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Gravitational Few-Body Dynamics

Using numerical integration, it is possible to predict the individual
motions of a group of a few celestial objects interacting with each
other gravitationally. In this introduction to the few-body problem,
a key figure in developing more efficient methods over the past few
decades summarizes and explains them, covering both basic analytical
formulations and numerical methods.

The mathematics required for celestial mechanics and stellar dynam-
ics is explained, starting with two-body motion and progressing through
classical methods for planetary system dynamics. This first part of the
book can be used as a short course on celestial mechanics.

The second part develops the contemporary methods for which the
author is renowned — symplectic integration and various methods of
regularization. This volume explains the methodology of the subject for
graduate students and researchers in celestial mechanics and astronom-
ical dynamics with an interest in few-body dynamics and the regulariza-
tion of the equations of motion.

SEPPO MIKKOLA is a senior lecturer at the University of Turku and
staff member at Tuorla Observatory. He has made important contri-
butions to the regularization of equations of N-body motion. Since he
invented ‘algorithmic regularization’ of few-body system dynamics, it
has become the foundation of many simulations worldwide.

© in this web service Cambridge University Press

www.cambridge.org



www.cambridge.org/9781108491297
www.cambridge.org

CAMBRIDGE

Cambridge University Press

978-1-108-49129-7 — Gravitational Few-Body Dynamics
Seppo Mikkola

Frontmatter

More Information

@© in this web service Cambridge University Press www.cambridge.org


www.cambridge.org/9781108491297
www.cambridge.org

CAMBRIDGE

Cambridge University Press

978-1-108-49129-7 — Gravitational Few-Body Dynamics
Seppo Mikkola

Frontmatter

More Information

Gravitational
Few-Body
Dynamics

A Numerical Approach .
Seppo Mikkola

University of Turku, Finland

CAMBRIDGE

UNIVERSITY PRESS

@© in this web service Cambridge University Press www.cambridge.org


www.cambridge.org/9781108491297
www.cambridge.org

Cambridge University Press

978-1-108-49129-7 — Gravitational Few-Body Dynamics
Seppo Mikkola

Frontmatter

More Information

CAMBRIDGE

UNIVERSITY PRESS

University Printing House, Cambridge CB2 8BS, United Kingdom
One Liberty Plaza, 20th Floor, New York, NY 10006, USA
477 Williamstown Road, Port Melbourne, VIC 3207, Australia

314-321, 3rd Floor, Plot 3, Splendor Forum, Jasola District Centre,
New Delhi — 110025, India

79 Anson Road, #06-04/06, Singapore 079906

Cambridge University Press is part of the University of Cambridge.

It furthers the University’s mission by disseminating knowledge in the pursuit of
education, learning, and research at the highest international levels of excellence.

www.cambridge.org
Information on this title: www.cambridge.org/9781108491297
DOI: 10.1017/9781108868105

© Seppo Mikkola 2020

This publication is in copyright. Subject to statutory exception
and to the provisions of relevant collective licensing agreements,
no reproduction of any part may take place without the written
permission of Cambridge University Press.

First published 2020

Printed in the United Kingdom by TJ International Ltd, Padstow, Cornwall
A catalogue record for this publication is available from the British Library.
ISBN 978-1-108-49129-7 Hardback

Additional resources for this publication at www.cambridge.org/mikkola

Cambridge University Press has no responsibility for the persistence or accuracy of
URLSs for external or third-party internet websites referred to in this publication
and does not guarantee that any content on such websites is, or will remain,
accurate or appropriate.

© in this web service Cambridge University Press www.cambridge.org



www.cambridge.org/9781108491297
www.cambridge.org

CAMBRIDGE

Cambridge University Press

978-1-108-49129-7 — Gravitational Few-Body Dynamics
Seppo Mikkola

Frontmatter

More Information

Dedicated to my wife Elisa,
my daughters Virpi and Juulia, and
grand-daughters Minja, Siina and Ronja.

@© in this web service Cambridge University Press www.cambridge.org


www.cambridge.org/9781108491297
www.cambridge.org

CAMBRIDGE

Cambridge University Press

978-1-108-49129-7 — Gravitational Few-Body Dynamics
Seppo Mikkola

Frontmatter

More Information

@© in this web service Cambridge University Press www.cambridge.org


www.cambridge.org/9781108491297
www.cambridge.org

Cambridge University Press
978-1-108-49129-7 — Gravitational Few-Body Dynamics
Seppo Mikkola

Frontmatter

More Information

Contents

1.1
1.2

2.1
2.2
2.3
2.4
2.5
2.6

3.1
3.2
33
3.4
3.5
3.6
3.7

4.1
4.2
4.3
4.4

Preface

Introduction

The Problems

Introductory Presentation of the Problems
Historical (a Point of View of the Author)

Two-Body Motion

Solution of Equations of Motion
Orbital Elements

Solving the Basic Kepler’s Equation
Two-Body Motion in Short Steps
Evaluation of c-Functions

General Algorithms for ¢-Functions

Analytical Tools

The Lagrangian

The Hamiltonian

Canonical Transformations
Time-Dependent Hamiltonian
Time-Dependent Point Transformation
Poincaré’s Time Transformation
Hamilton—Jacobi Equation

Variation of Parameters

Lagrange’s Formulation
Poisson’s Equations

Herrick’s Perturbative Variation
Perturbations of Orbital Elements

page xi

1

15

16
19
23
27
31
32

35

35
36
37
39
40
141
42

43

43
45
46
50

vii

© in this web service Cambridge University Press

www.cambridge.org



www.cambridge.org/9781108491297
www.cambridge.org

Cambridge University Press

978-1-108-49129-7 — Gravitational Few-Body Dynamics

Seppo Mikkola
Frontmatter
More Information

viii Contents

5.1
5.2
53
5.4

6.1
6.2
6.3
6.4
6.5
6.6
6.7
6.8

7.1
7.2
7.3
7.4
7.5

8.1
8.2
8.3
8.4
8.5
8.6
8.7
8.8
8.9
8.10
8.11
8.12

9.1

Numerical Integration

Difference Methods

Runge—Kutta and Power Series Methods
Extrapolation Methods and Substep Algorithms
High-Order Leapfrogs

Symplectic Integration

Basic Theory

Composite Symplectic Methods
Non-Canonical Forces
Alternative Formulations
Near-Integrable Systems

Time Transformations

The Logarithmic Hamiltonian
Functional Time Transformation

KS-Regularization

Extended Phase Space and Time Transformations
KS-Transformation

Binaries as Perturbed Harmonic Oscillators
Multiparticle Regularization

Slow-Down

Algorithmic Regularization

The Basic Leapfrog Algorithms
Generalized Composite Leapfrog
Algorithmic Regularization
Logarithmic Hamiltonian Derivations
Logarithmic Leapfrog
Time-Transformed Leapfrog
Velocity-Dependent Perturbations
Special Cases

Tidal Friction and Spin of Stars

An Efficient Three-Body Algorithm
Formulation with Relative Coordinates
Algorithms

Motion in the Field of a Black Hole

Post-Newtonian Terms

55

55
62
72
78

81

83

87
104
107
112
122
131
135

143

143
144
150
153
170

173

173
175
177
178
180
185
194
198
203
204
206
207

211
211

© in this web service Cambridge University Press

www.cambridge.org



www.cambridge.org/9781108491297
www.cambridge.org

CAMBRIDGE

Cambridge University Press

978-1-108-49129-7 — Gravitational Few-Body Dynamics
Seppo Mikkola

Frontmatter

More Information

Contents ix
10 Artificial Satellite Orbits 221
10.1 Logarithmic Hamiltonian 221
10.2 The Exact Two-Body Leapfrog 223
10.3 Perturbed Two-Body Motion 224
10.4 Application to Artificial Satellites 228
10.5 Methods and Functions 234
References 237
Index 243

@© in this web service Cambridge University Press www.cambridge.org


www.cambridge.org/9781108491297
www.cambridge.org

CAMBRIDGE

Cambridge University Press

978-1-108-49129-7 — Gravitational Few-Body Dynamics
Seppo Mikkola

Frontmatter

More Information

@© in this web service Cambridge University Press www.cambridge.org


www.cambridge.org/9781108491297
www.cambridge.org

Cambridge University Press

978-1-108-49129-7 — Gravitational Few-Body Dynamics
Seppo Mikkola

Frontmatter

More Information

Preface

This book contains an exposition of the most important subjects
in celestial mechanics that I have been working on. The book also
includes some traditional material, which is necessary for anyone
who wants to learn/study the gravitational few-body problem. Some
basic subjects are repeated in different chapters/sections to avoid the
need to read the entire book if one is interested only in some special
problem.

Since 1972 I have been interested in the regularization of equa-
tions of motion for the gravitational few-body problem. The starting
point was the excellent book by Stiefel and Scheifele (1971). In the
days when I started my PhD Thesis work on the four-body problem I
learned how to use the so-called KS-transformation (Kustaanheimo
and Stiefel, 1965) on the few-body problem. My first achievement
was the programming of the complete regularization of the N-body
problem due to Heggie (1974). Later I developed a different method,
the chain method, in collaboration with Sverre Aarseth during my
first extended visit to Cambridge, UK (Mikkola and Aarseth, 1990).

More than a decade later I invented, completely accidentally, a
new regularization method, which is called algorithmic regulariza-
tion (AR). After completing the idea with Kiyotaka Tanikawa, the
method was published in 1999 (Mikkola and Tanikawa, 1999a) but
is not yet a textbook subject and is therefore a quite important part
of this book.

My first astronomy professor Liisi Oterma (1915-2001) taught me
how to compute orbits of asteroids from observations. This was the
starting point of my interest in celestial mechanics, especially in the
numerical methods.

Professor Mauri Valtonen suggested the four-body problem as the
topic of my PhD work. That led me to learn the practical use of the
KS-transformation.

Soon after that I visited Sverre Aarseth in Cambridge. This visit
led to a long-time collaboration with Aarseth and, after some time,
led to the invention of the chain method and later to a generalization
of the AR method, i.e. the time-transformed leapfrog (TTL).

Xi
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xii Preface

Professor Kiyotaka Tanikawa was involved with the invention of
the AR and in addition we were working on the mathematics of
the three-body problem, especially in the one- and two-dimensional
cases which are often non-physical but interesting mathematically.

Work with David Merritt led to the writing of the Algorithmic
Regularization Chain code (ARCHAIN) and to the invention of
methods that made it possible to include velocity-dependent pertur-
bation into AR, in which it was originally excluded.

For the introduction to satellite dynamics and collaboration I
thank Phil Palmer.

I also would like to thank Kimmo Innanen (1937-2011) who en-
couraged me to study the dynamics of asteroids. This led me to
familiarize myself with the symplectic integrators, especially with
the Wisdom—Holman method (Wisdom and Holman, 1991). An ad-
ditional consequence of that was my later invention of a partial
regularization of the Wisdom—Holman method with the help of a
time transformation.

I am grateful to all the above-mentioned teachers and col-
leagues, Kimmo Innanen, Sverre Aarseth, David Merritt, Kiyotaka
Tanikawa, Phil Palmer, Mauri Valtonen and Liisi Oterma for their
support and interest in my work. Particularly I thank Kimmo
Innanen, Sverre Aarseth, Bo Reipurth and Kiyotaka Tanikawa
for their help with the writing of this book.

Seppo Mikkola
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