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Θ( ·)-notation, 227

additive energy, 175, 192

on a hypersphere, 175, 181

adjacency matrix, 187

affine

plane, 184

space, 184

variety, 25

algebraic family of varieties, 205

arc, 136

arithmetic progression in F3
q , 83

ascending chain condition, 52

asymptotic notation, 225

Bézout’s theorem, 27, 32, 40, 50, 60

Beck’s theorem, 22

Behrend’s construction, 172

bilinear form, 87

binomial distribution, 72

bipartite distinct distances, 96

bipartite graph, 228

bisecting, 42, 162

bisector

in R2, 100

in R4, 178

bounded component, 31

candy

taking from a baby, 59

cap set, 83

cap set problem, 83, 91

card game SET, 84

Cartesian product

(u, v), 196

Cauchy–Schwarz inequality, 3, 98, 100, 106,

229, 231

Chernoff bounds, 72

circle

dual, 180

unit, 9

circular cylinder, 215

collinear points, 19

complete graph, 228

complex

family of varieties, 212

line, 116

Szemerédi–Trotter theorem, 116

variety, 108, 209

complexification, 209

constructible set, 211

complexity, 60

constructible set, 210

dual, 206

of family, 206

primal, 206

component

bounded, 31

connected, 31, 60

irreducible, 27, 54, 61

unbounded, 31

concurrent lines, 195

congruent triangles, 21

conical surface, 215

connected

component, 31, 60, 64

graph, 229
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constant-degree polynomial partitioning,

112, 130, 155, 161, 207

constructible set, 210

complexification, 211

complexity, 210

dimension, 210

inverse projection, 211

projection, 210

Zariski closure, 210

construction

2-rich points in R3, 128

Behrend’s, 172

Elekes’s, 4

joints, 66, 67

crossing lemma, 6

crossing number, 5

curve, 27, 53

connected component, 31

containing lattice points, 45

degree, 27

dimension, 27

Harnack’s theorem, 31

irreducible components, 28

singular point, 29, 30

degree, 59

complex variety, 209

curve, 27

graph vertex, 228

variety, 59

degree reduction, 71

dimension, 52

complex variety, 209

constructible set, 210

curve, 27

variety, 52

disk, 29

distance

distinct, 10

Manhattan, 20

metrics, 10

two, 85

unit, 8

distinct distances

between lines, 96, 107

bipartite problem, 96

in Rd , 13, 141

problem, 10, 95

structural problem, 13, 145

with local properties, 172, 180

distribution

binomial, 72

double counting, 3

doubly ruled variety, 216

dual

circle, 180

hyperplane, 178

line, 18

plane, 98

point, 18, 205, 212

space, 205

Szemerédi–Trotter theorem, 18

variety, 205, 212

duality

point-circle, 180

point-hyperplane, 178

point-line, 18

point-plane, 64

point-variety, 205, 212

dyadic decomposition, 18

eigenvalue, 187

Elekes’s construction, 4

Elekes–Sharir–Guth–Katz framework, 95, 99,

126, 135

energy

additive, 175, 192

variant, 193, 196

ESGK framework, 95, 99, 126, 135

Euler’s formula, 5

even town problem, 93

exceptional line, 222

factor theorem, 78

family

algebraic, 205

complex, 212

complexity, 206

dual, 205, 212

of curves, 50

of varieties, 204, 211

parameters, 204, 211

union of, 213

field

finite, 76

order, 76

finite field, 76

finite field Kakeya problem, 77

finite field Kakeya theorem, 78
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Finite field Szemerédi–Trotter theorem, 182,

194, 203

flat, 53

form

bilinear, 87

trilinear, 87

formula

Euler’s, 5

framework

ESGK, 95, 99, 126, 135

unified incidence, 170

generic object, 58

generic point, 58

gradient, 30, 55

graph, 228

bipartite, 228

complete, 228

complete bipartite, 228

connected, 229

edge, 228

eigenvalue of, 187

face, 5

incidence, 36

loop, 228

parallel edges, 228

planar, 5

regular, 187

sub, 229

vertex, 228

vertex degree, 228

Hölder’s inequality, 230

ham sandwich theorem, 42

Harnack’s curve theorem, 31

Hilbert function, 160

Hilbert polynomial, 160

Hilbert’s basis theorem, 25

homogeneous polynomial, 185

homogenized polynomial, 185

hyperbolic paraboloid, 70, 220

hyperboloid of one sheet, 220

hyperplane, 42, 53

bisecting, 42, 162

hypersphere, 53

hypersurface, 53

ideal, 51

generated by, 51

Hilbert function, 160

Hilbert polynomial, 160

monomial, 159

principal, 54

regularity, 160

incidence, 1

graph, 36

projection, 110

with Cartesian product in F2
q , 194

with curves in C2, 120

with curves in R2, 37, 49

with curves in R3, 155

with large parameters, 206, 223

with lines in F2
q , 182, 194, 203

with lines in R2, 1, 7

with lines in R3, 127, 130

with planes in F3
q , 190

with planes in R3, 109, 123

with unit circles in R2, 9

with varieties Rd , 161

with varieties of dimension at most d/2, 120

inequality

Cauchy–Schwarz, 3, 98, 100, 106, 229, 231

Hölder’s, 230

infinitely ruled variety, 216

intersecting lines, 125

interval, 146

forming a trapezoid, 146

irreducible component, 27, 54, 61

irreducible variety, 27

isolated point, 29

isosceles trapezoid, 152

isosceles triangles, 47

Jacobian matrix, 58

rank, 58

joint, 66

in Rd , 74

joints construction, 66, 67

joints problem, 66

structural, 75

Kt , 228

Ks, t , 228

Kakeya problem, 77

in Fq , 77

over finite rings, 94

qα , 92

Kakeya set, 77

in Fq , 77

Kővari–Sós–Túran theorem, 38
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ℓ1 metric, 20

large parameters, 206, 223

lattice points on sphere, 176

lemma

crossing, 6

Schwartz–Zippel, 78, 93

line

concurrent, 195

dual, 18

exceptional, 222

finite, 77

in surface intersection, 129

pairwise skew, 70, 220

parallel to the xy-plane, 149, 213

parameterization, 213

rich, 18

skew, 70, 220

union of a family of, 213

local properties problems, 172

loop, 228

Manhattan distance, 20

manifold, 135

smooth, 135

Mantel’s theorem, 229

map

Veronese, 44

matrix

adjacency, 187

eigenvalue, 187

Jacobian, 58

totally positive, 22

method of multiplicities, 80

metric, 10

ℓ1, 20

monomial

proper, 81

monomial ideal, 159

motion

rigid, 100

multiple constant-degree polynomial

partitioning, 162

O( ·)-notation, 226

Os, t ( ·)-notation, 227

odd town problem, 86

orthogonal quadrilateral, 153

pairwise-skew lines, 70, 220

parallel edges, 228

parameters of a family, 204, 211

partitioning polynomial, 35, 63

constant-degree, 112, 130, 155, 161, 207

for varieties, 121

multiple constant-degree, 162

Pascal’s theorem, 32

perpendicular bisector

in R2, 100

in R4, 178

Picard–Lindelöf theorem, 136

planar graph, 5

plane

dual, 64, 98

projective, 184

point

collinear, 19

dual, 18

generic, 58

isolated, 29

regular, 30, 57

rich, 16

singular, 29, 30, 56, 61

point-line duality, 18

point-plane duality, 64

point-variety duality, 205, 212

polynomial

gradient of, 30

ideal, 51

bisecting, 43

homogeneous, 185

homogenized, 185

partitioning, 63

square-free, 30

vanishing on line set, 71

vanishing on point set, 68

vanishing on point set in Fq , 79

vanishing on point set with multiplicity, 81

vanishing on point with multiplicity, 80

polynomial ham sandwich theorem, 43

on a variety, 162

polynomial partitioning, 35, 63

constant-degree, 112, 130, 155, 161, 207

for varieties, 121

multiple constant-degree, 162

polynomial partitioning theorem, 35, 42

on a variety, 164

polynomial ring, 25

primal space, 205

principal ideal, 54

problem

cap set, 83, 91

distinct distances, 10, 95
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distinct distances between lines, 96, 107

distinct distances in Rd , 13, 141

distinct distances structural, 13, 145

distinct distances with local properties, 172,

180

even town, 93

finite field Kakeya, 77

joints, 66

joints structural, 75

Kakeya, 77

Kakeya over finite rings, 94

odd town, 86

qα-Kakeya, 92

structural, 23

subset with no repeated distances,

142, 153

sum-product, 14

sum-product in Fq , 191

sunflower, 93

Szemerédi–Trotter structural, 23

two distances, 85

unit distances, 8

product set, 14

projection, 62

constructible set, 210

inverse, 211

projective

plane, 184

transformation, 186

proper monomial, 81

proper rigid motion, 100

proper subvariety, 27

pseudo-trapezoid, 153

qα-Kakeya problem, 92

quadrilateral

orthogonal, 153

quotient, 160

Radon’s theorem, 48

rank

Jacobian matrix, 58

of a matrix, 86, 88

slice, 88, 91, 93

real part of a variety, 209

reducible variety, 27

regular graph, 187

regular point, 30, 57

regularity of an ideal, 160

regulus, 70, 220

rich lines, 18

rich points, 16

in R3, 128, 140

right-angled triangles, 21

rigid motion, 100

proper, 100

ring

Kakeya problem over, 94

polynomial, 25

rotation

parameterization, 101, 103

Roth’s theorem, 83

ruled variety, 215

doubly, 216

infinitely, 216

Schwartz–Zippel lemma, 78, 93

set

cap, 83

card game, 84

constructible, 210

Kakeya, 77

Kakeya in Fq , 77

two distance, 85

singular points, 29, 30, 56, 61

skew lines, 70, 220

slice rank, 88, 91, 93

smooth

manifold, 135

vector field, 136

space

dual, 205

primal, 205

spectral graph theory, 187

square-free polynomial, 30

structural problem, 23

subgraph, 229

subset with no repeated distances, 142, 153

subvariety, 27

sum of squares, 11, 176

sum set, 14

sum-product problem, 14

in Fq , 191

sunflower problem, 93

Szemerédi–Trotter theorem, 1, 7, 18

in C2, 116

in F2
q , 182, 194, 203

structural, 23

tangent space, 55

tensor, 87

trilinear form, 87
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theorem

ascending chain condition, 52

Bézout’s, 27, 32, 40, 50, 60

Beck’s, 22

distinct distances, 95

factor, 78

finite field Kakeya, 78

ham sandwich, 42

Harnack’s curve, 31

Hilbert’s basis, 25

joints, 68

Kővari–Sós–Túran, 38

Mantel’s, 229

Milnor–Thom, 60

Pascal’s, 32

Picard–Lindelöf, 136

polynomial ham sandwich, 43

polynomial ham sandwich on a

variety, 162

polynomial partitioning, 35, 42

polynomial partitioning on a variety, 164

Radon’s, 48

Roth’s, 83

Schwartz–Zippel, 78, 83, 93

Solymosi–Tao incidence, 120

Szemerédi–Trotter, 1, 7, 18

Szemerédi–Trotter in C2, 116

Szemerédi–Trotter in F2
q , 182,

194, 203

Vinh’s, 187

Warren’s, 36

totally positive matrix, 22

transformation

projective, 186

trapezoid, 146

formed by intervals, 146

isosceles, 152

pseudo, 153

triangle

congruent, 21

isosceles, 47

right-angled, 21

unit area, 13

trilinear form, 87

twisted cubic, 55

two distance set, 85

two distances problem, 85

unbounded component, 31

unified incidence theory, 170

union of a family, 213

unit area triangles, 13

unit chain, 20

unit circles, 9

unit distances problem, 8

vanishing with multiplicity, 80

variety, 25

affine, 25

complex, 108, 209

complex degree, 209

complex dimension, 209

complex family of, 212

complexification, 209

complexity, 60

connected components, 60, 64

degree, 59

dimension, 52

doubly ruled, 216

family of, 204, 211

infinitely ruled, 216

irreducible, 27

irreducible components, 61

projection, 62

real part, 209

reducible, 27

regular point, 57

ruled, 215

singular point, 58, 61

tangent space, 55

vector field, 136

smooth, 136

Veronese map, 44

Vinh’s theorem, 187

Warren’s theorem, 36

Whitney Umbrella, 54

Zariski closure, 63

constructible set, 210
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