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Preface

No podemos esperarnos que ningun aspecto de la realidad
cambie si seguimos usando los medios |...] de un lenguaje
que lleva el peso de toda la negatividad del pasado. El
lenguaje esta ahi, pero tenemos que limpiarlo, revisarlo y,
sobre todo, debemos desconfiar de él.

J. Cortéazar

What is (co)end ‘calculus’ Coend calculus determines the behaviour
of suitable universal objects associated to functors of two variables
T:CPxC—D.

The intuition behind the process of attaching a special invariant to
such a functor T' can be motivated in many ways.

It is well-known that a measurable scalar function f : X — R from a
measurable space (X, 2) can be integrated ‘against’ a measure p defined
on € to yield a real number

/X f(z)dp

(for example, when X is a smooth space, the measure can be legitimately
thought to depend ‘contravariantly’ on x, as du is a volume form living in
the top-degree exterior algebra of X). In a similar fashion, the evaluation
map VY ® V — k for a vector space V is a pairing (¢, v) = ((v) between
a vector v and a co-vector ¢ : V' — k, which becomes the sum )", (v;
once a basis for V, and its dual basis, is chosen and the vector v has
coordinates (v1,...,vq), whereas ¢ has coordinates ((1,...,(q).

At the cost of pushing this analogy further than permitted, a functor
T :C°? x C — D can be thought of as a generalised form of evaluation

ix
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of an object of C against another; the ‘quantity’ T(C,C’) can then be
‘integrated’ to yield two distinct objects having dual universal properties:

C1. a coend, resulting from the symmetrisation along the diagonal
of T, i.e. by modding out the coproduct [[,..T(C,C) by the
equivalence relation generated by the arrow functions T(_,C") :
CP(X,Y) —» D(T(X,C"), T(Y,C")) and T(C, _) : C(X,Y) —

D(T(C,X),T(C,Y));

C2. an end, i.e. an object fc (C, C) arising as an ‘object of invariants’
or ‘fixed points’ for the same action of T on arrows; by dualisation,
if a coend is a quotient of [ T'(C,C), an end is a subobject of
the product [[.. T(C,C).

This also suggests a fruitful analogy with modules over a ring: if a functor
T :C°P x C — Set is a ‘bimodule’, which lets C act once on the left and
once on the right on the sets T'(C, C"), then the end [, T(C, C) is the
subspace of invariants for the action of C, whereas the coend f T(C,C)
is the space of orbits (or ‘coinvariants’) of said action.

In fact, a rather common way to employ coends is the following:
consider a functor F' : C — Set (a ‘left module’) and a functor G :
C°P? — Set (a ‘right module’), and tensor them together into a functor
(C,C") = GC x FC'; the symmetrisation of F' x G yields a functor tensor
product of F, G as the set

c
F&G::/ FC x GC.

Note that in this light, the analogy is meaningful: if C is a single-object
category (so a monoid or a group G), such a pair of modules constitutes
a pair (X,Y) of a left and a right G-set, and their functor tensor product
can be characterised as the product X xg Y obtained as the quotient of
X x G for the equivalence relation (g.x,y) ~ (x,g.y), so that X xg Y is
the universal G-bilinear product of sets, in that the ‘scalar’ g € G can
pass left-to-right from (g.z,y) to (x, g.y) in the quotient. Of course, the
terminology works better when X, Y are vector spaces carrying a linear
representation of G.

Theorems involving ends and coends f T(C,C) and [, T(C,C) can
now be proved by means of the universal properties that define them,;
it is easily seen that given T : C°? x C — D there exists a category
C and a functor T : C — D such that ch C,C) = colimz T and
[T c (C,C) = limg T. In the example above, the tensor product of a left
G-module and a right G-module (here ‘module’ means ‘k-vector space’)
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can be characterised as the coequaliser

@gGGX(X)kY X®Y —X®¢Y (01)
B

where a(g, (z,y)) = (9.7,y) and B(g, (z,y)) = (z,9.y).

So, all (co)ends can be characterised as (co)limits; but they provide a
richer set of computational rules than mere (co)limits. Often, establishing
that an object has a certain universal property is a difficult task, because
a direct argument tangles the reader into using elements. A general tenet
of modern category theory is that cleaner, more conceptual arguments
are preferred to element-wise proofs that are evil in spirit, if not in shape.

(Co)end calculus provides such a conceptualisation for many classical
arguments of category theory: it is in fact possible to prove that two
objects of a category, at least one of which is defined as a coend, are
isomorphic by means of a chain of ‘deduction rules’.

These rules are described in the first half of the book, but here we
glimpse at what they look like.!

In order to make clear what this paragraph is about, let us consider
the statement that right adjoints preserve limits; it is certainly possible
to prove this by hand. Nevertheless, using little more than the Yoneda
lemma it is possible to prove that if R : D — C is right adjoint to L :
C — D, there is a natural isomorphism of hom-sets C(C, R(lim s D)) =
C(C,limy RDy) for every object C, and every diagram D : J — D by
arguing as follows:

C(C,R(hmj DJ )

C(LC, hmj DJ

limj C(C, RDJ

)
)
lim 7 C(LC, D)
)
)

C(O, limj RDJ

1 The somewhat far-fetched conjecture that permeates all the book is that coend
calculus provides a higher dimensional version of a deductive system, suited for
category theory (see [CWO01] for some preliminary steps in this direction), having
deduction rules similar to those of Gentzen’s sequent calculus. We will never
attempt to turn this enticing conjecture into a theorem, or even to make a precise
claim; the interested reader is thus warned that their curiosity will not get
satisfaction — not in the present book, at least. We record that the idea that
coends categorify logical calculus comes from William Lawvere, and it was first
proposed in [Law73].
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xii Preface

where each step of this ‘deduction’ is motivated either by the fact that
L + R are adjoint functors, or by the fact that all functors C(X, _)
preserve limits. Once this is proved, the Yoneda lemma (see A.5.3 for the
statement) entails that there is an isomorphism R(lim D;) = lim RD;.

A similar argument is a standard way to prove that a certain object,
defined (say) as the left adjoint to a certain functor, must admit an
‘integral expansion’ to which it is canonically isomorphic. For example,
in the proof of what we call the ninja Yoneda lemma in 2.2.1, we carry
out the following computation:

Set( [CC KO x (X, 0), Y)

Jiee Set (KC x C(X,C),Y)

Joee Set(C(X, C), Set(KC,Y))

[C,Set](C(X, —),Set(K _,Y))

Set(KX,Y)

where each step has to be interpreted as an application of a certain
deduction rule that interchanges coends with ends, places them in and
out of a hom functor, etc.

The reduction of proofs to a series of deduction steps embodies some
sort of ‘logical calculus’, whose introduction rules resemble formulae such
as

Cat(C,D)(F,G) ~ / D(FC,GC)
C

where the object Cat(C,D)(F,G) is decomposed into an integral like
Jo D(FC,GC), and elimination rules look like

C
/ FC xC(C,X)~ FX

where an integral is packaged into the object FX (of course, the symmet-
ric nature of the canonical isomorphism relation makes all elimination
rules reversible into introductions, and vice versa). Altogether, this allows
us to derive the validity of a canonical isomorphism as a result of a chain
of deductions, in a ‘categorified’ fashion.

The reader should not, of course, concentrate now on the meaning
of these derivations at all; all notation will be duly introduced at the
right time; when the statement of our Proposition 2.2.1 is introduced,
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the chain of deductions above will look almost tautological, and rightly
SO.

It is clear that, done in this way, category theory acquires an allur-
ing algorithmic nature, and becomes (if not easy, at least) easier to
understand.

Thus, the ‘calculus’ arising from these theorems encodes many, if not
all, elementary constructions in category theory (we shall see that it
subsumes the theory of (co)limits, it allows for a reformulation of the
Yoneda lemma, it provides an explicit formula to compute pointwise Kan
extensions, and it is a cornerstone of the ‘calculus of bimodules’; encoding
the compositional nature of profunctors, the natural categorification of
relational composition).

As it stands, (co)end calculus describes pieces of abstract and uni-
versal algebra [Curl2, GJ17], algebraic topology [Get09, May72, MSS02],
representation theory [LV12], logic, computer science [Kmel8], as well
as pure category theory. The present book wishes to explore in detail a
theory of (co)end calculus and its applications in detail.

So far, we have the motivations for the topic of this book. What about
the motivation for the book itself? It shall be noted that (co)ends are
not absent from the already existing literature on category theory: the
topic is covered in [ML98], a statutory reading for every categorephile,
and Mac Lane himself used coends to characterise a construction in
algebraic topology as a ‘tensor product’ operation between functors in his
[ML70]. Coends are mentioned (but not used as widely as they deserve)
in Borceux’s Handbook (in its first two tomes [Bor94a, Bor94b]). However,
the topic lacks a treatment that is at the same time systematic, easy to
read, and monographic.

As a result, (co)end calculus still lies just beyond the grasp of many
people, and even of a few category theorists, because the literature that
could teach its simple rules is a vast constellation of scattered papers,
drawing from a large number of diverse disciplines.

This situation is all the more an issue because nowadays category
theory has fruitfully contaminated with applied sciences. In the opinion
of the author, it is of the utmost importance to provide his growing
community with a single reference that accounts for the simplicity and
unitary nature of category theory through (co)end calculus, thereby
providing proof for its plethora of applications, and popularising this
‘secret weapon’ of category theorists, making it available to novices and
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non-mathematicians. The present endeavour is but a humble attempt to
address this issue.

A brief history of (co)ends. Like many other pieces of mathematics,
(co)end calculus was developed as a tool for homological algebra: the
first definition of a universal object called ‘(co)end’ was given in a paper
studying the Ext functors, and the father of (co)end calculus is none other
than Nobuo Yoneda. In [Yon60] he singled out most of the definitions we
will introduce in the first five chapters of this book.

Having read Yoneda’s original paper in order to write the present
introduction, we find no better way than to quote the original text,
untouched, just occasionally adding a few details here and there to frame
Yoneda’s words in a modern perspective, (but also in order to adapt
them to our choice of notation).

There are multiple reasons for this strategy: [Yon60] is a mathematical
gem, an enticing prelude of all the theory developed in the subsequent
decades, and a perfect prelude to the story this book tries to tell. Even
more so, in reporting Yoneda’s words we believe we are also doing a
service to the mathematical community, since the integral text of [Yon60]
is somewhat difficult to find.

Our sincere hope is that this introduction, together with the whole
book the reader is about to read, credits the visionary genius of Yoneda:
category theory has few theorems, and one of them is a lemma. The
Yoneda lemma, in its myriad incarnations, is certainly a cornerstone of
structural thinking, way beyond category theory. If anything more was
needed to revere Nobuo Yoneda, let this be (co)end calculus.

The paper [Yon60] starts introducing (co)ends in the following way:

Let C be a category. By a left C-group we mean a covariant functor M of
C with values in the category Ab of abelian groups and homomorphisms.
[...] Also by a C*-group (or a right C-group) we mean a contravariant
functor K : C — Ab. [...] Functors of several variables with values in Ab
will accordingly be called B-C-groups, B*-C-groups, etc.

Let H be a C*-C-group, and G an additive group. By a balanced
homomorphism p : G =0 H we mean a system of homomorphisms
u(C) : G — H(C,C) defined for all objects C' € C such that for every
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map v : C — C' in C commutativity holds in the diagram

a—"9 o)

M(C/)\L iH(CW)

H(C',C'Y——= H(C,C").
H(~,C")

Also by a balanced homomorphism A : H = G we mean a system of
homomorphisms A(C') : H(C,C) — G defined for all objects C' € C such
that for every map v : C' — C’ in C commutativity holds in the diagram

o) L e, o)

H(%C)l \L/\(C')

H(C,C) —> G
A(C)

Of course, here a left /right ‘C-group’ is merely an Ab-enriched presheaf
(covariant or contravariant) with domain C. The above paragraphs define
the fundamental notions we will use throughout the entire book: wedges
and cowedges. These are exactly natural maps to/from a constant, which
vary taking into account the fact that H(C, C) depends both covariantly
and contravariantly on C. There is a category of such (co)wedges, and a
process dubbed (co)integration picks the initial and terminal objects of
such categories:

An additive group I together with a balanced 0 : H =o I is called integra-
tion of a C*-C-group H if it is universal among balanced homomorphisms
from H, i.e. if for any other balanced homomorphism A : H = G there
is a unique morphism ¢ : I — G such that ¢ 0 (C) = A(C) for every
object C' € C.

[Integrations and cointegrations| are [...] given as follows: for a map
v:C — C"inCweput H(y) = H(C',C), H(v*) = H(C,C"), and define
homomorphisms

0,:H(y)— H(C,C)® H(C',C")
§, H(C,C)® H(C',C') — H(Y")

by
Oy(h')=h oy@® (=yoh')
S,(h@h")y=vyoh—h"onx

Denote by %o and II° the direct sum Zcec H(C,C) and the direct
product HCeC H(C,C) respectively. Also, denote by £; and II' the
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direct sum Z'yehom(c) H(v) and Hwehom(c) H(~") respectively. Then
0y, 0, are extended to homomorphisms

9:%1 5% boor 10— II.

)

Now [Yon60] proves that the ‘integration’ fc H and the ‘cointegration
/. C* H of a C*-C-group are given respectively by the cokernel of do¢r, and
by the kernel of dc¢/, for suitably defined maps Occr and dccr.

To avoid confusion, we stress that in this definition Yoneda employed
the opposite choice of termmology that we will introduce later on: an inte-
gration for H is a coend f H(C,C), but Yoneda denotes it fC (C,C);
a cointegration is an end fc (C,C), but Yoneda denotes it f o H(C,O).
Always be careful if you consult [Yon60] or references from the same era.

The coend fCH of a functor H : C°® x C — D is a colimit (in
the particular case of Ab-enriched functors, a cokernel) built out of
H, and the end | ¢ H is a limit; precisely, the kernel of a certain group
homomorphism. Once this terminology has been set up, given two functors
F,G:C — D, if we let H be the functor (C,C") — D(FC,GC"), then
a family of arrows a¢ : FC — GC forms the components of a natural
transformation « : F' = G if and only if the components a¢ : FC — GC
lie in the kernel of a ‘differential’ 6 : [Jco H(C,C) — I chomey H(Y):
obtained in the obvious way ‘gluing’ all the ¢ together.

In dealing with functors of more variables, we shall often inscribe z (or
y,z) to indicate the two entries to be considered in the (co)integration,
namely we write

H(..,X,...,X,...). (0.2)
Xec

This is based on the following fact: let H, H be C-C*-groups, and let
0:H — [,H, 0 : H — [,H be the integrations. Then a natural
transformation 7 : H = H' induces a unique homomorphism [, 7

Jo H — [, H' such that ([, 1) 06(C) =6'(C)on(C,C). Thus if H is a
B-C*-C-group, then f)((*e)c H(B, X, X) is a B-group. On this account, for
an A-B*-B-C-C*-group H we have

/ H(AY,)Y, X, X) = H(AY)Y, X, X).
venJxec xecJyen

Here Yoneda introduces one of the pillars of coend calculus, the Fubini
rule, i.e. the fact that the result of a (co)integration is the same regardless
of the order of integration; this is ultimately just a consequence of
the functoriality of the assignment sending a C-C*-group H into its
(co)integration. Of course, there is nothing special about the codomain
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of H being the category of abelian groups: any sufficiently (co)complete
category D will do, as long as the (co)integrations involved exist.

In modern terms, the Fubini rule can be obtained as a consequence of
a much deeper, and hopefully more enlightening, result: we prove it in
our Theorem 1.3.1.

Next for a B-group M and a C-group N, M ® N : N(C) ® M(B) is a
B-C-group, and hom(M, N) = hom(M B, NC) is a B*-C-group. For an
A-group M and a B-C-C*-group H we have:

MA®H(B,X,X)=MA® H(B,X,X)
XecC XecC

/ hom(MA, H(B, X, X)) = hom (MA,

H(B, X,X))
Xec

Xec
/ hom(H(B7X,X),MA):hom(

H(B,X,X), MA)
XecC

xec
As an immediate consequence of these statements we get another fun-
damental building-block of a coend ‘calculus’ given two functors M :
B — Ab and N : B°? — Ab, they can be tensored by the integration
MXN = fBesN(B) ®z M(B).

A rather interesting perspective on this construction is the following:
the result remains true when the Ab-category B has a single object, so it
is merely a ring B. In such a case, a functor M : B — Ab is a left module,
and a functor N : B°? — Ab is a right module. The integration (or in
modern terms, the coend) f BN ®z M in this case is exactly the tensor
product of B-modules: it has the universal property of the cokernel of
the map

PMerNSMa,N
beB

defined by o(b, m,n) = b.m — n.b.

As the reader might now suspect, few analogies are more fruitful than
the one between modules over which a monoid object acts, and presheaves
C — Set.

Structure of the book. We shall now briefly review the structure of
the book. In the first three chapters we outline the basic rules of (co)end
calculus. After having defined (co)ends as universal objects and having
proved that they can be characterised as (co)limits, we start denoting
such objects as integrals [, T(C,C) or fC T(C,C). This notation is
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motivated by the fact that (co)ends ‘behave like integrals’ in that a
Fubini rule of exchange holds, see Theorem 1.3.1.

Then in Chapter 2 we introduce the first rules of the calculus: the
Yoneda lemma A.5.3 can be restated in terms of a certain coend compu-
tation, and pointwise Kan extensions can be computed by means of a
(co)end.

After this, we study the particular case of left Kan extensions along
the Yoneda embedding: in some sense, the theory of such extensions
alone embodies category theory.

The subsequent chapters begin to introduce more modern topics de-
scribed by means of (co)end calculus. The theories of weighted (co)limits
(Chapter 4), of profunctors (Chapter 5) and operads (Chapter 6) are cor-
nerstones of ‘formal’ approaches to category theory. Weighted (co)limits
are the correct notion of (co)limit in an enriched or formal-categorical
(see 2.4 and [Gra80]) setting; profunctors are a bicategory where one
can re-enact all of category theory, and are deeply linked to categori-
cal algebra and representation theory; operads, initially introduced as
a technical means to solve an open problem in homotopy theory, now
constitute the common ground where universal algebra and algebraic
topology meet. The final point will be Theorem 6.4.7, where we draw a
tight link between profunctors and operads.

Chapter 7 studies higher dimensional analogues of (co)ends; first, we
study (co)ends in 2-categories; then we move up to infinity and study
homotopy-coherent analogues of (co)ends in simplicial categories [Ber07],
quasicategories [Lur09], model categories [Hov99] and derivators [Grol3].

Appendix A serves as a short introduction to category theory: it fixes
the notation we employ in the previous chapters. A basic knowledge of
elementary mathematics is a prerequisite, but we will introduce most
categorical jargon from scratch.

Each chapter has a short introduction, in the form of a small abstract;
this allows the interested reader to get a glimpse into the content and
fundamental results of each chapter (often, one or two main theorems).
We believe this format is easier to consult than a comprehensive survey
of each chapter given all at once in the introduction, so we felt free to
keep this introductory account of the content of the book pretty brief.

Several exercises follow each chapter of the book; there are questions
of every level, sometimes easy, sometimes more difficult. Some of them
make the reader rapidly acquainted with the computational approach to
category theory offered by (co)end calculus; some others shed a new light
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on old notions. In approaching them, we advise you to avoid element-wise
reasoning; instead, find either an abstract argument, or a ‘deduction-style’
one.

Some of the exercises are marked with a ®® symbol (eyes wide with
fear): this means they are more difficult and less well posed questions
than the others. This might be deliberate (and thus part of the exercise
is understanding what the question is) or not (and thus the question and
its answer are not completely clear even to the author). In the second
case, it is likely that a complete answer might result in new mathematics
that the solvers are encouraged to develop.

Other kinds of ‘small eyes’ are present throughout the book: the
paragraphs decorated with a ®® contain material that can be skipped at
first reading, or material that deepens a prior topic in a not-so-interesting
detour; @@ is used to signal key remarks and more generally important
material that we ask the reader to digest properly and analyse in full
detail.

Notation. Having to deal with many different sources for this exposition,
to hope to maintain a coherent choice of notation throughout the whole
book is wishful thinking; however, the author did his best to provide a
coherent enough one, striving to make it at the same time expressive and
simple.

In general, 1-dimensional category-like structures will be denoted
as calligraphic letters C,D,...; objects of C are denoted C,C’,--- €
C. In contrast, 2-categories are often denoted with a sans-serif case
Cat,K, A, ...; an object of the 2-category of small categories is denoted
C € Cat, but an object of an abstract 2-category is denoted A € K.

Functors between categories are denoted as capital Latin letters such
as F,G, H, K (although there can be small deviations from this rule);
the category of functors C — D between two categories is almost always
denoted as Cat(C,D) (or less often [C,D]; this will be done especially
when [C, D] is regarded as the internal hom of the closed structure in
Cat, or when it is necessary to save some space); the symbols _, = are
used as placeholders for the ‘generic argument’ of a functor or bifunctor
(they mark temporal precedence of saturation of a variable); morphisms
in the category Cat(C, D) (i.e. natural transformations between functors)
are often written in lowercase Greek, or lowercase Latin alphabet, and
collected in the set Cat(C,D)(F, Q).

The simplex category A is the topologist’s delta (as opposed to the
algebraist’s delta A which has an additional initial object [—1] := @),
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having objects non-empty finite ordinals [n] := {0 < 1--- < n}; we
denote A[n] the representable presheaf on [n] € A, i.e. the image of [n]
under the Yoneda embedding of A in the category sSet = A of simplicial
sets. More generally, we indicate the Yoneda embedding of a category C
into its presheaf category with ¢, or simply J, i.e. with the hiragana
symbol for ‘yo’.
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