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properties of, 361

boundedness, 361, 363
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loss of correlation, 361, 363

mean-square continuity, 363

mean-square differentiability, 363

mean-square integrability, 363

positive semi-definiteness, 361, 363

symmetry, 361, 363

basic random variables, 102, 108, 131,

135, 185, 224, 301, 328, 346, 409

Bayes’ rule, 19, 530

Bayesian network (BN), 523

application to seismic hazard, 535

directivity effect, 539, 554

ground motion prediction equation

(GMPE), 536

inter-event variability, 536

intra-event variability, 536

type of faulting, 536

causal, 524, 526, 533

chain-like topology, 544–545

component modeling, 539–541

conditional probability table (CPT), 525

converging connection, 528

directed links, 523–524

diverging connection, 528

divorcing, 542, 565, 568

d-separation rules, 527–528

dynamic (DBN), 556

slice, 556

enhanced (eBN), 562

failure path sequence, 543

inference, 523

algorithms, 528

backward, 530

diagnostic, 530

exact, 528

forward, 530

predictive, 530

junction tree algorithm, 531–532

cliques, 532

learning, 523

links

importance measure, 549

marginalization, 530

Markov blanket, 527, 563

Markov envelope, 565

memory demand, 532

node elimination algorithm,

531–532

nodes, 523–524

barren, 562

child, 524

continuous, 524

descendant, 524

discrete, 524

discretization, 528

importance measure, 548

interval random variable, 529, 558

parent, 524

root, 525

spouses, 524

object-oriented formulation, 526

potential tables, 531, 542

reduced (rBN), 562

serial connection, 527

survival path sequence, 542

system modeling, 541–545

Bayesian statistics, 19, 304

Bayes’ rule, 304

conjugate-pair distributions, 311, 313,

330

likelihood function, 280, 305–309,

320–327, 342, 346

model assessment, 319–327

normalizing factor, 305

posterior covariance matrix, 305

posterior distribution, 280, 305, 309,

329, 346, 351, 530, 552

posterior marginal distribution, 306

posterior mean vector, 305

posterior mean-square matrix, 305

predictive distribution, 66, 280, 282,

306, 312, 351, 553, 561

prior distribution, 280, 305, 309–310,

321, 346

updating rule, 304, 312, 315, 351

belief network. See Bayesian network

Bouc–Wen hysteresis model, 466, 481,

488

brittle failure, 234

California high-speed rail system,

549

central limit theorem, 62, 65, 426

Chebyshev bounds, 122, 124, 130–131

Cholesky decomposition, 82–83, 90,

111, 126, 128, 265, 547, 549

component importance measures, 217,

245–249

boundary measure, 246

conditional probability, 247

Fussell–Vesely measure, 247

marginal importance, 246

risk achievement worth, 246

risk reduction worth, 247

structural importance, 245

upgrade worth, 249

component reliability, 93, 104, 106, 109,

135, 139, 252, 290, 294, 296,

357–358, 370

continuous-state component, 201

discrete-state component, 201

multi-state component, 201, 540, 542

two-state component, 201, 215, 221,

224, 245, 539, 542

convolution integral, 390

copula distribution, 58, 76–79

crack growth, 557

data compression, 542

phrase encoding, 542

run-length encoding, 542

De Morgan rules, 14–15, 54–55, 227

decision making, 1, 306, 314, 349, 568
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design point

excitation, 453, 455

FORM, 136, 140–141, 480, 505

FOSM, 113

in original space, 142

multiple, 118, 167–172, 465

response, 453, 455

search algorithm, 114–118

deterioration, 208, 403, 512, 557

Dirac delta function, 367, 392, 452

direct differentiation method (DDM),

406, 413–418, 455, 491

adjoint method, 415

continuity of gradients, 415

geometrically nonlinear problem,

414

linear static problem, 413

nonlinear dynamic problem, 413

nonlinear static problem, 415

directed acyclic graph. See Bayesian

network

distribution parameters, 50, 53,

296–297, 301, 328

ductile failure, 234, 258, 274

Duhamel’s integral, 452, 457

eigenvalue problem, 426, 428, 433, 436,

547, 549

eigenvalues, 186, 188, 426

equivalent linearization method (ELM),

459

error function, 59–60, 470

Euclidean norm, 223, 451

events, 11

certain, 12

collectively exhaustive, 14

complement, 12

equality, 341

impossible, 12

inequality, 341

mutually exclusive, 14

null, 12

statistically independent, 16

evolutionary power spectral density

(EPSD), 486

evolutionary process, 465, 487

existing structure, 340

expectation, 11, 31. See also moments

experimental design, 438, 441–443, 519

2n.factorial design, 438

fully saturated design, 438

extreme-value distributions, 11, 42–48

Gumbel distribution, 44

Type I, 44, 46

Type II, 44, 47

Type III, 44, 47

Weibull distribution, 48

failure probability. See probability of

failure

fatigue, 25, 357

finite differences, 294, 342, 406, 409,

439, 497, 514

finite element method, 405

direct differentiation, 406, 413–418

formulation, 407–409

isoparametric element, 407

nodal coordinates, 407

numerical quadrature, 407

reliability analysis, 405

second-moment analysis, 405

shape functions, 407

uncertainty propagation, 405, 437

finite element reliability analysis

formulation, 409–413

implicit limit-state function, 409

parameter sensitivities, 443

response surface methods,

437–444

non-intrusive nature, 443

variable importance vectors,

443

first-order reliability method (FORM),

139–142, 446, 461, 470, 501

accuracy, 153

asymptotic nature, 149, 177

computational demand, 178

design point, 136, 140–141, 480, 505

parameter sensitivities, 158–163, 178,

412, 443

variable importance vectors, 153–156,

165–166, 178, 412, 443

first-order, second-moment (FOSM)

method, 111–114

Fourier transform, 361, 366, 454, 466

fragility curve, 465, 468, 526, 539–540

fragility surface, 540

Frequency-response function (FRF),

454, 463, 471, 481

evolutionary, 486–487

modulus, 463, 487

phase angle, 463, 487

Galerkin method, 427–428

Gaussian process, 360, 369, 446, 451,

474–475

gradient vector, 40, 331, 406, 409,

411–412

Gram–Schmidt algorithm, 186

Hasofer–Lind reliability index, 113–114

hazard function, 24–26

bath-tub curve, 26

hermite polynomials, 124, 435–436, 443

Hessian matrix, 40, 185, 187, 195, 253,

280, 282, 406, 411

high dimension problems, 151

Hilbert transform, 454

HL-RF algorithm, 114–115

homogeneous process. See stationary

process

hysteretic oscillator, 466, 473, 476, 556

iHL–RF algorithm, 116, 141, 410, 455

impulse–response function (IRF), 448,

471, 480

influence diagram, 523

infrastructure system, 1, 546, 549, 571

inverse reliability problem, 172–174

solution algorithm, 173–174

Jacobianmatrix, 35, 37, 40, 79, 82–84, 86,

113, 116, 154, 162, 253, 407, 409

Kanai–Tajimi filter, 477

Kanai–Tajimi PSD, 481, 488

kriging, 439, 518

active learning, 441

adaptive, 440

best linear unbiased predictor, 440

expected feasibility function, 441

Gaussian interpolation process, 519

generalized least squares, 440

learning function, 442

least mean-square regression, 442

maximum likelihood estimate, 440

Monte Carlo simulation, 442

ordinary, 440

sparse polynomial chaos, 443

trend coefficient, 440

trend function, 440

uncertainty propagation, 443

universal, 440

Kronecker delta, 426, 433
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lack of invariance problem, 3, 110, 114,

124, 521

Legendre polynomials, 427

likelihood function, 280, 305

formulation for distribution

parameters, 306–309

formulation for model assessment,

320–323

in reliability updating, 342

observation of bounds, 307, 322

observation of equality events, 308,

342

observation of events, 308

observation of inequality events, 308

observations with exact

measurements, 307, 320

observations with inexact

measurements, 307, 321–322

limit-state function, 2, 102, 104, 109,

441, 497–498

required properties, 135

limit-state function parameters, 301

limit-state surface, 103, 135, 140, 186,

193, 226, 439, 441–442, 494, 541

linear congruential generator, 263

linear oscillator, 455–456, 556

linear programming (LP), 216, 248

load combination, 388–389

Ferry Borges–Castanheta method,

389–391

load coincidence method, 395

nested reliability analysis, 397

total probability rule, 396

load path dependence, 233–238

Markov chain, 291–292

Markov process, 556

homogeneous, 556

transition probability, 556

mathematical model, 1, 319

reduced form, 319

vector of models, 319

maximum likelihood estimate (MLE),

280, 329, 441

metamodel. See response surface

model assessment

correction of existing model, 322

explanatory functions, 322

homoscedasticity assumption, 320

measurement error, 321

model bias, 320

multiple models, 323

normality assumption, 320

observation of bounds, 322

residuals, 320

model uncertainty, 319–320

imperfect model form, 319

measurement error, 320

missing variables, 320

statistical uncertainty, 320

moments, 11, 31–34. See also

expectation

central, 31

first-order approximation, 40, 331

functions of random variables, 38

linear functions, 38

nonlinear functions, 39

second-order approximation, 40

Morgenstern distribution, 68–71

most likely failure point. See also

design point

in original space, 142, 519

in standard normal space, 136, 141,

439

second-moment context, 113, 121

most probable point (MPP). See design

point

multi-degree-of-freedom (MDOF)

system, 477

hysteretic, 481

nonlinear, 460

multilognormal distribution, 62–65

properties, 64–65

Multilvariate distributions

multilognormal, 62–65

multinormal distribution, 58–62, 82

properties, 61–62

multivariate distributions. See also

probability distribution

as product of conditionals, 58, 65–67

copula, 58, 76–79

Morgenstern, 58, 68–71

multilognormal, 58

multinormal, 58–62

Nataf, 58, 72–76

with prescribed marginals, 68–76

Nataf distribution, 58, 72–76, 83, 431

transformation, 83–84

Neumann–Morgenstern utility theory,

523

Newmark β-method, 408

Newton–Raphson method, 85, 115, 265,

408

non-Gaussian process, 360, 446, 451

numerical integration, 43, 73, 346, 450,

462

by importance sampling, 279–281

operation on events, 13

associative property, 13

commutative property, 13

compound, 13

distributive property, 13

intersection, 13

union, 13

optimization, 1, 114, 140, 167, 217, 223,

227, 427, 493, 545, 549. See also

reliability-based design

optimization

parabolic domain, 187

parameter estimation. See Bayesian

statistics

parameter sensitivities, 158–161, 412

by simulation, 294–297

in finite-element reliability analysis,

412

limit-state function parameters,

158–159, 412

probability distribution parameters,

158, 160, 412

Paris’ law, 557

performance function. See limit-state

function

planned structure, 340

Poisson process, 360, 380–385

assumptions, 381

autocorrelation coefficient function,

384

autocovariance function, 383–384

first-order PMF, 381–382

homogeneous, 384

intensity function, 381

interarrival times, 386–387

exponential distribution, 387

mean rate of occurrences, 383

mean-square continuity, 384

mean-square non-differentiability,

384

second-order PMF, 383

waiting time, 385

gamma distribution, 386
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Poisson process (cont.)

with random selections, 385

probability of selection, 385

polar coordinates, 151

polynomial chaos expansion, 442, 518

post-earthquake risk assessment, 549

principal axes, 186, 189–190, 195

principal curvatures, 137, 150, 186, 188,

190, 192, 195, 277, 411

major, 189

principal directions of ground motion,

481

prior distribution, 309–310

conjugate, 312–315, 330

diffuse, 310

non-informative, 310–311

previous posterior, 309

subjective, 309

probability

addition rule, 15

axioms, 14

Bayes’ rule, 18

Bayesian notion, 14, 108, 302

bounds, 16, 217, 244

conditional, 16, 23

frequentist notion, 302

inclusion-exclusion rule, 15

likelihood, 19

marginal, 16

multiplication rule, 16

posterior, 19

prior, 18

total probability rule, 17, 23, 329

probability distribution, 11, 21

conditional, 23, 28–29

conjugate pairs, 350

consistency rule, 27–28

continuous random variable, 21

cumulative function (CDF), 22

density function (PDF), 21

discrete random variable, 21

FORM approximation, 175–177

kurtosis, 123

marginal, 27

mass function (PMF), 21

mean, 31

models, 49–52

multivariate, 27

of functions of random variables, 34

posterior, 346

predictive, 330

prior, 346

skewness, 123

SORM approximation, 196

standard deviation, 31

updating, 348

variance, 31

probability of failure, 1, 93

c.o.v. of estimator, 267

conditional, 328–329

confidence bounds, 332

estimator, 266

first-order approximation, 141

point estimate, 329

predictive estimate, 329

required sample size, 267

sample c.o.v. of estimator, 268

second-order approximation, 150

unbiased estimator, 267

updating, 341

variance of estimator, 267

proof loading, 230, 308, 341

pseudorandom numbers, 263

conditional distributions, 265

linear congruential generator, 263

lognormal distribution, 265

multinormal distribution, 265

Nataf distribution, 265

normal distribution, 264

specified distribution, 264

standard normal distribution, 264

radius of curvature, 189

random field, 357, 425, 439, 546

autocorrelation coefficient function,

426, 440, 546

autocovariance function, 440

correlation length, 428, 440

discretization, 406, 425

expansion optimal linear estimation

(EOLE) method, 428–430

Karhunen–Loève (K–L) method,

426, 429

mid-point method, 425

optimal linear estimation (OLE)

method, 427

orthogonal series expansion (OSE)

method, 426–427, 429

shape-function method, 426

spatial average method, 426

Gaussian, 425, 440, 546

homogeneous, 425

lognormal, 431

non-Gaussian, 430

random process, 361

autocorrelation coefficient function,

361, 451

autocorrelation function, 367

autocovariance function, 361, 453,

486

band-limited white noise, 447

discretization, 448

cross-correlation coefficient function,

361, 453

cross-covariance function, 361, 453

discrete form, 447

discretization

frequency domain, 451

sinc function, 462

time domain, 447

filtering, 448–449, 451, 455

homogeneous. See stationary

jointly stationary, 362

marginal distribution, 361

Markovian, 556

mean function, 361

mean upcrossing rate, 469

mean-square continuity, 362

mean-square convergence criterion,

362

mean-square differentiability, 362

mean-square integrability, 362

modulating function, 449, 486

non-Gaussian, 451

non-stationary, 449

periodic, 451

specification, 361

stationary, 292, 362–363, 366

translation process, 451, 455, 460

Nataf process, 451

variance function, 361, 486

random variable, 11, 20

basic, 102, 109, 139, 346

coefficient of variation, 32

continuous, 20

correlation coefficient, 32

correlation matrix, 34

covariance, 32

covariance matrix, 34

discrete, 20

equicorrelated, 566

function of, 34

mean, 31
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mean square, 31

median, 31

mode, 31

moments, 31

standard deviation, 31

statistically independent, 28, 30

variance, 31

random vibrations, 357. See also

stochastic structural dynamics

reliability, 1, 93, 206

function, 24–26

index, 97–101, 109–110, 112–113, 122,

131, 140–141, 328

reliability analysis methods

beyond second-moment information,

123

first order (FORM), 135, 139–142

first order, second moment (FOSM),

111–114

generalized second-moment, 121

knowledge of marginal distributions,

127

knowledge of third and fourth

moments, 124

mean-centered, first-order, second-

moment (MCFOSM), 109–111

nested, 330, 564

response surface methods, 441

second moment, 109

second order (SORM), 185–197

time- or space-variant problems,

389

lower bound solution, 379

mean down-crossing rate, 371–373

Poisson approximation, 387

upper bound solution, 374

updating, 340–345

using upper Chebyshev bound, 108,

130–131

reliability index, 140

conditional, 328, 330–331, 565

confidence bounds, 332

distribution, 332

first-order, second-moment, 122

generalized, 188, 328, 501, 509

generalized scond moment, 122

Hasofer–Lind, 112

lack of differentiability, 495

orderability, 121

point estimate, 329

predictive estimate, 329

reliability software, 6

CalREL, 6, 61, 115, 166, 188, 197,

227–228, 263, 266, 269, 273–274,

286, 420, 434

COSSAN, 6

DAKOTA, 7

FERUM, 7, 166

GeNie, 7

Hugin, 8

MATLAB toolbox for Bayesian

network analysis, 7

NESSUS, 6

OpenSees, 7, 166, 416, 465

PROBAN, 6

Rt, 7

STRUREL, 6

tools for analysis by sampling, 7

tools for Bayesian analysis, 7

tools for metamodeling and

uncertainty propagation, 7

tools for reliability and risk analysis, 7

tools for surrogate modeling, 7

reliability-based design optimization

(RBDO), 493

buffered failure probability, 497, 519

lack of invariance, 521

classes of problems, 493

convexity, 521

decoupling approach, 500

employing FORM, 494

nested algorithms, 495

objective function, 493

Pareto optimal solution, 494

performance measure approach, 496

quadratic programming, 516

reliability constraint, 493

reliability index approach, 494

semi-infinite algorithms, 497, 501, 508

single-loop algorithms, 495, 497

solution by importance sampling, 515,

519

solution by Monte Carlo sampling,

497, 514

structural constraint, 493, 498

use of kriging, 497

use of surrogate model, 497, 518

reliability-based topology optimization,

499

response surface method, 438

adaptive schemes, 439

experimental design, 438

least-squares, 438

moving least squares, 439

polynomial chaos, 442

quadratic form, 438

rice formula, 375, 469

risk assessment, 523, 549, 551, 555, 561

Rosenblatt transformation, 84–85, 330

rotational symmetry property, 122–123,

126, 136, 228, 283

safety, 1

safety factor, 98

safety margin, 96

sample point, 11

sample space, 11

continuous, 11

discrete, 11

finite, 11

infinite, 11

uncountable, 11

sampling density, 272–275

sampling methods. See simulation

methods

search direction, 115, 410, 494

secant method, 265, 284, 286, 411–412

second-moment reliability methods, 108

second-order reliability method

(SORM), 185, 471

classical formulation, 185–188, 411

curvature-fitting, 187

gradient based, 189–197, 411

point fitting, 193–195, 411

serviceability, 1

set theory, 11

simulation methods, 262

conditional sampling, 283

directional importance sampling, 285

directional sampling, 283–286, 412

directional sampling with antithetic

variates, 286

importance sampling, 227, 271, 346

using design points, 412

Markov chain Monte Carlo, 291, 346

Monte Carlo, 266, 412, 442

orthogonal plane sampling, 283,

288–290, 412

parameter sensitivities, 294–297

sampling in half space, 275

subset simulation, 290–293, 412

use of antithetic variates, 270

sinc function, 449, 462, 481
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spatially varying support motions, 481

spectral decomposition, 426, 428

spectral moments, 471, 474–475

standard normal space, 58, 79, 81, 83,

135, 139, 167, 185, 225, 228, 266,

283, 410, 440, 446, 498

parabolic domain, 137

properties, 136

spherical domain, 138

transformation to, 79, 139

stationary process, 362, 366, 464, 474

power spectral density (PSD), 366,

454

spectral moments, 454

step size, 115, 410

stochastic finite element methods

Neumann expansion, 406

perturbation, 405

response surface methods, 437–444

spectral stochastic finite element

method, 406, 435–437

Hermite polynomials, 436

K-L expansion, 435

polynomial chaos, 435

weighted integral method, 405

stochastic load models, 388–389

Ferry Borges–Castanheta model,

389–391

filtered Poisson process, 391–393

response function, 391

snow load, 391

influence coefficient, 389

load effect, 389

maximum over specified duration, 389

mean upcrossing rate, 389

Poisson pulse process, 394–395

Poisson spike process, 391

Poisson square wave process, 393

stochastic process. See random process

stochastic structural dynamics, 446

discretization of excitation, 446

first-passage probability, 447

improved approximation, 474

lower bound solution, 475

Poisson approximation, 474

upper bound solution, 474

Gaussian response, 469

levcl crossings, 469

level crossings

limit formula, 470

linear system, 452

causal system, 452

design point, 453

design-point excitation, 453, 455

design-point response, 453, 455

frequency-response function, 454

impulse-response function, 452

non-Gaussian excitation, 455

non-Gaussian response, 455

reliability index, 453

mean upcrossing rate, 447, 487

nonlinear system, 459–460

classical methods, 459

equivalent linearization method,

459

Monte Carlo simulation, 460

stable system, 452

structural reliability problems

component problem, 93

encroaching problem, 358

encroaching-outcrossing problem, 359

outcrossing problem, 358

space variant, 357

system problem, 104

time- and space-variant, 360

time variant, 357

structural system reliability

bi-component bounds, 232

event tree approach, 238–240

FORM approximation, 225–229

formulation, 224

matrix-based approach, 221–223

parameter sensitivities by FORM,

253

parameter sensitivities by LP, 254

parameter sensitivities by matrix-

based approach, 254

under parameter uncertainties, 301,

328

updating, 301, 341

structural system, definition, 200

surrogate model. See response surface

system reliability, 104

availability, 206

bounds, 209–211

bounds by LP, 215–218

bounds for series system, 212–214

by expectation, 206

by inclusion-exclusion rule, 209

by total probability rule, 207

first-passage probability, 206

general system, 104

matrix-based approach, 221–223

mean downtime, 206

mean failure rate, 206

mean time to failure, 206

parallel system, 104, 470

parameter sensitivities, 252

reliability function, 206

series system, 104

system representation

Bayesian network, 200

block diagram, 200

cut sets, 203

disjoint cut sets, 203

disjoint link sets, 203

event tree, 200

fault tree, 200

link sets, 203

minimum cut sets, 203, 542

minimum link sets, 203, 542

physical diagram, 200

system function, 201

system, types of

coherent, 201

continuous state, 201

discrete state, 201

general, 202

k-out-of-N, 202

multi-state, 201

parallel, 202, 347

series, 202

two-state, 201

tail sensitivity, 101

tail-equivalent linear system (TELS),

447, 461

evolutionary, 487

existence, 465

frequency-response function, 463

impulse-response function, 462

properties of, 464–466

uniqueness, 465

tail-equivalent linearization method

(TELM), 446, 459–464

evolutionary TELM, 486–488

first-passage probability, 473–475

fragility analysis, 468

level crossings, 469–471

multiple excitations, 480
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non-Gaussian response, 475

Taylor series expansion, 39, 405

test likelihood, 533

the R-S reliability problem, 93–100

uncertainties, 1

aleatory, 303, 328, 340

epistemic, 303, 328, 340

human error, 303

inherent variability, 302

irreducible, 302

measurement error, 303

model error, 303

randomness, 302

reducible, 302

sources of, 302

statistical uncertainty, 302

types of, 303

variable importance measures

linear function, 39

nonlinear function, 40

variable importance vectors, 153–156, 412

basic random variables, 154–156, 412

standard normal random variables,

153–154

with respect to means and standard

deviations, 165–166

Venn diagram, 12–13

weakest link system, 202

White noise, 447, 450–451, 465, 488

Wiener–Khintchine relations, 367
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