* model, 257
ergodic theorem, 223
Ethernet, 16
Euler’s beta function, 205
evolutionary networks, 412
excess-degree distribution
definition, 187
probability generating function, 190
exchangeability
Aldous—Hoover theorem, 382
de Finetti’s theorem, 379
edge, 382
finite sequence, 378
hyperedge, 384
infinite sequence, 379
joint, 381
random array, 381
relational, 384
relative, 384
separate, 381
expected-degree random graph
Chung—Lu model, 199
definition, 199
Erdoés-Rényi model, 200
giant component, 201
self-loops, 200
spectral density, 327
exponential family
cumulant generating function, 240
curved exponential family, 241
definition, 240
dimension, 240
full case, 240
full-rank case, 241
linear case, 241
log-partition function, 240
minimally represented, 241
natural parameter space, 240
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exponential random graph model (ERGM), 6,

257

exponentially weighted moving average

(EWMA), 421

financial networks
2008 mortgage crisis, 27
Bitcoin, 29
blockchain, 31
cryptocurrencies, 29
institutions, 26
first-moment method, 79
forest of order k, 83
four-color map problem, 387
French political blogosphere, 370
Frieze-Kannan cut norm, 396, 397

Galton—Watson process, 432
geodesic distance, 166
geodesic path, 166
giant component, 76
Girvan—Newman algorithm, 7
graph
component, 64, 95
connected, 64
diameter, 65
geodesic distance, 65
graph coloring problem, 387
graph compression
algorithmic, 219
semantic, 219
graph Laplacian
Fiedler eigenvector, 325, 348, 351
normalized, 325, 348

normalized random-walk algorithm, 351
normalized symmetric algorithm, 351

random-walk, 348, 349

regularized normalized symmetric, 356
regularized spectral clustering (RSC)

algorithm, 356
spectral gap, 348
symmetric, 348
unnormalized, 347
unnormalized algorithm, 351
graph partitioning

blockmodel, 297

Cheeger constant, inequality, ratio, 282

communities, 294

cut edge, 274, 290

cut objective function, 290
cut size, 274

cut value, 274

degree-corrected stochastic blockmodel, 10

Fiduccia—Mattheyses algorithm, 276

graph cuts, 10, 272

graph Laplacian matrix, 346
hyperplane clustering method, 287
Kernighan-Lin algorithm, 275
latent cluster models, 10

legislative redistricting, 273
minimum cut solution, 291
minimum cuts, 274

multiway cuts, 290

normalized cuts, 281, 292
overlapping-community models, 10
parallel computing, 274

planted partition model, 301
pseudo-likelihood approach, 308
ratio cuts, 278, 291

regular equivalence, 296
semidefinite programming, 309
spectral approach, 279

spectral clustering, 10, 346, 350
spectral segmentation, 284
stochastic blockmodel, 10, 301, 302
stochastic equivalence, 296

stochastically equivalent receivers, 297

stochastically equivalent senders, 297

structural equivalence, 295

graph properties

connectivity, 93
emergence of cycles, 89
emergence of trees, 87
giant component, 95

graph search algorithms

breadth-first search, 71
depth-first search, 71

graph-splitting algorithm, 340

graphon, 8, 395, 396
graphon

approximate structural equivalence, 296

binary cuts, 274
block membership function, 301
block membership matrix, 301
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definition, 397

empirical, 393

Erdos-Rényi random graph, 398
limit, 394

pixel pixture, 394

scaled, 402

simple, 396
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sparse, 402
stochastic blockmodel, 398
graphon estimation
cross-validation, 406
Erdos-Rényi graph, 404
network histogram, 403, 406
nonparametric Bayesian, 404
sorting-and-smoothing algorithm, 408
stochastic blockmodel, 403
stochastic blockmodel approximation (SBA),
404
graphons
compact metric space, 399
comparing estimates, 403
cut distance, 399
cut metric, 399
generating random networks, 401

homomorphism

density, 385

graph, 385
homophily, 165
Horvitz-Thompson estimator, 230

image matrix, 298

incidence matrix, 62

infectious diseases, 411

Internet, 16

inverse-Wishart distribution, 253
isomorphism, 146

Jaccard index, 368
Julesz conjecture, 393

Karrer-Newman likelihood criterion, 316
kernel function, 396
kernels
Gaussian radial basis function, 287
isomorphism up to a nullset, 397
Mercer kernel, 287
weak isomorphism, 397
kmeans algorithm, 351
Kolmogorov zero—one law, 130
Kullback-Leibler divergence, 306

Landau notation, 12
Laplace approximation, 418
latent cluster random-effects model, 371
latent space models, 265
distance model, 266
projection model, 269
lattice
configuration, 112
configuration space, 129

connected sites, 113

external boundary of box, 117

finite box, 117

honeycomb, 121

nearest neighbors, 114

path, 113

regular ring, 165

rescaled, 155

ring, 167

translation invariance, 112

triangular, 121, 125
Leiden algorithm, 336, 337
logistic-normal distribution, 416
Louvain algorithm, 334

Markov chain

aperiodic, 264

ergodic, 223

irreducible, 264

stationary, 264

transition probabilities, 142
Markov chain Monte Carlo MCMC), 231
Markov random graph, 255
matrix

Frieze-Kannan cut norm, 376
matrix-tree theorem, 424
MCMC

BUGS, 262

Gibbs sampler, 262

Metropolis—Hastings, 262
mean-field approximation, 306
measure-preserving transformation, 396
Metropolis—Hastings algorithm, 253
minimum spanning tree

Kruskal’s algorithm, 73

Prim’s algorithm, 73
mixture of distributions, 418
modularity

definition, 318

Erdos—Rényi, 319

hyperelliptical solution, 323

hyperspherical solution, 322

matrix, 321

more than two communities, 326

Newman-Girvan, 319, 358

optimal, 321

spectral density, 326

two communities, 320
moment generating function, §0
movie collaboration graph, 163
multidimensional Poisson point process,

153

multigraph, 57, 186
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nearest neighbors, 57
network
e-regular, 400
e-regular partition, 400
adjacency matrix, 1
community, 67
convergent sequence, 396
dense, 374
directed, 2, 57
edge, 1
hub, 67
node or vertex, 1
relational data, 1
sparse, 374, 390
undirected, 2, 57
network estimation
Bayesian approach, 11
maximum likelihood, 11
maximum modularity, 11
maximum pseudo-likelihood, 11
network models
configuration, 9
expected-degree random graph, 9
graphons, 10
percolation, 9
preferential attachment, 9
random copying, 9
random graph, 8
small-world, 9
network motifs
finding and counting, 425
static, 426
temporal, 427
network properties, 388
network properties
hereditary, 388
network sampling
boundary bias, 229
difficult-to-access populations, 226
distance function, 221
expansion sampling, 342
forest-fire sampling (FFS), 237
incident-subgraph sampling, 225
induced-subgraph sampling, 221
link-trace sampling (LTS), 226
MCMC expansion sampling, 343
network exploration, 226
node-sampling by Metropolis algorithm, 223
objectives, 220
PageRank sampling (PRS), 343
random-edge sampling (RES), 225
random-edge sampling with induced
subgraph (REI), 226
random-node sampling (RNS), 221

random-node sampling by degree (RND),
222
random-node sampling by PageRank
(RNP), 222
random-walk sampling (RWS), 235
random-walk sampling with random jumps
(RW)), 236
respondent-driven sampling (RDS), 229
Salganik estimator, 235
snowball expansion sampling, 343
snowball sampling (SBS), 227
strategies, 341
topology-based, 226
variance estimation, 234
volunteer bias, 229
Volz-Heckathorn estimator, 234
networks
biological, 307
cut distance, 377
financial, 307
isomorphism, 386
property testing, 388
node, 57
node
degree, 58
in-degree, 58, 62
out-degree, 58, 62
root, 59
node degree, 434
nonparametric Bayesian approach, 317

overlapping communities
community-affiliation graph model (AGM),
371
link-based clustering, 367
stochastic blockmodels, 369

PageRank, 222
PageRank algorithm, 22
parametric p; blockmodel
ML estimation, 312
probability distribution, 312
parametric model
p* or ERGM, 6, 9
p1,6,9,242
p1 blockmodel, 311
P2,6,9
latent space, 10
parametric model p* or ERGM
algorithms
MCMC, 262
logit model, 258
maximum pseudo-likelihood (MPL)
estimator, 260
normalization constant, 258
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parameters, 257 disk, 153
probability distribution, 257 Gilbert’s disk system, 154
sufficient statistics, 257 Grimmett—Newman transitive graph, 146
parametric model p; hyperscaling relations, 123
algorithms infinitely many infinite clusters, 140
general iterated scaling (GIS), 245 isoperimetric constant, 147
iterative generalized LS (IGLS), 246 Kadonoft blocks, 124
iterative proportional fitting (IPF), 246 long open paths, 117
attractiveness parameter, 243 mean cluster size, 116
dyad, 254 microfabrication, 150
global density parameter, 243 monomer-cluster aggregation, 137
homogeneity effect, 243 multidimensional infinite hypercubic lattice,
ML estimation, 245 112
productivity parameter, 243 Newman-Schulman result, 130, 144
reciprocation effect, 242 number of infinite clusters, 128
reciprocity parameter, 243 one-dimensional case, 157
sufficient statistics, 244 open cluster, 113
parametric model pj percolation on trees, 138
algorithms percolation probability, 114
iterative generalized LS (IGLS), 252 percolation threshold, 120
MCMC, 252 phase transition, 114, 145
Bayes’s theorem, 253 Poisson Boolean model, 151
dyad, 254 Poisson point process, 150, 151
random effects, 248 power laws, 121
partitioning algorithms, 10 quasi-transitive graph, 146
path, 63 renormalization (semi)group, 123
path renormalization-group transformation, 125
edge-independent, 63 scaling relations, 123
node-independent, 63 semiconductors, 106
path length, 166 site percolation, 108, 113, 155
percolation sol—gel transition, 137
adjacent disks, 153 subcritical phase, 115, 116
adjacent sites, 157 supercritical phase, 115, 120
aggregation process, 137 transitive graph, 144, 146
amenable graph, 148 translation invariance, 116
Bernoulli percolation model, 113 trifurcation, 132
Bethe lattice, 137-139, 148 unique infinite cluster, 131
bond percolation, 112 universality, 122
Boolean model, 149 Perron—Frobenius theorem, 325
Cayley graph, 146 phase transition, 78
Cayley tree, 137, 138, 148 piecewise Lipschitz function, 405
cellular engineering, 150 pixel picture, 393
Cheeger constant, 147 Poisson distribution, 435
cluster, 154 political blogs network, 344, 354, 359
cluster—cluster aggregation, 137 power-law degree distribution
cluster-size distribution, 119 exponent, 172
continuum percolation, 149 power-law distribution
continuum percolation probability, 154 general form, 172
correlation length, 118, 119 preferential attachment
critical density, 150 examples
critical exponents, 121, 140 citation networks, 202
critical point, 120 metabolic networks, 202
critical probability, 114, 139 movie actor networks, 202
discrete percolation, 112, 154 online edit networks, 202
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preferential attachment model
adding new nodes and edges, 203
algorithm, 203, 206
asymptotics via master equation, 203
cumulative advantage, 202
generalization, 206
linear case, 209
nonlinear, 207
Polya process, 201
power-law, 205
stretched exponential distribution, 207
sublinear case, 207
superlinear case, 207, 210
Yule process, 202
Zipf’s law, 202
prior distribution
conjugate gamma, 317
Dirichlet, 317
probability distributions
Bernoulli, 302, 303
Dirichelet, 363
exponential, 178
log-normal, 178
multinomial, 301
power law with exponential cutoff, 178
Weibull, 178
probability generating function
binomial-distributed network, 191
definition, 189
excess-degree distribution, 190
exponential-distributed network, 192
Poisson-distributed network, 191
second neighbors, 193
probability generating function (PGF), 435
product graph, 145
proper graph coloring, 386
protein—protein interaction network, 177
pseudo-likelihood approach, 259

Raleigh quotient, 349
random adjacency matrix, 300
random copying model
biological networks, 212
citation networks, 215
full duplication, 213
hybrid, 214
partial duplication, 213
World Wide Web, 212
random variable
expected value, 14
standard deviation, 14
variance, 14
random variables
correlation coefficient, 14

covariance, 14

finitely exchangeable, 378

infinitely exchangeable, 379
random vector

covariance matrix, 14

expected value, 14
Rayleigh—Ritz theorem, 280
reduced graph, 298
Reed—-Frost model

discrete-time, 432
resolution limit, 337
Riemann zeta function, 196
rooted forest, 83

Sampson’s monk data, 38, 298, 344
scale-free network
average path length, 174
clustering coefficient, 174
definition, 173
resilience, 174
scientific collaboration networks, 36
second-moment method, 79
selection bias, 233
self-avoiding path, 63
self-loop, 57
sets
symmetric difference, 376
shift-invariance
configuration, 129
event, 129
probability measure, 130
simple graph, 186
simulated annealing, 224
singular value decomposition, 12

STR model
susceptible-infected-recovered, 429
SIS model
susceptible-infected—susceptible, 429
site, 57

small-world models
Erdos number, 164
Milgram’s message-passing experiments, 161
Oracle of Baseball, 164
Six Degrees of Kevin Bacon, 163
six degrees of separation, 162
Watts—Strogatz algorithm, 165
Watts—Strogatz model, 165
snapshots, 413
social networks, 176
social networks
Adolescent Health Survey (AddHealth), 33
sociogram, 2
sociomatrix, 1
spectral clustering
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misclassification rates, 354
regularized, 356
spectral density
adjacency matrix, 328
modularity matrix, 328
Poisson random graph, 328
spectral graph theory, 350
spectral theorem, 12
stars, 255
statistical process control, 421

Stieltjes—Perron inversion formula, 327

Stirling’s formula, 143

stochastic blockmodel
degree-corrected, 314
likelihood criterion, 304
mixed-membership, 363
MLE, 304

variational approximation, 305
variational EM algorithm, 306

stochastic models
continuous-time, 431

Strong Law of Large Numbers (SLLN), 264

subgraph, 60

Szemerédi’s regularity lemma, 399, 404

tail o-field, 129
technological networks, 176
terrorist networks, 51
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threshold function, 78

tie, 57

time label, 413
time-varying networks, 412

transcriptional regulatory network, 370

transitivity, 169
transportation networks, 176
tree
r-regular Cayley tree, 138
locally finite, 138
regular, 138
tree graph, 58
tree of order k, 83
triad model
clustering model, 256
Erdoés-Rényi model, 256
probability distribution, 256
sufficient statistics, 256
triangles, 169, 255

variational approximation, 305
variational EM approach, 365

walk, 63
Wigner’s semicircle law, 328, 344
World Wide Web (WWW), 21, 219

Zachary’s karate club data, 40, 345
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