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Reductive Groups and Steinberg Maps

This first chapter is of a preparatory nature; its purpose is to collect some basic results
about algebraic groups (with proofs where appropriate) which will be needed for
the discussion of characters and applications in later chapters. In particular, one of
our aims is to arrive at the point where we can give a precise definition of a ‘series
of finite groups of Lie type’ {G(q)}, indexed by a parameter ¢g. We also introduce a
number of tools which will be helpful in the discussion of examples.

For a reader familiar with the basic notions about algebraic groups, root data and
Frobenius maps, it might just be sufficient to browse through this chapter on a first
reading, in order to see some of our notation. There are, however, a few topics and
results that are frequently used in the literature on algebraic groups and finite groups
of Lie type, but for which we have found the coverage in standard reference texts
(like [Bor91], [Ca85], [DiMi20], [Hum91], [Spr98]) not to be sufficient; these will
be treated here in a fairly self-contained manner.

Section 1.1 is purely expository: it introduces affine varieties, linear algebraic
groups in general, and the first definitions concerning reductive algebraic groups.
In Section 1.2, we consider in some detail (abstract) root data, the basic underlying
combinatorial structure of the theory of reductive algebraic groups. We present
an approach (familiar in the literature concerned with computational aspects, e.g.
[CMTO04], [BrLul2]) in which root data simply appear as factorisations of the Cartan
matrix of a root system. This will be extremely useful for the discussion of examples
and the efficient construction of root data from Cartan matrices.

Section 1.3 contains the fundamental existence and isomorphism theorems of
Chevalley [Ch55], [ChO5] concerning connected reductive algebraic groups. We also
state the more general ‘isogeny theorem’ and present some of its basic applications.
(There is now a quite short proof available, due to Steinberg [St99].) An important
class of homomorphisms of algebraic groups to which this more general theorem
applies are the Steinberg maps, to be discussed in detail in Section 1.4.

Following [St68], one might just define a Steinberg map of a connected reductive
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2 Reductive Groups and Steinberg Maps

algebraic group G to be an endomorphism whose fixed point set is finite. But it will
be important and convenient to single out a certain subclass of such morphisms to
which one can naturally attach a positive real number g (some power of which is a
prime power) and such that one can speak of the corresponding finite group G(g).
The known results on Frobenius and Steinberg maps are somewhat scattered in the
literature so we treat this in some detail here, with complete proofs.

In Section 1.5, we illustrate the material developed so far by a number of further
basic constructions and examples. In Section 1.6, we show how all this leads to the
notion of ‘generic’ reductive groups, in which g will appear as a formal parameter.
Finally, Section 1.7 discusses in some detail the first applications to the character
theory of finite groups of Lie type: the ‘Multiplicity—Freeness’ Theorem 1.7.15.

1.1 Affine Varieties and Algebraic Groups

In this section, we introduce some basic notions concerning affine varieties and
algebraic groups. We will do this in a somewhat informal way, assuming that the
reader is willing to fill in some details from textbooks like [Bor91], [Ca85], [Ge03a],
[Hum91], [MaTel 1], [Spr98].

1.1.1 Affine varieties. Let k be a field and let X be a set. Let A be a subalgebra of
the k-algebra .7 (X, k) of all functions f: X — k. Using A we can try to define a
topology on X: a subset X’ C X is called closed if there is a subset S C A such that
X' ={xeX| f(x)=0forall f € S}. This works well, and gives rise to the Zariski
topology on X, if A is neither too small nor too big. The precise requirements are
(see [Car55-56]):

(1) Ais a finitely generated k-algebra and contains the identity of <7 (X, k);

(2) A separates points, that is, given x # x” in X, there exist some f € A such that
f(x) # f(x);

(3) any k-algebra homomorphism A: A — k is given by evaluation at a point (that
is, there exists some x € X such that A(f) = f(x) for all f € A).

A pair (X, A) satisfying the above conditions will be called an affine variety over k;
the functions in A are called the regular functions on X. We define dim X to be the
supremum of all » > 0 such that there exist r algebraically independent elements
in A. Since A is finitely generated, dim X < oo. (See [Ge03a, 1.2.18].) If A is an
integral domain, then X is called irreducible.

There is now also a natural notion of morphisms. Let (X, A) and (Y, B) be affine
varieties over k. A map ¢: X — Y will be called a morphism if composition with
¢ maps B into A (that is, for all g € B, we have ¢*(g) := g o ¢ € A); in this
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1.1 Affine Varieties and Algebraic Groups 3

case, ¢*: B — A is an algebra homomorphism, and every algebra homomorphism
B — A arises in this way. The morphism ¢ is an isomorphism if there is a morphism
Y'Y — Xsuch thaty o = idx and g oy = idy. (Equivalently: the induced algebra
homomorphism ¢*: B — A is an isomorphism.)

Starting with these definitions, the basics of (affine) algebraic geometry are devel-
oped in [St74], and this is also the approach taken in [Ge03a]. The link with the more
traditional approach via closed subsets in affine space (which, when considered as
an algebraic set with the Zariski topology, we denote by k") is obtained as follows.
Let (X, A) be an affine variety over k. Choose aset {ay, .. ., a, } of algebra generators
of A and consider the polynomial ring k[, . . ., t,,] in n independent indeterminates
t1, .. .,t,. There is a unique algebra homomorphism 7 : k[fy,...,t,] — A such that
n(t;) = a; for 1 < i < n. Then we have a morphism

p: X - K", x o (aj(x),...,a,(x)),

such that ¢* = 7. The image of ¢ is the “Zariski closed’ set of k" consisting of all
(x1,...,x,) € K" such that f(xy,...,x,) =0 forall f € ker(r).

To develop these matters any further, it is then essential to assume that k is
algebraically closed, which we will do from now on. One can go a long way towards
those parts of the theory that are relevant for algebraic groups, once the following
basic result about morphisms is available (see [St74, §1.13], [Ge03a, §2.2]):

Let ¢: X — Y be a morphism between irreducible affine varieties such that ¢(X)
is dense in Y. Then there is a non-empty open subset V C Y such that V C ¢(X)
and, for all y € V, we have dim ¢~ (y) = dimX — dim Y.

1.1.2 Algebraic groups. In order to define algebraic groups, we need to know
that direct products of affine varieties are again affine varieties. So let (X, A) and
(Y, B) be affine varieties over k. Given f € A and g € B, we define the function
f®g: XXY — kby(x,y) — f(x)g(y). Let A® B be the subspace of &7 (X XY, k)
spanned by all f ® g, where f € A and g € B. Then A ® B is a subalgebra
of @/(X x Y, k) (isomorphic to the tensor product of A, B over k) and the pair
(X xY,A ® B) is easily seen to be an affine variety over k. Now let (G, A) be
an affine variety and assume that G is an abstract group where multiplication and
inversion are defined by maps u: G X G — G and ¢: G — G. We say that G is an
affine algebraic group if p and ¢ are morphisms. The first example is the additive
group of k which, when considered as an algebraic group, we denote by k* (with
algebra of regular functions given by the polynomial functions k — k).

Most importantly, the group GL,, (k) (n > 1), is an affine algebraic group, with
algebra of regular functions given as follows. For 1 <i,j < nlet fj;: GL,(k) — k
be the function that sends a matrix g € GL,(k) to its (i, j)-entry; furthermore, let
§: GL, (k) — k, g — det(g)~". Then the algebra of regular functions on GL,,(k)
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4 Reductive Groups and Steinberg Maps

is the subalgebra of o/ (GL,(k), k) generated by ¢ and all f;; (1 < i,j < n). In
particular, GL, (k) is an affine algebraic group, which we denote by k*.

It is a basic fact that any affine algebraic group G over k is isomorphic to a
closed subgroup of GL,,(k), for some n > 1; see [Ge03a, 2.4.4]. For this reason, an
affine algebraic group is also called a linear algebraic group. When we just write
‘algebraic group’, we always mean a linear algebraic group.

1.1.3 Connected algebraic groups. A topological space is connected if it cannot
be written as a disjoint union of two non-empty open subsets. A linear algebraic
group G can always be written as the disjoint union of finitely many connected
components, where the component containing the identity element is a closed
connected normal subgroup of G, denoted by G°; see [Ge03a, 1.3.13]. Thus, G is
connected if and only if G = G°. (Equivalently: G is irreducible as an affine variety;
see [Ge03a, 1.1.12, 1.3.1].)

What is the significance of this fundamental notion? Every finite group G can
be regarded as a linear algebraic group, with algebra of regular functions given
by all of @7(G, k). Thus, the study of all linear algebraic groups is necessarily
more complicated than the study of all finite groups. But, as Vogan [Vo07] writes,
“a miracle happens” when we consider connected algebraic groups: things actually
become much less complicated. One reason is that a connected algebraic group is
almost completely determined by its Lie algebra (see 1.1.5 and also 1.1.12 below),
and the latter can be studied using linear algebra methods.

Combined with our assumption that k is algebraically closed, this gives us some
powerful tools. For example, matrices over algebraically closed fields can be put
in triangular form. An analogue of this fact for an arbitrary connected algebraic
group is the statement that every element is contained in a Borel subgroup (that
is, a maximal closed connected solvable subgroup); see [Ge03a, 3.4.9]. A useful
criterion for showing the connectedness of a subgroup of G is as follows.

Let {H;};c1 be a family of closed connected subgroups of G. Then the (abstract)
subgroup H = (H; | i € I) C G generated by this family is closed and connected;
Sfurthermore, H = H;, - --H;, for some nand iy, ..., i, € I.

The proof uses the result on morphisms mentioned at the end of 1.1.1; see, e.g.,
[Ge03a, 2.4.6]. Note that, if U, V are any closed subgroups of G, then the abstract
subgroup (U, V) C G need not even be closed. For example, if G = SL;(C), then it
is well known that the subgroup SL,(Z) is generated by two elements, of orders 4
and 6, but this subgroup is certainly not closed in G. However, if V is normalised
by U, then (U, V) = U.V is closed; see [Ch05, §3.3, Corollaire].

We will use without further special mention some standard facts (whose proofs
also rely on the above-mentioned result on morphisms). For example, if f: G — G’
is a homomorphism of linear algebraic groups, then the image f(G) is a closed
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1.1 Affine Varieties and Algebraic Groups 5

subgroup of G’ (connected if G is connected), the kernel of f is a closed subgroup
of G and we have dim G = dimker(f) + dim f(G). (See, e.g., [Ge03a, 2.2.14].)

1.14 Classical groups. These form an important class of examples of linear
algebraic groups. They are closed subgroups of GL,,(k) defined by certain quadratic
polynomials corresponding to a bilinear or quadratic form on the underlying vector
space k". There is an extensive literature on these groups; see, e.g., [BouO7],
[Dieu74], [Gro02], [Tay92]. Since our base field k is algebraically closed, the
general theory simplifies considerably and we only need to consider three classes
of groups, leading to the Dynkin types B, C, D. First, and quite generally, for any
invertible matrix Q,, € M,,(k), we obtain a linear algebraic group

F(Qn’ k) := {A € Mn(k) | AtrQnA = Qn}§
note that det(A) = +1 for all A € I'(Q,,, k). Let us now take Q,, of the form

0 --- 0 =I
o0

On = | € Mu(k) (n>2)
0 =1 o
£1 0 -+ 0

where the signs are such that Qf = +0,,. Then Q,, is the matrix of a non-degenerate
symmetric or alternating bilinear form on k"; furthermore, Q;l = 0% and I'(Q,, k)
will be invariant under transposing matrices.

If Q' = —Q,, and n is even, then T'(Q,,, k) will be denoted Sp,,(k) and called the
symplectic group. This group is always connected; see [Ge03a, 1.7.4]. Now assume
that Qf = Q,, and that all signs in Q,, are +. Then we also consider the quadratic
form on k" defined by the polynomial

£ = Hlomel + Dolom + oo+ Il + 12 ifn=2m+1isodd,
e Hiym + o2 + ... + tnlmsd if n = 2m is even,
(where 14, ...,t, are indeterminates). This defines a function fn k"™ — k, where

we regard the elements of k" as column vectors. Using the notation in [MaTell,
§1.2], the general orthogonal group is defined as

GO, (k) := {A € My(k) | f,(Av) = f,(v) for all v € k"};

furthermore, SO, (k) := GO;,(k) will be called the special orthogonal group. In
each case, we have [GO, (k) : SO, (k)] < 2; see [Ge03a, §1.7], [Gro02] for further
details. Note also that, if char(k) # 2, then GO,,(k) = T'(Q,, k); furthermore, if n is
even and char(k) = 2, then GO,,(k) will be strictly contained in I'(Q,,, k). (See also
Example 1.5.5 for the case where n is odd and char(k) = 2.)
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6 Reductive Groups and Steinberg Maps

The particular choices of @, and f;, lead to simple descriptions of a BN-pair in
Sp,,(k) and SO, (k); see, e.g., [Ge03a, §1.7] (and also 1.1.14 below). The Dynkin
types and dimensions are given as follows.

Group Type Dimension
SOyu+1(k) By 2m? +m
Spom(k) Cn 2m? +m
SOyu(k) D,y 2m*>-m

Later on, if there is no danger of confusion, we shall just write GL,,, SL,,, Sp,,, SOy,
GO,, instead of GL,,(k), SL,(k), Sp,,(k), SO, (k), GO,(k), respectively.

1.1.5 Tangent spaces and the Lie algebra. Let (X, A) be an affine variety over k.
Then the rangent space T(X) of X at a point x € X is the set of all k-linear maps
D: A — k such that D(fg) = f(x)D(g) + g(x)D(f). (Such linear maps are called
derivations.) Clearly, Ty (X) is a subspace of the vector space of all linear maps from
A to k. Any D € T,(X) is uniquely determined by its values on a set of algebra
generators of A. Hence, since A is finitely generated, we have dim 7y (X) < oo. If
X’ C X is a closed subvariety, we have a natural inclusion 7y (X’) C Tx(X) for any
x € X’. For example, we can identify T, (k™) with k" for all x € K" and so, if X C k"
is a Zariski closed subset, we have T,(X) C k" for all x € X (see [Ge03a, 1.4.10]).
More generally, any morphism ¢: X — Y between affine varieties over k naturally
induces a linear map d,¢: T(X) — Ty (Y) for any x € X, called the differential
of ¢ at x. (See [Ge03a, §1.4].)

Now let G be a linear algebraic group and denote L(G) := T1(G), the tangent
space at the identity element of G. Then

L(G) = L(G®) and dim G = dim L(G);

see [Ge03a, 1.5.2]. Furthermore, there is a Lie product [ , ] on L(G) which can
be defined as follows. Consider a realisation of G as a closed subgroup of GL,, (k)
for some n > 1. We have a natural isomorphism of L(GL,(k)) onto M,(k), the
vector space of all n X n-matrices over k; see [Ge0O3a, 1.4.14]. Hence we obtain
an embedding L(G) € M, (k) where M, (k) is endowed with the usual Lie product
[A,B] = AB — BA for A, B € M, (k). Then one shows that [L(G), L(G)] € L(G)
and so [, ] restricts to a Lie product on L(G); see [Ge03a, 1.5.3]. (Of course, there
is also an intrinsic description of L(G) in terms of the algebra of regular functions
on G which shows, in particular, that the product does not depend on the choice of
the realisation of G; see [Ge03a, 1.5.4].)

1.1.6 Quotients. Let G be a linear algebraic group and H be a closed normal
subgroup of G. We have the abstract factor group G/H and we would certainly like

© in this web service Cambridge University Press www.cambridge.org



www.cambridge.org/9781108489621
www.cambridge.org

Cambridge University Press
978-1-108-48962-1 — The Character Theory of Finite Groups of Lie Type

Meinolf Geck , Gunter Malle
Excerpt
More Information

1.1 Affine Varieties and Algebraic Groups 7

to know if this can also be viewed as an algebraic group. More generally, let X be
an affine variety and H be a linear algebraic group such that we have a morphism
H x X — X which defines an action of H on X. The question of whether we can
view the set of orbits X/H as an algebraic variety leads to ‘geometric invariant
theory’; in general, these are quite delicate matters. Let us begin by noting that there
is a natural candidate for the algebra of functions on the orbit set X/H: If A is the
algebra of regular functions on X, then

AY = {f e A| f(h.x)= f(x)forall h € Hand all x € X}

can naturally be regarded as an algebra of k-valued functions on X/H. However,
the three properties in 1.1.1 will not be satisfied in general. There are two particular
situations in which this is the case, and these will be sufficient for most parts of this
book:

e H is a finite group, and
e X = G is an algebraic group and H is a closed normal subgroup (acting by left
multiplication).

(For the proofs, see [Fo69, 5.25] or [Ge03a, 2.5.12] in the first case, and [Fo69,
2.26] or [Spr98, §5.5] in the second case.) Now let us assume that (X/H, AH) is an
affine variety. Then, first of all, the natural map X — X/H is a morphism of affine
varieties. Furthermore, we have the following universal property:

If o: X — Y is any morphism of affine varieties that is constant on the orbits of H
on’X, then there is a unique morphism ¢: X/H — Y such that ¢ is the composition
of ¢ and the natural map X — X/H.

(Indeed, if B is the algebra of regular functions on Y, then the induced algebra
homomorphism ¢*: B — A has image in AH, hence it factors through an algebra
homomorphism ¢*: B — AH for a unique morphism @: X/H — Y.)

For example, if we are in the second of the above two cases, then the universal
property shows that the induced multiplication and inversion maps on G/H are
morphisms of affine varieties. Thus, G/H is an affine algebraic group.

1.1.7 Algebraic groups in positive characteristic. The finite groups that we shall
study in this book are obtained as

G":={geG|F(g=g}

where the F': G — G are certain bijective endomorphisms with finitely many fixed
points, called ‘Steinberg maps’. (This will be discussed in detail in Section 1.4.)
Such maps F will only exist if k£ has prime characteristic, so we will usually assume
that p is a prime number and k = R, is an algebraic closure of the field F,, = Z/pZ.
Now, algebraic geometry over fields with positive characteristic is, in some respects,
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8 Reductive Groups and Steinberg Maps

more tricky than algebraic geometry over C, say (because of the inseparability of
certain field extensions; see also 1.1.8 below). However, some things are actually
easier. For example, using an embedding of G into some GL,, (k) asin 1.1.2, we see
that every element g € G has finite order. Thus, we can define g to be semisimple if
the order of g is prime to p; we define g to be unipotent if the order of g is a power
of p. Then, clearly, any g € G has a unique decomposition

g =us=su where s € G is semisimple and u € G is unipotent,

called the Jordan decomposition of elements. (In characteristic 0, this certainly
requires more work; see [Spr98, §2.4].) Another example: An algebraic group G is
called a forus if G is isomorphic to a direct product of a finite number of copies
of k*. Then G is a torus if and only if G is connected, abelian and consists entirely of
elements of order prime to p; see [Ge03a, 3.1.9]. (To formulate this in characteristic
0, one would need the general definition of semisimple elements.)

1.1.8 Some things that go wrong in positive characteristic. Here we collect a
few items which show that, when working over k£ = Fp as above, things may not
work as one might hope or expect. First note that a bijective homomorphism of
algebraic groups ¢: G| — G; need not be an isomorphism. A standard example is
the Frobenius map k* — k*, x — xP. (Note that, over C, a bijective homomorphism
between connected algebraic groups is an isomorphism; see [GoWa98, 11.1.16].)

In general, we have (see, e.g., [Ge03a, 2.3.15], [Spr98, 5.3.3]):

(a) A bijective homomorphism of linear algebraic groups ¢: G — Gy is an
isomorphism if and only if the differential dyy: T\(G1) — T1(Gy) between the
tangent spaces is an isomorphism.

The next item concerns the Lie algebra of an algebraic group. Let G be a linear
algebraic group and U, H be closed subgroups of G. As already noted in 1.1.5, we
have natural inclusions of L(U), L(H) and L(UNH) into L(G). It is always true that
L(UNH) ¢ L(U)N LH).

(b) When considering the intersection of closed subgroups U,H of an algebraic
group G, it is not always true that L(U N H) = L(U) N L(H).

A good example to keep in mind is as follows. Let G = GLn(Fp), H= SLn(FI,) and
Z be the centre of G (the scalar matrices in G). Then Z, H are closed subgroups of
G. As in 1.1.5, we can identify L(G) = M, (k); then L(H) consists of all matrices
of trace 0 and L(Z) consists of all scalar matrices. (For these facts see, for example,
[Ge03a, §1.5].) Assume now that p divides n. Then, clearly, {0} # L(Z) C L(H),
whereas Z N H is finite and so L(Z N H) = L((Z N H)°) = {0}. (This phenomenon
cannot happen in characteristic 0; see [Bor91, 6.12] or [Hum91, 12.5].)
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1.1 Affine Varieties and Algebraic Groups 9

Closely related to the above item is the next item: semidirect products. Let G be
an algebraic group and U, N be closed subgroups such that N is normal, G = U.N
and UNN = {1}. Following [Bor91, 1.11], we say that G is the semidirect product
(of algebraic groups) of U, N if the natural map U XN — G given by multiplication
is an isomorphism of affine varieties. If this holds, we have an inverse isomorphism
G — UX N and the first projection will induce an isomorphism of algebraic groups
G/N = U. We have the criterion:

(¢) G is the semidirect product (of algebraic groups) of U,N if and only if L(U) N
L(N) = {0}. For example, this holds if U or N is finite.

(This easily follows from (a) and the description of the differential of the product
map U X N — G; see, e.g., [Ge03a, 1.5.6], [Spr98, 4.4.12].) Take again the above
example where G = GLH(R,), U= SLn(ﬁp) and N is the centre of G (the scalar
matrices in G). Assume now that n = p. Then U, N are closed connected normal
subgroups such that G = U.N and UN N = {1}. However, {0} # L(N) € L(U) and
so this is not a semidirect product of algebraic groups!

For working with fixed points of groups under automorphisms as in 1.1.7, the
following completely general result will be useful on several occasions.

Lemma 1.1.9 ([St68, 4.5]) Let A, B be groups and f: A — B be a surjective
homomorphism with ker(f) C Z(A). Let 0: A — A and 7: B — B be automorph-
isms such that f o o = T o f. Then C := {a”'o(a) | a € ker(f)} is a subgroup of
ker(f). Furthermore, let

A% :={aeA|o(a)=a} and BT :={b € B| 7(b) = b}.

Then f(A?) is normal in B® and there is a canonical injective homomorphism
§: BT/ f(A”) < ker(f)/C, with image ({a~'a(a) | a € A} Nnker(f))/C.

Proof Since ker(f) € Z(A) and f o o = 7 o f, it is clear that o-(ker(f)) C ker(f)
and that C is a subgroup of ker(f). We define 6’: B™ — ker(f)/C as follows. Let
b € B" and choose a € Asuchthat f(a) = b. Wehave f(o(a)) = 7(f(a)) =1(b) = b
and so ¢ := a~'o(a) € ker(f). Then set §’(b) = c¢C € ker(f)/C. One verifies that
is well defined and a group homomorphism; furthermore, ker(6”) = f(A“) and the
image of ¢’ is as stated above. Thus, we obtain an induced map § with the required
properties. O

1.1.10 The unipotent radical. Let G be a linear algebraic group over k = F,,,
where p is a prime. We can now define the unipotent radical R,(G) C G, as follows.
An abstract subgroup of G is called unipotent if all of its elements are unipotent.
Since every element in G has finite order, one easily sees that the product of two
normal unipotent subgroups is again a normal unipotent subgroup of G. If G is
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10 Reductive Groups and Steinberg Maps

finite, then this immediately shows that there is a unique maximal normal unipotent
subgroup in G. (In the theory of finite groups, this is denoted O, (G).) In the general
case, we define

R,(G) := subgroup of G generated by all U € #;,(G),

where #nip(G) denotes the set of all closed connected normal unipotent subgroups
of G. It is clear that R, (G) is an abstract normal subgroup of G. By the criterion in
1.1.3, R, (G) is a closed connected subgroup of G; furthermore, R, (G) = U; ... U,
for some n > 1 and Uy,...,U, € Huip(G). As already remarked before, this
product will consist of unipotent elements. Thus, R,(G) is the unique maximal
closed connected normal unipotent subgroup of G. (The analogous definition also
works when k is an arbitrary algebraically closed field, using the slightly more
complicated characterisation of unipotent elements in that case.)

We say that G is reductive if R, (G) = {1}.

(Thus, connected reductive groups can be regarded as analogues of finite groups
G with 0,(G) = {1}.) These are the groups that we will be primarily concerned
with. In an arbitrary algebraic group G, we always have the closed connected normal
subgroups R, (G) € G° C G, and G/R,(G) will be reductive. Note also that, clearly,
we have the implication

Gsimple = G reductive (and connected).

Here, G # {1} is called a simple algebraic group if G is connected, non-abelian
and if G has no closed connected normal subgroups other than {1} and G. (For
example, SL, (k) is a simple algebraic group, although in general it is not simple as
an abstract group; GL,,(k) is reductive, but not simple.)

Even if one is mainly interested in studying a simple group G, one will also have
to look at subgroups with a geometric origin, like Levi subgroups or centralisers
of semisimple elements. These subgroups tend to be reductive, not just simple.
For example, if G is connected and reductive and s € G is a semisimple element,
then the centraliser Cg(s) will be a closed reductive (not necessarily connected or
simple) subgroup; see [Ca85, 3.5.4].

1.1.11 Characters and co-characters of tori. The simplest examples of con-
nected reductive algebraic groups are tori, and it will be essential to understand
some basic constructions with them. First, a general definition. A homomorphism
of algebraic groups 1: G — k* will be called a character of G. The set X = X(G)
of all characters of G is an abelian group (which we write additively), called the
character group of G. Similarly, a homomorphism of algebraic groups v: kK* — G
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