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Anchored in simple and familiar physics problems, Joel Franklin provides a focused

introduction to mathematical methods in a narrative-driven and structured manner. Ordi-

nary and partial differential equation solving, linear algebra, vector calculus, complex

variables, and numerical methods are all introduced and bear relevance to a wide range

of physical problems. Expanded and novel applications of these methods highlight their

utility in less familiar areas, and advertise those areas that will become more important

as students continue. This highlights both the utility of each method in progressing with

problems of increasing complexity while also allowing students to see how a simplified

problem becomes “recomplexified.” Advanced topics include nonlinear partial differential

equations, and relativistic and quantum mechanical variants of problems like the harmonic

oscillator. Physics, mathematics, and engineering students will find 300 problems treated in

a sophisticated manner. The insights emerging from Franklin’s treatment make it a valuable

teaching resource.

Joel Franklin is a professor in the Physics Department of Reed College. His research focuses

on mathematical and computational methods with applications to classical mechanics,

quantum mechanics, electrodynamics, general relativity, and modifications to general

relativity. He is also the author of Advanced Mechanics and General Relativity (Cambridge

University Press, 2010), Computational Methods for Physics (Cambridge University Press,

2013), and Classical Field Theory (Cambridge University Press, 2017).

www.cambridge.org/9781108488228
www.cambridge.org


Cambridge University Press
978-1-108-48822-8 — Mathematical Methods for Oscillations and Waves
Joel Franklin 
Frontmatter
More Information

www.cambridge.org© in this web service Cambridge University Press

www.cambridge.org/9781108488228
www.cambridge.org


Cambridge University Press
978-1-108-48822-8 — Mathematical Methods for Oscillations and Waves
Joel Franklin 
Frontmatter
More Information

www.cambridge.org© in this web service Cambridge University Press

Mathematical Methods for
Oscillations andWaves

JOEL FRANKLIN
Reed College

www.cambridge.org/9781108488228
www.cambridge.org


Cambridge University Press
978-1-108-48822-8 — Mathematical Methods for Oscillations and Waves
Joel Franklin 
Frontmatter
More Information

www.cambridge.org© in this web service Cambridge University Press

University Printing House, Cambridge CB2 8BS, United Kingdom

One Liberty Plaza, 20th Floor, New York, NY 10006, USA

477 Williamstown Road, Port Melbourne, VIC 3207, Australia

314–321, 3rd Floor, Plot 3, Splendor Forum, Jasola District Centre, New Delhi – 110025, India

79 Anson Road, #06–04/06, Singapore 079906

Cambridge University Press is part of the University of Cambridge.

It furthers the University’s mission by disseminating knowledge in the pursuit of

education, learning, and research at the highest international levels of excellence.

www.cambridge.org

Information on this title: www.cambridge.org/9781108488228

DOI: 10.1017/9781108769228

© Joel Franklin 2020

This publication is in copyright. Subject to statutory exception

and to the provisions of relevant collective licensing agreements,

no reproduction of any part may take place without the written

permission of Cambridge University Press.

First published 2020

Printed in the United Kingdom by TJ International Ltd, Padstow Cornwall

A catalogue record for this publication is available from the British Library.

ISBN 978-1-108-48822-8 Hardback

Cambridge University Press has no responsibility for the persistence or accuracy

of URLs for external or third-party internet websites referred to in this publication

and does not guarantee that any content on such websites is, or will remain,

accurate or appropriate.

www.cambridge.org/9781108488228
www.cambridge.org


Cambridge University Press
978-1-108-48822-8 — Mathematical Methods for Oscillations and Waves
Joel Franklin 
Frontmatter
More Information

www.cambridge.org© in this web service Cambridge University Press

For Lancaster, Lewis, Oliver, and Mom

www.cambridge.org/9781108488228
www.cambridge.org


Cambridge University Press
978-1-108-48822-8 — Mathematical Methods for Oscillations and Waves
Joel Franklin 
Frontmatter
More Information

www.cambridge.org© in this web service Cambridge University Press

www.cambridge.org/9781108488228
www.cambridge.org


Cambridge University Press
978-1-108-48822-8 — Mathematical Methods for Oscillations and Waves
Joel Franklin 
Frontmatter
More Information

www.cambridge.org© in this web service Cambridge University Press

Contents

Preface page ix

Acknowledgments xiii

1 Harmonic Oscillator 1

1.1 Solution Review 1

1.2 Taylor Expansion 3

1.3 Conservative Forces 5

1.4 Series Expansion, Method of Frobenius 14

1.5 Complex Numbers 19

1.6 Properties of Exponentials and Logarithms 23

1.7 Solving First-Order ODEs 26

2 Damped Harmonic Oscillator 31

2.1 Damping 32

2.2 Driven Harmonic Oscillator 38

2.3 Fourier Series 40

2.4 Fourier Series and ODEs 48

2.5 Damped Driven Harmonic Oscillator 51

2.6 Fourier Transform 57

2.7 Fourier Transform and ODEs 63

3 Coupled Oscillators 65

3.1 Vectors 66

3.2 Matrices 69

3.3 Linear Transformations 73

3.4 Free Oscillator Chain 82

3.5 Fixed Oscillator Chain 87

4 TheWave Equation 90

4.1 Continuum Limit 91

4.2 Wave Equation for Strings 95

4.3 Solving the Wave Equation 96

4.4 Standing Waves 104

4.5 Plane Waves 107

4.6 Delays 110

vii

www.cambridge.org/9781108488228
www.cambridge.org


Cambridge University Press
978-1-108-48822-8 — Mathematical Methods for Oscillations and Waves
Joel Franklin 
Frontmatter
More Information

www.cambridge.org© in this web service Cambridge University Press

viii Contents

4.7 Shocks 112

4.8 Wave Equation with Varying Propagation Speed 113

5 Integration 120

5.1 First-Order ODEs 120

5.2 Two-Dimensional Oscillator 126

5.3 Period of Motion 129

5.4 Techniques of Integration 133

5.5 Relativistic Oscillator 139

5.6 Relativistic Lengths 142

6 Waves in Three Dimensions 146

6.1 Vectors in Three Dimensions 146

6.2 Derivatives 148

6.3 Fundamental Theorem of Calculus for Vectors 152

6.4 Delta Functions in Three Dimensions 163

6.5 The Laplacian and Harmonic Functions 165

6.6 Wave Equation 168

6.7 Laplace’s Equation 172

7 Other Wave Equations 181

7.1 Electromagnetic Waves 181

7.2 Fluids 185

7.3 Nonlinear Wave Equation 190

7.4 Schrödinger’s Wave Equation 193

7.5 Quantum Mechanical Harmonic Oscillator 202

8 Numerical Methods 207

8.1 Root-Finding 207

8.2 Solving ODEs 211

8.3 Integration 215

8.4 Finite Difference 220

8.5 Eigenvalue Problems 224

8.6 Discrete Fourier Transform 229

Appendix A Solving ODEs: A Roadmap 234

Appendix B Vector Calculus: Curvilinear Coordinates 238

B.1 Cylindrical Coordinates 238

B.2 A Better Way 242

B.3 Spherical Coordinates 245

B.4 Integral Elements 248

References 253

Index 254

www.cambridge.org/9781108488228
www.cambridge.org


Cambridge University Press
978-1-108-48822-8 — Mathematical Methods for Oscillations and Waves
Joel Franklin 
Frontmatter
More Information

www.cambridge.org© in this web service Cambridge University Press

Preface

There are many books on “mathematical methods for physics” [1, 3, 15], including

some with that exact title. Most of these are wide-ranging explorations of the physical

applications of fairly deep analytic and group-theoretic mathematics. They cover topics

that one might encounter anywhere from first-year undergraduate to first-year graduate

physics, and remain on our shelves as well-thumbed references and problem libraries. In

addition to a plethora of techniques, they cover all sorts of important special cases that can

keep the naı̈ve physicist out of trouble in a variety of technical situations.

There is also the Internet, itself a repository for all sorts of human knowledge, including

physical, mathematical, and their intersection. The Internet is even more encyclopedic

than most mathematical methods books, with more special cases and more specialized

examples. Here we can find, in almost equal number, the inspiring, the arcane, and the

incorrect. Students of physics, especially early in their studies, need to be sophisticated

and wary.

What is missing in both cases (especially the latter) is narrative. A clear description

of why we care about these methods, and how they are related to diverse, yet logically

connected problems of interest to physicists. Why is it, for example, that the Fourier

transform shows up in the analysis of networks of springs and also in the analysis of

analog circuits? I suggest the reason is that both involve the characterization of timescales

of oscillation and decay, and in some sense, almost all of physics is interested in such

timescales, so there is a universality here that is not shared with, say, the Laplace transform.

Yet Wikipedia, and other “online resources” fail to make this point – or rather point and

counterpoint – effectively, because there is no individual curator deciding what goes in,

what stays out, and how much time/space to dedicate to each topic.

This book has such a curator, and I have made choices based on my own research

experience, broadened by the teaching I have done at Reed College, and feedback from

students I have taught. At a small liberal arts college like Reed, the faculty must teach

and advise students in areas beyond the faculty member’s expertise and experience. The

advantage is a generalist’s view, but with the depth that is required to teach extremely

curious and talented students confidently. After all, much of what we sell in physics

is counterintuitive or even wrong (witness: gravity as one of the fundamental forces of

nature). We should expect, delight in, and encourage our students’ skepticism. The topics

in this book are intended to invite students to ask and answer many of the questions I have

been asked by their peers over the past 15 years.

In my department, there is a long tradition of teaching mathematical methods using oscil-

lations and waves as a motivational topic. And there are many appropriate “oscillations and

waves” texts and monographs [9, 16]. These are typically short supplemental books that
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x Preface

exhaustively treat the topic. Yet few of them attempt to extend their reach fully, to include

the mathematical methods that, for example, might be useful to a student of E&M (an

exception is [10], which does have a broader mathematical base). I was inspired by Sidney

Coleman’s remark, “The career of a young theoretical physicist consists of treating the

harmonic oscillator in ever-increasing levels of abstraction.” I am not sure any physics

that I know is particularly far removed from the harmonic oscillator, and embracing that

sentiment gives one plenty of room to maneuver. There is no reason that the mathematical

methods of oscillations and waves can’t serve as a stand-in for “mathematical methods for

physics.”

I have used chapters of the present volume to teach a one-semester undergraduate course

on mathematical physics to second-year physics students. For that audience, I work through

the following chapters:

Chapter 1 Harmonic Oscillator: A review of the problem of motion for masses attached

to springs. That’s the physics of the chapter, a familiar problem from high

school and introductory college classes, meant to orient and refresh the reader.

The mathematical lesson is about series solutions (the method of Frobenius)

for ordinary differential equations (ODEs), and the definition of trigonometric

special functions in terms of the ODEs that they solve. This is the chapter that

reviews complex numbers and the basic properties of ODEs and their solutions

(superposition, continuity, separation of variables).

Chapter 2 Damped Harmonic Oscillator: Here, we add damping to the harmonic

oscillator, and explore the role of the resulting new timescale in the solutions

to the equations of motion. Specifically, the ratio of damping to oscillatory

timescale can be used to identify very different regimes of motion: under-,

critically-, and over-damped. Then driving forces are added, we consider the

effect those have on the different flavors of forcing already in place. The main

physical example (beyond springs attached to masses in dashpots) is electrical,

sinusoidally driven resistor, inductor, capacitor (RLC) circuits provide a nice,

experimentally accessible test case. On the mathematical side, the chapter serves

as a thinly veiled introduction to Fourier series and the Fourier transform.

Chapter 3 Coupled Oscillators: We turn next to the case of additional masses. In one

dimension, we can attach masses by springs to achieve collective motions that

occur at a single frequency, the normal modes. Building general solutions, using

superposition, from this “basis” of solutions is physically relevant and requires

a relatively formal treatment of linear algebra, the mathematical topic of the

chapter.

Chapter 4 The Wave Equation: Taking the continuum limit of the chains of masses

from the previous chapter, we arrive at the wave equation, the physical subject

of this chapter. The connection to approximate string motion is an additional

motivation. Viewed as a manifestation of a conservation law, the wave equation

can be extended to other conservative, but nonlinear cases, like traffic flow.

Mathematically, we are interested in turning partial differential equations
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xi Preface

(PDEs) into ODEs, making contact with some familiar examples. Making PDEs

into ODEs occurs in a couple of ways – the method of characteristics, and

additive/multiplicative separation of variables are the primary tools.

Chapter 5 Integration: With many physical applications already on the table, in this

chapter, we return to some of the simplified ones and recomplexify them.

These problems require more sophisticated, and incomplete, solutions. Instead

of finding the position of the bob for the simple pendulum, we find the period of

motion for the “real” pendulum. Instead of the classical harmonic oscillator,

with its familiar solution, we study the period of the relativistic harmonic

oscillator, and find that in the high-energy limit, a mass attached to a spring

behaves very differently from its nonrelativistic counterpart.

The eighth chapter, Numerical Methods, is used as a six-week “lab” component, one

section each week. The chapter is relatively self-contained, and consists of numerical

methods that complement the analytic solutions found in the rest of the book. There

are methods for solving ODE problems (both in initial and boundary value form)

approximating integrals, and finding roots. There is also a discussion of the eigenvalue

problem in the context of approximate solutions in quantum mechanics and a section on

the discrete Fourier transform.

There are two additional chapters that provide content when the book is used in an

upper level setting, for third- or fourth-year students. In the sixth chapter, Waves in Three

Dimensions, we explore the wave equation and its solutions in three dimensions. The

chapter’s mathematical focus is on vector calculus, enough to understand and appreciate

the harmonic functions that make up the static solutions to the wave equation. Finally,

the seventh chapter, Other Wave Equations, extends the discussion of waves beyond the

longitudinal oscillations with which we began. Here, we look at the wave equation as

it arises in electricity and magnetism (the three-dimensional context is set up in the

previous chapter), in Euler’s equation and its shallow water approximation, in “realistic”

(extensible) strings, and in the quantum mechanical setting, culminating in a quantum

mechanical treatment of the book’s defining problem, the harmonic oscillator.

There are two appendices to provide review. The first reviews the basic strategy of ODE

solving in a step-by-step way – what guesses to try, and when, with references to the

motivating solutions in the text. The second appendix is a review of basic vector calculus

expressions, like the gradient, divergence, curl, and Laplacian, in cylindrical, spherical,

and more general coordinate systems.

My hope is that this book provides a focused introduction to many of the mathematical

methods used in theoretical physics, and that the vehicles used to present the material

are clear and compelling. I have kept the book as short as possible, yet tried to cover a

variety of different tools and techniques. That coverage is necessarily incomplete, and for

students going on in physics, a copy of one of the larger [1, 3, 15], and more sophisticated

[2, 4, 17] mathematical methods texts will eventually be a welcome necessity, with this

book providing some motivating guidance. (I encourage students to have one of these texts

on hand as they read, so that when a topic like spherical Bessel functions comes up, they

can look at the relevant section for additional information.)
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Mary Boas has a wonderful “To the Student” section at the start of [3], an individual call

to action that cannot be improved, so I will quote a portion of it:

To use mathematics effectively in applications, you need not just knowledge, but

skill. Skill can be obtained only through practice. You can obtain a certain superficial

knowledge of mathematics by listening to lectures, but you cannot obtain skill this way. . . .

The only way to develop the skill necessary to use this material in your later courses is to

practice by solving many problems. Always study with pencil and paper at hand. Don’t

just read through a solved problem – try to do it yourself!

Since I was an undergraduate, I have always followed and benefited from this advice, and

so, have included a large number of problems in this text.
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