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acyclicity condition, 313
left induced, 313
Adams, J. Frank, 1
letter to, 19-24
Adams—Novikov spectral sequence, 3
0 in, 817
adding a whisker, 242
as left deformation, 304
adjoint
functors, 77-88
left, 77
products of, 78
right, 77
uniqueness of, 78
adjunction
arrow, 84
change of group, 81
G-spectra, 622
composition and precomposition as counits
of, 81
coproduct diagonal, 273
counit of, 79
cylinder path space, 83
diagonal product, 273
disjoint base point, 274
Eilenberg—Moore, 89
enlarging, 319
enriched, 196-198
first change of group, 525
fixed point, 83
G-spectra, 571
fixed point for spectra as Quillen pair, 642
free forgetful, 83
Hirschhorn, 326
inclusion projection, 274
isomorphism, 77
McClure’s, 549
object set, 84
orbit, 83
overcategory, 274

856

Quillen, 272
related to groupoids, 84
second change of group, 82, 526
smash Hom, 342
spectral, 472
suspension loop in pointed topological model
category, 354
equivariant, 552
tensor cotensor, 342
transfer, 315
transfer, composite of, 318
transfer, product of, 315
two-variable, and cofibrant generating sets, 338
undercategory, 274
unit of, 79
Yoneda, see Yoneda adjunction
Araki, Shord, 5
Arf invariant, 11
Arf, Cahit, 11
arrow
Cartesian, 161
coCartesian, 161
opCartesian, 161
associator, 134
Atiyah duality, 498
Atiyah, Sir Micheal, 2

Barratt, Michael, 2
barycentric subdivision, 233
base change, 92
bicategory, 159
bisimplicial set, 230
Borel construction, 374, 522
boundary, 110
Bousfield localization
and Quillen rings, 403
left
as a left Quillen functor, 398
as left localization, 397
definition, 397
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Bousfield localization (cont.)

monoidal, 403

of a model category, 395403

of a space with respect to homology, 393

of a spectrum, 394

of Quillen equivalences, 405

relation with confinement and enlargement,
402-403

via an idempotent functor, 400402

when possible?, 403—408

Index

with respect to a collection of morphisms, 395-400

Bousfield, Aldridge, 17
Bredon cofibrant G-spectra, 590
Bredon homology and cohomology, 536
in terms of Eilenberg—Mac Lane spaces, 536
Bredon, Glen, 41
Browder, William, 2, 13
Burnside mark, 505
Burnside ring, 504-510
definition, 504
for quaternion group, 508
S3, 506
Burnside’s table of marks, 506
Burnside, William, 505

canonical homotopy presentation, 493—494
cardinal, 290
Cartesian diagrams, 108—111
Cartesian product, 58
category
2-, 156161
2-, examples of, 158
accessible, 291
Adams, 608
arrow, 71
arrow in a monoidal category, 153-154
bicomplete, 98
bitensored arrow, 216
braided monoidal, 136
Burnside, 513
closed monoidal, 146-150
cocomplete, 98
cofiltered, 113
comma, 70
complete, 98
concrete, 55
connected, 71
coslice, 71
cosubdivision, 124
covering, 161-164
definition of, 54
direct, 72
discrete, 55
endomorphism, 86
endomorphism V-, 209
enriched, 20
enriched arrow, 192, 215

enriched equivalence of, 196
enriched functor, 215-219
enriched monoidal, 203-204
enriched over V, 191
enriched related to group action, 206
equalizer, 55
filtered, 113
free V-, 197
functor, to model category, 321-335
generalized direct, 72
Hirschhorn, 404
homotopical, 299-308
definition, 300
homotopy, 21
homotopy, classical, 267
homotopy, of homotopical category, 302
homotopy, Quillen, 268
indexing, 412
internal to another category, 105
interval, 55
inverse, 72
Lindner, 513
localization of, see localization
locally presentable, 291
M-, generalized direct or inverse, 360

857

M-, generalized direct or inverse, examples, 360

Mandell-May, see Mandell-May category

model, see model category

module over a monoidal category , 144

monoidal, 134-156

monoidal, monoids, modules and algebras in,

155-156

morphisms in, 54

nth slice layer, 718

objects in, 54

of categories, 57

of finite ordered sets, 228-232

of sets, 57

of simplices, 234

opposite, 54

orbit, 544-547
definition, 544

over, 70

product and coproduct of, 55

sequential colimit, 113

sequential limit, 113

sifted, 116

simplicial, 231

slice, 71

small, 54

Stiefel, 558

subdivision, 124

symmetric monoidal, 20, 134-156
definition, 134

topological, 208, 231

topological G-, 208

under, 70
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V-, 191 composition
walking arrow, 55, 327 enriched, 195
change of group, 524-528 cone, 97
for orthogonal G-spectra, 573-575 over, 92
isomorphism, 502 reduced, 255
class of morphisms, 96 under, 92
classifying space, 232 coreduction
classifying space BG, 520 enriched Yoneda, 216
examples, 521 coreflector, 90
cleavage, 161 corner map, 94, 110
cobase change, 92 as h-cofibration, 699
coefficient system, 544 condition for equifibrant flatness, 701
coend, 119-129 indexed, 174
definition, 121 and arrow category, 670-671
enriched, 212-214 and distributive law, 184
functoriality of, 123 symmetric, definition, 676
reduction for small monoidal category, 138 indexed, of cofibration diagram, 667
coequalizer, 99 indexed, of diagram trivial cofibrations, 671
reflexive, 111-113 n-fold pushout, 140
section of, 111 pullback, 94, 139
cofiber pushout, 94, 139
homotopy, 375 of cofibrations, 336
cofibrancy right lifting property, 204
parametrized, 276 corner map theorem
cofibrant for Hovey spectra, 465
algebraically for orthogonal G-spectra, 588
definition, 688 for smashable spectra, 489
cofibrant, approximation, 252 correspondence
cofibrant, diagram, 322 examples, 280
example, 323 of left and right homotopies, 280
cofibrant, generation in functor categories, 324-329 cosimplicial space, 229
cofibrant, object, 252 costructure map
object in M7, 322 for enriched functor category, 217
cofibrant, object, parametrized, 276 for spectrum, 411
cofibrant, replacement, 252 cotensor, 198-203
cofibrant, replacement, functorial, 254 commutativity, 199
cofibration, 95, 246 cotriple, 88
anodyne, 262 covering
as h-cofibration, 353 groupoid, 163
colimit of, 250 Crans—Kan Transfer Theorem, 316
Grothendieck, 161 CW complex
h-, 258 relative, 310
inM7, 322 cylinder, 83
injectivity of, 261 reduced, 264
of topological spaces, 256 cylinder and path objects, 265
projective, 322 properties of, 266
pushout of, 249
q-,258 Day convolution, 19, 221-228
coinduction, 82, 526 and Quillen ring, 362
colimit, 97-119 definition, 222
filtered, 113-117 notation for product in, 227
h-cofibrations preserved by sequential, 237 reflexivity of, 226
homotopy, see homotopy colimit with tensored Yoneda functor, 226
sequential, 113 deformation
sifted, 113-117 left and right, 303
weighted, 209-212 left, adding a whisker as, 304
comonad, 88 left, retract, 303

© in this web service Cambridge University Press www.cambridge.org



www.cambridge.org/9781108831444
www.cambridge.org

Cambridge University Press

978-1-108-83144-4 — Equivariant Stable Homotopy Theory and the Kervaire Invariant Problem

Michael A. Hill , Michael J. Hopkins , Douglas C. Ravenel

Index
More Information

deformation retract, 237
delooping functor, 367
desuspension and delooping functors, 478
for Hovey spectra, 472
desuspension functor, 367
and Yoneda functor for Hovey spectra, 471
Detection Theorem, 5, 817-829
proof, 821-827
proof of Lemma 13.4.7, 827-829
distributive law, 168—174
and indexed corner map, 184
in arrow category, 183
indexed, 169
indexed, example for G-orbit categories, 170-174
original, 168
Doomsday Hypothesis, 2, 16
Dr. Seuss lemma
first, 284
second, 356
duality in a closed symmetric monoidal category,
151-153
Dwyer—Hirschhorn—Kan Recognition Theorem, 314

&fibrant, 396

means &-local, 399
&-local

equivalence, 396

fibration, 396

object, 396
& trivial cofibration, 396
&-local equivalence

and Quillen pairs, 399
&-local object

and Quillen pairs, 399
EHP sequence, 14-16
Eilenberg—Mac Lane

1-slices, 740
Eilenberg-Mac Lane spectrum

for a Mackey functor, 583
Eilenberg, Samuel, 20
Eilenberg—Mac Lane space, 234

for a Mackey functor, 550
equivalence, 549
Elmendorf’s theorem, 549-551
embedding

enriched Yoneda, 208
end, 119-129

coend duality, 124

definition, 121

enriched, 212-214

functoriality of, 123
enriched category, 20
epimorphism, 55
equalizer, 99

coreflexive, 111-113
equifibrancy, 543

why we need, 584

Index 859

equifibrant enlargement, 415
equifibrantly flat
cofibrant commutative ring diagrams, 696
condition for pushout, 702
definition, 696
morphism, condition for, 699
wedges, smash products and filtered colimits, 697
equifibrantly flat diagrams, 696-703
equivalence
hG-, 540
homotopical, 300
Quillen, see Quillen equivalence
stable, see stable equivalence
stable hG-, 650
equivariant commutative ring
telescope of, 812
equivariant map, 62
evaluation map, 58
exact sequence
Adams, 369-371
for original spectra, 467-471
Puppe and Adams for smashable spectra, 491-493
Puppe, extending, 368
Puppe, in exactly stable model category, 368
exact stability
definition, 367
for Hovey spectra, 471-474
for smashable spectra, 493
of original category of spectra, 468
exhausting sequence, 565

factorization
in a model category, 247
Quillen’s, 259-262
factorization system
weak, 96
families of subgroups of G, 540-544
definition, 540
examples, 541
Fenway, 2
fiber
homotopy, 375
fiber and cofiber sequences, 284288
definition, 286
exact sequences for, 288
extending, 287
long, 287
fibrancy
parametrized, 276
fibrant, approximation, 252
fibrant, object, 252
fibrant, object, parametrized, 276
fibrant, replacement, 252, 393-395
fibrant, replacement, functorial, 254
fibration, 95, 246
as injective morphism, 249
defined by right Quillen functor, 274
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Grothendieck, 161-164
h-,258
Hurewicz, 257
inner, 263
Kan, 262
left, 263
limit of, 250
projective, 322
pullback of, 249
q-,258
right, 263
Serre, 256, 310
strict, 322
surjectivity of, 261
filtration
Postnikov, 714
pushout ring, 182
slice, see slice filtration
symmetric product, 181
target exponent, 176
as a series of pushouts, 178
target exponent, independence of, 179
fixed point and homotopy fixed point space, 522
fixed point set, 207
as limit, 101
homotopy
as homotopy limit, 373
fixed point spectrum, 639-642
geometric, see geometric fixed points
flat object
smashing with weak equivalence of, 307
Formal O-modules, 819-821
definition, 819
framed cobordism, 7
framed manifold, 6
Fubini theorem for coends, 124
functor
2-,159
addition, 136
augmented, 75
closed V-, 150
coaugmented, 75
coevaluation, 86
cofinal, 118
composite, 56
contravariant, 56
corestriction, 86
covariant, 56
definition of, 56
delooping, see delooping functor
derived, 269-272
definition, 270
derived, existence, 271
derived, in homological algebra, 271
derived, point set, 272
derived, total, 271
desuspension, see desuspension functor

Index

duality, 151

enriched, 195

enriched addition, 203

enriched tensored Yoneda, 208

enriched Yoneda, 208

evaluation for Hovey spectra, 427

faithful, 56

fibered, 161

final, 118

fixed point @, 545

flat, 305

fully faithful, 56

global evaluation, 87

homotopical, 300

homotopy, 300, 303

homotopy idempotent, 400

identity, 56

induction, 81

internal Hom, 147

internal Hom in functor category, 224

iterated monoidal product, 164

lax, 161

lax (symmetric) monoidal, 142

left deformable, 303

left derived, existence of, 304

Mackey, see Mackey functor

monoidal, 143

nonhomotopical, 269-272

norm, see norm functor

opfibered, 161

oplax, 161

oplax (symmetric) monoidal, 142

Quillen, see Quillen functor

restriction, see restriction functor

singular, 230

strict, 161

strictly monoidal, 143

strong monoidal, 143

suspension and loop, 278-284
definition, 282
on cofibrant and fibrant objects, 285
total derived, 284

tensored Yoneda, 77

tensored Yoneda for Hovey spectra, 427

weak, 161

weak 2-, 160

weakly (symmetric) monoidal, 653

Yoneda, 76

functorial factorization, 76

G-cells

types of, 529

G-CW complexes, 528-531

definition, 529

equivariant homotopy equivalences of, 531
flatness of connective, 602

homology of, 531-537
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G-CW spectra, 579
G-equivariant

Eilenberg—Mac Lane spectra, 583

algebra

definition, 618

unoriented cobordism spectrum, 580
G-equivariant Thom spectra, 579-582
G-set

and indexed products, 164-167

definition of, 62

finite, 504-510

fixed point set of, 63

invariant subset of, 63

isotropy groups of, 63

orbit set of, 63

and smash products, 656657
basic properties, 652
definition, 654

861

definition and categorical properties, 654—656

homotopy properties, 656

lax monoidality of, 657

left derived functor of, 653

of an indexed wedge, 655
preservation of cofibrations, 656

relation with geometric fixed points, 657-658
unaltered by attaching moving cells, 655

of HZ for a finite cyclic 2-group, 650
of HZ(Z) . 785
properties, 645

unaltered by attaching moving cells, 649

G-space geometric realization, 229
contractible free, 520 Goerss—Hopkins—Miller theorem, 4
formal properties, 519-528 Grothendieck construction, 163
free pointed, 520 group

induction and coinduction functor for, 525

Quillen’s fundamental, 282

G-spectra group action

R-modules in, 690-693

continuous, 206-208

R-modules in, cofibrancy of, 693 groupoid, 59-68

R-modules in, cofibrancy smash products over R,
693

R-modules in, model structure for, 690-692

R-modules in, tensor product of, 691

commutative algebras in, 687-690

connected, 60
covering of, 61
definition of, 59
fundamental, 60

commutative algebras in, model structure for, 688 h-cofibration, 234-241

commutative algebras in, norm functor on, 689

commutative algebras in, norm functor on
restriction of, 689

equivariant diagrams of, 665-666

equivariant diagrams of, precomposition and
change of group, 666

indexed smash products and cofibrations of,

as closed inclusion, 239
cofiber and quotient of, 353
definition, 235, 352
examples, 238
preserved
by indexed monoidal products, 241
by left adjoint, 239

666669 by monoidal powers, 240
symmetric monoidality of arrow category, 670 by smashing, 239
é—spectrum property, 237
A-free, 678 hare and tortoise, 19
Gap Theorem, 5, 799-800 Hawaiian earring, 243
for pure bound spectra, 800 Hirschhorn reference warning, 356, 431, 456
for regular representation sphere, 799 homotopical approximation to the category of

for slice spheres, 800

G-spectra, 608-615

proof, 800 homotopical structure

generating sets, 308-312
geometric connectivity, 645
geometric fixed points, 643—-662
and equivariant homotpy type, 646
and the norm, 658-662

defined by functor, 300

for spectra, 416

for equivalent categories, 301
minimal, 300

strict, 300

definition, 645 homotopy

effect of the map MU ((G)) — HZ,) on, 786

effect of the map Rg(c0) — HZ(Z) on, 786-792

for Bredon cofibrant spectra with trivial G-action,
648

for generalized suspension spectra, 649

monoidal, 652-653

as an equivalence relation, 267
bijection of left and right sets, 282
composite left and right, 282
corresponding left and right, 280
equivalence, 265

higher left and right, 279
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left and right for topological spaces, 263

left and right in a model category, 265

left and right, properties of , 266

two ways to define, 263
homotopy Cartesian square, 386

and lifting diagram, 389

and telescopes, 383

composing, 388

equivalence with homotopy fiber square, 387

preserved by right Quillen functors, 388
homotopy coCartesian square, 386
homotopy colimit, 371-390

and two-sided bar construction, 378
homotopy extension property, 234—243
homotopy fiber, 387

of a fibration, 387
homotopy fiber square, 387

equivalence with homotopy Cartesian square, 387
homotopy fixed point theorem, 816-817
homotopy fixed points, 650-652

definition of as spectrum, 570
homotopy group

equivariant, 568-570

equivariant, of an orthogonal G-spectrum

definition, 569

indexed by representations of G, 551

of a spectrum, 443

RO(G)-graded of HZ, 624-639

RO(G)-graded of HZ, three elements in, 628—634
homotopy groups

of n-slices, 735

of P"X, 734
homotopy invariant, 352

complete set of, 352

of spectrum, 459
homotopy limit, 371-390

and homotopy pullbacks, 386

Bousfield-Kan’s toy counterexample, 373
homotopy limit and colimit

Bousfield-Kan definition, 371-377

change of indexing category, 379

definition, 372

examples, 373-377

homoopy invariance of, 378
homotopy pullback

and homotopy limits, 386

flexibility of, 386

homotopy invariance of, 385

in a right proper model category, 385
Hopf algebroid, 60
Hopf map

as a map of Cy-spaces, 534
Hopf—Whitehead J-homomorphism, 9
horns, 406-407

and fibrant objects, 406

and local equivalences, 406

augmented set of, 406

definition, 406
full set of, 406
setof on f, 141
Hovey spectra
desuspension and delooping functors for, 472
Five Lemma for, 457
stabilization and model structures for, 453474
stable h-cofibrations and precofibrations, 458
stably fibrant, 456
Hovey spectrum, 412, 422432
definition, 422
evaluation functor for, 427
suspension, 427
tensored Yoneda for, 427
Qr-, 423
Hovey twist, 426

Z-cell complex
CW complex as, 293
relative, 293
Z-small, 293
ideal
in symmetric monoidal category, 138
monomial, 186189
idempotent, 72
indexed wedges, 615-616
induction
norm, 166
injective, 95
interchange law, 157
isomorphism, 55
Kelly, 216
isotropy group, 63
of product of two orbits, 508
isotropy separation and induced G-cells, 647
isotropy separation sequence, 643—645, 739
definition, 644
isotropy separation space, 644

J-homomorphism, 9
IN 434
monoidal structure of, 437
/ 0, stable homotopy condition, 441
(0] U
Sy and Z¢
connectivity of morphism objects, 438
79,435
SE 434
= (0] U
Fi - Ax and Fg

symmetric monoidal structure of, 437

K-theory
real, 4

Kan complex, 263

Kan extension, 129-134
along fully faithful functor, 133
as adjoint to precomposition, 130
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Kan extension (cont.)
definition, 129-130
enriched, 219-220
examples, 131
left, 23, 24
limit and colimit as, 133
pointwise, 130
pointwise as limit or colimit, 130
toy example of nonexistence of, 132
Kan fibration, 262
Kan, Daniel, 17
Kelly, Gregory Maxwell, 20
Ken Brown’s lemma, 302
Kervaire invariant, 12
odd primary, 3
Kervaire, Michel, 12

A-sequence, 290
Lewis diagrams, 518-519
Lewis, Gaunce, 369
lifting, 94-97
Cartesian, 161
diagram, 94
enriched, 192
in enriched category, 204-206
pair, 95
property, left, 94
property, right, 94
test map, 95
limit, 97-119
filtered, 113-117
homotopy, see homotopy limit
ordinary weighted, 211
sequential, 113
sifted, 113-117
weighted, 209-212
localization
left and right, 276
of category, 268
localizing subcategory, 407408
definition, 407
generated by a set of objects, 408
loop, see also suspension and loop
loop space
twisted, 552

Mac Lane, Saunders, 51

Mackey functor, 510-519
box product, 519
Burnside, 514
constant, 514
examples, 514-517
first definition, 512
fixed point, 515
fixed quotient, 515
free, 514

Index

induction, restriction and precomposition, 515
Lewis diagrams for, 518-519

permutation, 516

restriction map, 512

second definition, 513

transfer map, 512

two definitions of, 512-514

Mackey functor homology

and the cohomology of the orbit space, 532
and the homology of the fixed point set, 532
of a G-CW complex, 531

Mahowald, Mark, 2
Mandell-May category, 443, 558-565

as spectral ¢ 0—algebra, 562
for a finite group
definition, 560
morphism spaces, 559
examples, 560
fixed point set, 561
positive, 560
real and complex, 752
topological, 560

map

Cartesian product for a closed monoidal
category, 152

cocomposition, 200

coevaluation, 151, 199

composition, 200

constant multiplication, 58

costructure, 200, see also costructure map

degeneracy, 228

double dual, 151

evaluation, 58, 151, 199

face, 228

flat, 304

internal Hom product, 152

of spectra, 411

pinch, 283

Pontryagin—-Thom, 498

self-duality, 152

Spanier, 498

stabilizing, see stabilizing maps

structure, 200, 322, see also structure map

mapping cylinder, 234

and pullback, 238
as homotopy colimit, 374

mapping path space, 258

as homotopy limit, 374

model category, see also model structure

axioms, 246
cellular, 404
cofiber, 255
cofibrant object, see also cofibrant object
cofibrantly generated, 308-320
almost finitely generated, 310
definition, 308

863
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finitely generated, 310
product of, 309
cokernel, 255
combinatorial, 291, 405
compactly generated, 308-320
definition, 309
definition, 246
dual of, 251
enlarged, monoidal structure for, 361
enriched, 350-366
functors into, 357-360, 360
monoidal structure in, 360-366
exactly stable, see also exact stability, 366-371
definition, 367
factorization in, see factorization
fiber, 255
fibrant object, see also fibrant object
homotopy cofiber, 255
homotopy fiber, 255
homotopy in, 263-269
kernel, 255
left proper, 304
monoidal, 335-350
commutative monoid axiom, 344
indexed products in, 346-350
monoid axiom, 343-344
pushout product axiom, 339, 340
unit axiom, 339
morphism classes, 247
original axioms, 248
overcategories and undercategories of, 250
pointed, 254
pointed topological, 341
proper, 304, 320-321
right proper, 304
right proper, homotopy limits in, 384-390
right proper, homotopy pullbacks in, 385
stabilizable, 433
stabilizable, homotopy groups for, 433
stable, 366-371
definition, 366
telescopically closed, 384
three classical examples, 256263
topological and simplicial, 354
toy examples, 251-252
model structure
cofibrantly generated, example, 310, 311
comparing confined and projective, 331
G-spectra, 567-568
confined, 329-332
confined and enlarged, for functor categories, 334
confined and enlarged, relation between, 332-335
confined as a monoidal category, 364
confined, cofibrant approximations in, 331
eight for orthogonal G-spectra, 416, 589
enlarging, 319

Index

enriched projective, Quillen adjunctions between,

359
for commutative ring spectra, 688
for family of subgroups, 541
G-spaces, 538-547

for modules over a commutative ring spectrum,

690-692
for naive and genuine G-spectra, 597-599
for orthogonal G-spectra, 584-590
for real spectra, 758
four monoidal on a functor category, 365
h-, 258
injective, 321-324
left induced, 314
maximal and minimal, 252
on Set, 251
on chain complexes, 262
on simplcial sets, Kan, 263
on simplcial sets, Quillen, 263
on simplicial sets, 262-263
on topological spaces, 256-262
positive for smashable spectra, 474

positive stable, cofibrant generation for, 485-491

projective, 270, 321-324
examples of, 326-328
Quillen adjunction between, 329
q-,258
right and left induced, 312
seesaw effect, 248
stable for smashable spectra, 475-478
definition, 475
stable, Hovey spectra, 455
Strgm, 258, 312
transfer of, 312-320
transferred, 316
underlying and Bredon, 538

module

closed over a closed monoidal category, 148

monads, 88-91
monoidal geometric fixed points

of modules over a commutative ring, 692

of R-modules, 692

of smash product over R with sphere
spectrum, 693

relative, 692-693

monomorphism, 55
Morava stabilizer group, 3
morphism

2-,157

addition, 136
%-injective, 249

enriched addition, 203
epi, 55

monic, 55

parametrized, 276
reduced composition, 193
regular class of, 291
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morphism (cont.)
saturated class of, 291
saturated class of in a model category, 292
split epi, 55
split monic, 55
morphism class
relation with homotopy idempotent functor, 401
MU , the complex cobordism spectrum, 750
Mu©) 763
algebra generators
criterion for , 772775
recognizing, 774
specific, 775-777
specific, definition, 775
specific, image of ®G on norms of, 776
algebra generators for y,, 772-777
auxiliary spectra for, 783-784
purity of over index two subgroup, 784
purity of, 777
restriction to a subgroup, 767
slice structure of, 777-792
the elements f; in Pf of, 777
MUR
definition, 761
M UR, the real bordism spectrum
definition, 762
homotopy of smash powers of, 765
periodicities, 798
properties, 762
real oriented homology of, 766

natural equivalence, 72
natural transformation, 72-75
composition and precomposition as, 74
enriched, 195
identity, 72
set of as an end, 126
nerve of a small category, 232-234
nondegenerate base point, 242-243
nonequivariant, 206
norm functor, 617-622
definition, 618
of commutative ring, 696
on Yoneda spectrum, 620
properties, 619

object
®-injective, 249
compact in a topological model category, 309
7,310
finite, 113, 290
finite in a closed symmetric monoidal category, 153
finitely presented, 113
in a V-category, 211
in topological model category, 310
flat, see flat object
initial, 101

precofibrant, see precofibrant object
small, 290
small, colimit of, 291
solid cylinder, 279
surface, 279
terminal, 101
0G-CW-complex, 545
OG-space, 545
opfibration
Grothendieck, 161-164
orbit space
as colimit, 101
homotopy
as homotopy colimit, 373
orbit space and homotopy orbit space, 522
Orbit spaces and fixed point sets, 520-524
ordinal, 289
filtered by a cardinal, 290
orthogonal G-spectra
categorical properties, 568-583
change of group, 573-575
change of group and smash product, 622-624
eight model structures for, 589
equivalence of finite indexed products and
coproducts, 603
exact sequences for, 599-600
fixed point adjunction for, 571
fixed points and smash products, 577
function spectra and morphism spaces, 578
homotopical properties, 599-607
homotopy groups of
RO(G)-graded, 605
as Mackey functors, 604
homotopy groups, module strcure for, 606
model structure conditions for, 567-568
model structures for, 584-590
morphism objects, 572-573
naive and genuine, 590-599
model structures for, 597-599
categorical equivalence of, 594
homotopical structures for, 592-596
homotopical equivalence of, 596
products and coproducts, 600
smash product of, 575
suspension isomorphism for, 569
tautological presentation, smash products and
function spectra, 575-579
orthogonal G-spectrum
Bredon cofibrant decomposition of, 732
cofree, 651
cofreeness conditions, 651
decomposition of, 732
definition, 566
equivariant homotopy groups, 568-570
definition, 569
fixed point and orbit spectra of, 570-572
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fixed point and orbit spectrum of
definition, 570
fixed point spectra of, 639-642
fixed point spectra of, failure of homotopy
invariance, 639
homotopy fixed point and homotopy orbit spectrum
of
definition, 570
homotopy fixed point spectrum, see homotopy fixed
points
indexed wedges and smash products of, 615-617
localizing subcategories of, 721
localizing subcategories of, geometric connectivity,
722
positive, 566
pure, see pure spectrum
restriction of, 574
smash product with Yoneda spectrum, 577
underlying spectrum, 567
orthogonal group, 435
orthogonal morphism object
connectivity of, 438
orthogonal representations of G and
related structures, 551-565
orthogonal spectrum, 20
orthogonal G-spectra
homotopy groups of, 602-615

moX, 351
colimit of, 353
pair
transfer, 315
path space, 83
mapping, see mapping path space
reduced, 255
Periodicity Theorem, 5, 801-817
for cyclic 2-groups, 811-816
for homotopy fixed point spectra, 815
for ordinary fixed point spectra, 817
7tSpY, 608615
as homotopical category, 613
definition, 609
long exact sequences in, 613
maps in, 611, 612
suspension and desuspension in, 612
Pontryagin, Lev, 6
positivization, 414
Postnikov section
as localization, 400
Postnikov, Mikhail, 25
precofibations
and pushouts, 306
precofibrant
object, 304
objects, enough, 304

Index

precofibration, 304-308
definition, 304
in category of G-spectra, 307
in factorizations, 307
properties, 306
trivial, 304
presymmetric spectra
as functors on fKN , 444
presymmetric spectrum
definition, 425
enriched
definition, 425
Princeton convention, 53
product
G-sets and indexed, 164-167
index smash, of commutative rings, 694-703
indexed monoidal, 164—-189
along a finite covering, 165
and commutative algebras, 186
indexed smash
and trivial cofibrations, 671-673
behavior in arrow category, 670
behavior in diagram category, 671
left derived functor of, 673
of trivial cofibration, 673
of weak equivalence between cofibrant
objects, 673
of cofibrations, 668
projective, 95
pseudofunctor, 160
pullback, 92
composition of, 93
homotopy, 375
in the category of small categories, 103
n-fold, 109
Puppe, Dieter, 288
pure spectrum
associative
slice tower for, 781
definition, 743
MUO) a5, 777
smash product with bound slice sphere, 783
pushout, 91
composition of, 93
homotopy, 375
n-fold, 109

Quillen adjunction, see also Quillen pair
between projective model structures, 329
M-model, 341
monoidal, 340
two variable, 337

Quillen algebra
M-, 341

Quillen bifunctor, 336-339
and cofibrant generating sets, 337
and lifting test maps, 337
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Quillen equivalence, 272-278 indexed corner map, 757
and Bousfield localization, 405 model structure for, 758
and categorical equivalence, 277 multiplicative properties, 757-758
and homotopy categories, 277 real vector bundle, 4
composition, 278 reduction
definition, 276 enriched Yoneda, 216
determined by a single functor, 278 Reduction Theorem, 780
units and counits of, 277 inductive approach, 782-783
Quillen functor, 272-278 proof, 784-792
compact, 382 refinement of underlying homotopy groups, 744
left, 272 multiplicative, 770
limit, colimit as, 329 of MUG) 770
M-model, 341 of smash powers of MUR, 769-772
right, 272 reflector, 90
Quillen module, 341 regular class, 291
M-, 341 relative finiteness, 115
Quillen pair, 272 representation
&-local objects and equivalences, 399 of finite G-set, 554-558
change of rings, 690 definition, 554
examples, 273 degree of, 555
invertible, 273 disjoint union and disjoint sum, 554
properties, 276 examples, 555
Quillen ring, 339-342 induced, 555
and Bousfield localization, 403 orthogonal embeddings of, 556
and Day convolution, 362 representation sphere of, 554
arrow category, 344-346 orthogonal
change of, 354 examples for small groups, 510
examples, 340 induction or transfer, 512
Set as, 340 restriction, 512
Quillen’s diagram, 261 positive representative of, 703
for algebraic slice tower, 748 regular, 553
for slice tower, 726 regular for cyclic 2-group, 625
Quillen, Daniel, 32 representation sphere
as a G-CW complex, 625
real and C-equivariant commutative rings low dimensional homology of, 626
Quillen equivalence between, 761 reduced regular, 537
real bordism, real orientations and formal groups, HO of, 537
763-767 top homology of, 627
real cobordism spectrum, 5 restriction and transfer maps
real K-theory, 4 fixed point, 513
real orientation group action, 605
definition, 763 restriction functor, 81, 551
for MUR and its norms, 764 properties of, 544
on smash products, 764 retract
real oriented cohomology of CP® and enriched, 193
CP® x CP®, 764 retraction, 55
real space, 4
real spectra saturated class, 291
and Cp-spectra, 755757 in a model category, 292
and C»-spectra, Quillen equivalence between, 756 small relative to, 293
C,-flat, 758-761 sequence, see also exact sequence
C,-flatness Puppe, 288
definition, 758 set
in cofiber sequences, 759 empty, 57
of cofibrant commutative algebras, 758 one point, 57
of pushouts, 759 simplex
of symmetric powers, 759 boundary, 229
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face, 229
horn, 229
standard n-, 229
simplicial identities, 228
simplicial set, 228-234
definition, 228
geometric realization of, 229
simplicial space, 228-234
slice
characterization of 0- and 1-, 740-742
spherical, 739-744
bound, 743
definition, 743
slice connectivity
and coconnectivity, 717-721
and coconnectivity, definition, 717
and geometric connectivity, 721-725
and indexed symmetric powers, 747
and ordinary connectivity, 720, 733
effect of restriction and induction on, 720
localizing subcategory, 717
localizing subcategory, generator for, 718
of a cofibrant indexed smash product, 747
of EP and its suspension, 739
of EP x X, 739
of G-cells, 719
of indexed products, 745-747
of representation spheres and Yoneda spectra, 723
of smash products, 723
preserved by indexed smash products, 746
preserved by indexed wedges, 745
properties, 731
and ordinary connectivity, 740
Slice Differentials Theorem, 807
slice filtration, 714-731
slice n-connected cover, 725
slice P™ functor
algebraic, 747
multiplicative structures preserved by, 731
slice P"-equivalence
definition, 730
fiber of, 730
smash product with slice connected spectrum,
730
slice relations, 729
slice section, 725
and change of group, 729
recognition of the nth, 727
slice spectral sequence, 6, 731-739
E|-term, 734
E»-term near the vanishing line, 807
external pairing, 734
for MUR, 794-799
E,-term, 795
differentials, 795
inversion and periodicity, 797
permanent cycles in, 809, 814

Index

RO(G)-graded, 738-739
vanishing regions, 739
RO (G)-graded for MU G, 801-811
vanishing regions, 735
slice sphere, 715-717
bottom slice for, 742
cellular structure of, 732
definition, 715
dimension, 717
norm, 717
restriction, 717
slice theorem, 777-780
converse to, 780-782
slice tower, 725-730, 744-749
cofibrant, 745
cofibrant for a commutative ring, 747-753
definition, 728
multiplicative for a commutative ring, 748
multiplicative properties, 730-731
recognition, 737
small
relative to Z, 293
small object argument, 288-293
morphism class permitting, 289
smash product, 70
left and right half, 70
smashable spectra
costructure maps for, 446
Day convolution for, 450
definition, 444
difference between presymmetric and, 413
exact sequences for, 491493
four model structures for, 484
morphism objects and related notions, 447-451
morphism objects as enriched ends, 447
Q-, 446
cotensors of, 448
recognition criterion for, 447
positive model structure for, 474
positive stable fibrant , 488
restricted and reduced structure maps for, 445
restricted costructure map for, 482
stabilization and model structures for, 474494
stabilizing maps for, 475
stable model structure for, 475-478
definition, 475
stably fibrant are Q2-spectra, 483
tautological presentation, 450
tensors and cotensors of, 448
trivial positive stable fibrations for, 486
Yoneda adjunction for , 449
Snaith, Victor, 2
sno
homology for G = C3, 634-639
Spanier—Whitehead duality
equivariant, 499-501
ordinary, 496499

© in this web service Cambridge University Press

www.cambridge.org



www.cambridge.org/9781108831444
www.cambridge.org

Cambridge University Press

978-1-108-83144-4 — Equivariant Stable Homotopy Theory and the Kervaire Invariant Problem
Michael A. Hill , Michael J. Hopkins , Douglas C. Ravenel

Index

More Information

Index 869
spectra, 18 stabilization, 414
as functors, 444-447 via homotopy idempotent functor, 460-463
homotopical structures, 416 stabilizing maps, 418
Hovey, see Hovey spectra for Hovey spectra, 454, 458-460
Hovey, projective model structure for, 431-432 as projective cofibrations, 454
Hovey, Yoneda adjunction for, 428 for smashable spectra, 475, 482
indexing categories for, 433-443 for smashable spectra as stable homotopy
model structures for, 414-417 equivalences, 476
orthogonal, see orthogonal spectra presymmetric, 460
presymmetric, see presymmetric spectra stable equivalence
presymmetric, symmetric, orthogonal, unitary and and ©% for Hovey spectra, 461
extraorthogonal, 444 and stable homotopy groups of Hovey spectra, 462

projective or strict model structure for, 414 of Hovey spectra, 455
real and complex, 752-761 original definition, 456

definition, 753 stable equivalences

Homotopy theory of, 754-755 and positive ideals, 484

smash products, 754 stable homotopy group, 417

smashable, see smashable spectra of a spectrum, 458
stable model structure for, 417-419 of Hovey spectrum, 458-460
symmetric, see symmetric spectra stable homotopy equivalence

Yoneda, see Yoneda spectra definition, 459
spectral /O-al gebra stable model structure

definition. 439-440 cofibrant generating sets for Hovey spectra,
ideal in, 440 463467 o .
indexing group of, 442 trivial fibrations and projective weak equivalences,
’ 464
SP! icgsr:i‘rl?cture map for, 411 trivial fibrations in, 463
fibrant fixed point, 640 Stasheff pentagon, 133

fibrant fixed point, homotopy groups of, 641 Stiefel manifold, 435
. structure map
function

as end, 451 for enriched functor category, 217
. for spectrum, 411
definition, 450
structured spheres and loops, 443
Hovey, see Hovey spectrum

subcategory
map, 411 full and 1luf, 54
new ways to define, 413 reflective, coreflective and bireflective, 90
Q-,.411 replete, 90
orbit wide, 54

'as. left Kan.e.xtension, 675 Sullivan conjecture, 524
original definition, 411-412 suspension
orthogonal, see orthogonal spectrum twisted, 552
presymmetric, see presymmetric spectrum, 412

suspension and loop isomorphisms
real bordism, 761-772

for original spectra, 468

real oriented, definition, 763 smashable spectra, 491
Schwede fixed point, 640 symmetric group, 434
Schwede fixed point, homotopy groups of, 641 symmetric power
Schwede fixed point, properties, 640 badly behaved map of, 674
smashable, see smashable spectrum definition, 674
stable equivalence, 411 indexed, 674-684
definition, 417 and slice connectivity, 747
strict equivalence, 411 definition, 675
definition, 416 nice properties of indexed smash products of, 685
structure map for, 411 of a cofibration of cofibrant diagrams, 677
symmetric, 413 iterated indexed, 684—-687
Yoneda, see Yoneda spectrum nice properties of, 686
S pG, see orthogonal G-spectra symmetric spectra
splitting, 161 the prickly case of, 419421
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T -algebra, 88
76,501
tautological presentation, 218
telescope
and homotopy Cartesian squares, 383
as ordinary sequential colimit), 377
as sequential colimit, 382
as sequential homotopy colimit, 376
of weak equivalences and of isomorphisms, 381
tensor, 198-203
® and O%, 367
for Hovey spectra, 460
for smashable spectra, 478-482
Thetajay, 2
Thom diagonal, 499
Thom space, 435
Toda, Hirosi, 3
TopC, 501
topological spaces, 68-70
tower
as sequential homotopy limit, 376
of weak equivalences and of isomorphisms, 381
transfinite composition, 290
triple, 88
turnstile, 78
twisted monoid ring, 703-710
ideal in, 706
method, 706
noncommutativity of, 704
on one generator
definition, 704
quotient module, 708-710
definition, 708
twisted monoid subring, 806
bigger, 806
two out of six property, 300
two-variable adjunction, 144—146

Y -cofibration, 400

Y-equivalence, 400

Y -fibration, 400

Y -local, 400

unitor, 134

universal space
for a family .% of subgroups, defintion, 541
for a family .% of subgroups, examples, 542

Index

universal spaces, 547-549
G-equivariant A-, 547
unoriented cobordism ring, 767-769

vector field problem, 15

weak equivalence, 246

detecting with morphism objects,
355,356

not preserved by suspension, 243
of topological spaces, 256
products and coproducts of, 275
projective, 322
pushouts and pullbacks of, 275
strict, 322

Wirthmiiller isomorphism, 502

working fiberwise, 165

World Without End Hypothesis, 16

g,5-6
definition, 816
key properties of, 5, 793

Yoneda adjunction, 83, 87
enriched, 209
as Quillen pair, 359
Yoneda coreduction, 133
generalized, 128
Yoneda embedding, 77
covariant, 77
Yoneda functor
and desuspension functor for Hovey
spectra, 471
Yoneda lemma, 76
enriched, 198, 209
Yoneda reduction, 127, 133
generalized, 127
Yoneda spectra
more, 449
properties of, 451
rigidity of, 452
Yoneda spectrum, 417

as representor of V'th object functor, 451

definition, 430
norm of, 667
Yoneda, Nobuo, 51
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