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1 QFT in Zero Dimensions

1.1 Introduction

It makes no sense to talk about elementary particles without either special relativity

or quantum mechanics. For now, we concentrate on the quantum-mechanical nature of

nature1. The fundamental object associated with particles is a quantum field.2 Such a field

assigns one or more numbers to every point in spacetime. So it is a pretty complicated

thing; its behavior cannot be described trivially, especially since it also undergoes quantum

fluctuations. It is a good idea to first build up some expertise, in a more controllable situ-

ation. Therefore we shall simplify the whole four-dimensional spacetime arena of particle

physics. We shall reduce spacetime to a single point, a zero-dimensional arena.3 Now we

have only a single point to assign numbers to, and the simplest quantum field is a single

stochastic, or random, number. We can already learn many of the techniques of quantum

field theory studying this simple case! We shall meet path integrals, Green’s functions, the

Schwinger–Dyson equation, Feynman diagrams and the effective action, in a quite natural

way.

1.2 Probabilistic Considerations

1.2.1 Green’s Functions and the Path Integral

Let us imagine a quantum field ϕ that can take on all real values from −∞ to +∞. Since

it is a random variable, the most we can hope to specify about it is its probability density

P(ϕ),4 which we write as5

P(ϕ) = N exp
(

− S(ϕ)
)

, N−1 =

∫

exp
(

− S(ϕ)
)

dϕ. (1.1)

1 In a moment you will understand why relativity does not enter – yet.
2 In many treatments quantum fields are considered to be distribution-valued operators. In this book I am not

interested in the internal details of quantum states, but rather in the scattering amplitudes; we shall adopt

Feynman’s approach and use what are called c-number fields.
3 That’s why.
4 This is what it means to be a random variable.
5 If not explicitly indicated otherwise, integrals run from −∞ to +∞.
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2 QFT in Zero Dimensions

The function S(ϕ) is called the action of the particular quantum field theory; it defines the

theory. For the probability density to be acceptable, S(ϕ) must go to infinity sufficiently fast

as |ϕ| → ∞.6 Since the quantum field is a random variable, the most that can be known

about it7 is the collection of its moments, in the jargon called Green’s functions:8

Gn ≡
〈

ϕn
〉

≡ N

∫

exp
(

− S(ϕ)
)

ϕn dϕ, n = 0, 1, 2, 3, . . . . (1.2)

We shall assume that Gn exists for all n. By construction, we must always have

G0 =

〈

ϕ0
〉

= 〈1〉 = 1. (1.3)

The most fruitful way9 of discussing the set of all Green’s functions is in terms of a

generating function:

Z(J) =
∑

n≥0

1

n!
Jn Gn. (1.4)

This is called the path integral, for reasons that will become clear later. It can be written as

Z(J) = N

∫

dϕ PJ(ϕ), PJ(ϕ) = exp
(

− S(ϕ) + Jϕ

)

. (1.5)

The number J, which here serves purely as a device to distinguish the various Green’s

functions, is called a source, again for reasons that will become apparent later. Once Z(J)

is known, an individual Green’s function is extracted by differentiation:

Gn =

⌊

∂n

(∂J)n Z(J)

⌋

J=0

. (1.6)

The path integral Z(J) contains all the information about the Green’s functions, and hence

about the probability density P(ϕ). The same information is, therefore, also contained in

its logarithm. We write

W(J) = log Z(J) ≡
∑

n≥1

1

n!
Jn Cn. (1.7)

6 Barring elaborate unnatural counter examples, of course; see the remarks on paralysis in the introduction.
7 You are here approaching a career decision! You may decide simply to measure the value of ϕ: in that case

you have decided to become an experimentalist rather than a theorist.
8 We need to clear up, in advance, a possible confusion. In this book, the Green’s functions are simply defined

to be expectation values. This may appear to contrast with the use of Green’s functions in the solution of

inhomogeneous linear differential equations such as are encountered in classical electrodynamics, where we

use them to compute the electromagnetic field configurations for given sources. The difference is only apparent

since, as we shall recognize, the latter type of Green’s functions are in our treatment simply the two-point

connected Green’s functions; and for theories such as electrodynamics, where the electromagnetic fields do

not undergo self-interaction, the two-point functions are in fact the only nonzero connected Green’s functions.

Be not, therefore, misled into thinking that there are somehow two sorts of Green’s functions. The Green’s

function formulation of electrodynamics will in fact appear as the classical limit of the Schwinger–Dyson

equation discussed below.
9 Kids! Do this at home. Whenever an infinite collection of objects with some kind of relation between them

occurs, generating functions are always a good idea.
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3 Probabilistic Considerations

The quantities Cn (with, obviously C0 = 0 since G0 = 1) are called the connected Green’s

functions of the theory, and will play an important rôle in what follows. The connected

Green’s functions can be recognized to be the cumulants of the probability density:1

C0 = 0 by normalization,

C1 = 〈ϕ〉 the mean,

C2 =
〈

(ϕ − 〈ϕ〉)2
〉

the variance,

C3 =
〈

(ϕ − 〈ϕ〉)3
〉

the skewness,

(1.8)

and so on. Since W(0) = C0 = 0, all information about the probability density is also

contained in its derivative, the field function:

φ(J) ≡
∂

∂J
W(J) =

∑

n≥0

1

n!
Jn Cn+1. (1.9)

Since from its definition, we have

φ(J) =

[∫

dϕ ϕ PJ(ϕ)

] [∫

dϕ PJ(ϕ)

]−1

, (1.10)

we can say that φ(J) is the expectation value of the quantum field ϕ in the presence of

sources: to denote this, we might write

φ(J) = 〈ϕ〉J , (1.11)

which explains the similar typographies for the quantum field and the field function.10 We

should not, however, forget the difference in status of these objects! ϕ is the physical entity,

an unknowable, fluctuating random field; but φ(J) is a perfectly well-defined function that

contains all the information about the probability density of ϕ and is computable once the

action is given.11

1.2.2 The Free Theory

The simplest probability density is probably12 the Gaussian one, given by the action

S(ϕ) =
1

2
µϕ2, (1.12)

with µ a positive real number. For any action, we shall call the part quadratic in the fields

(or bilinear in the case of several fields) the kinetic part. This action, called the free action,

consists of only a kinetic part. The path integral is now simply computed by

Z(J) = N

∫

exp

(

−
1

2
µϕ2 + Jϕ

)

dϕ

= N

∫

exp

(

−
1

2
µ

(

ϕ −
J

µ

)2

+
J2

2µ

)

dϕ = exp

(

J2

2µ

)

. (1.13)

10 Try this out: “phi of J equals phi with J”.
11 In principle, if not in practice easily or completely.
12 A uniform density may be thought even simpler, but then it cannot run from ϕ = −∞ to ϕ = +∞. As a

matter of fact, ask a mathematician or physicist to name you a nice probability density over the whole real

line, and she will almost certainly suggest the Gaussian.

www.cambridge.org/9781108486217
www.cambridge.org


Cambridge University Press
978-1-108-48621-7 — Quantum Field Theory
Ronald Kleiss 
Excerpt
More Information

www.cambridge.org© in this web service Cambridge University Press

4 QFT in Zero Dimensions

It is not even necessary13 to actually calculate the value of N. By Taylor expansion of the

exponential, we immediately find that

G2n =
(2n)!

(2 µ)nn!
, G2n+1 = 0, n = 0, 1, 2, . . . . (1.14)

The connected Green’s functions follow from

W(J) = log Z(J) =
J2

2µ
, φ(J) =

J

µ
, (1.15)

so that the only nonvanishing connected Green’s function is C2 = 1/µ. The fact that here

only the two-point connected Green’s function is nonvanishing is the reason for calling

this model the free theory. Again, things will become clearer later on, in a more realistic

spacetime – after all, what does “freedom” mean if you are confined to a single point?

1.2.3 Theϕ
4 Model and Perturbation Theory

An action S(ϕ) may contain other terms than just the quadratic one. Such terms are called

interaction terms: they may be linear, but more usually they are of higher power in the field

ϕ. The simplest acceptable interacting theory in our probabilistic setting is therefore given

by the action

S(ϕ) =
1

2
µϕ2 +

1

4!
λ4ϕ

4. (1.16)

The (nonnegative!) real number λ4 is called a coupling constant: this model is called the

ϕ4 theory.14 Computing the path integral is now a much less trivial matter. A possible2

approach is to assume that, in some sense, the ϕ4 theory is close to a free theory, that is, in

the same some sense, λ4 is a small number. We can then expand the probability density in

powers of λ4:

exp(−S(ϕ)) = exp

(

−
1

2
µϕ2

)

∑

k≥0

1

k!

(

−
λ4

24

)k

ϕ4k. (1.17)

This procedure is called perturbation theory. Having thus reduced the problem to the pre-

vious case of the free theory, we cavalierly15 interchange the series expansion in λ4 with

the integration over ϕ and arrive at the following expression for the Green’s functions:

G2n = H2n/H0,

H2n =
1

µn

∑

k≥0

(4k + 2n)!

22k+n(2k + n)! k!

(

−
λ4

24µ2

)k

. (1.18)

13 Because we must always have Z(0) = 1.
14 An action in which ϕ3 is the highest power does not lead to a convergent integral over the real axis (see,

however, Appendix F). Of course, an action of the form S(ϕ) = µϕ2/2 + λ3ϕ3/3! +λ4ϕ4/4! is perfectly

acceptable, and we shall consider this “ϕ3/4 model” later on.
15 This interchange does not come without its price: see Appendix A. Nemo me impune lacessit.
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5 Probabilistic Considerations

For example, we have

H0 = 1 −
1

8
u +

35

384
u2 −

385

3072
u3 + · · · ,

1/H0 = 1 +
1

8
u −

29

384
u2 +

107

1024
u3 + · · · , (1.19)

with u ≡ λ4/µ
2. In this theory, also the normalization N has to be treated perturbatively,3

which explains the expression for 1/H0. For the first few nonvanishing Green’s functions

we find

G0 = 1,

G2 =
1

µ

(

1 −
1

2
u +

2

3
u2 −

11

8
u3 + · · ·

)

,

G4 =
1

µ2

(

3 − 4u +
33

4
u2 −

68

3
u3 + · · ·

)

,

G6 =
1

µ3

(

15 −
75

2
u +

445

4
u2 −

1585

4
u3 + · · ·

)

. (1.20)

The corresponding nonzero connected Green’s functions are given by

C2 =
1

µ

(

1 −
1

2
u +

2

3
u2 −

11

8
u3 + · · ·

)

,

C4 =
1

µ2

(

−u +
7

2
u2 −

149

12
u3 + · · ·

)

,

C6 =
1

µ3

(

10u2 − 80u3 + · · ·

)

. (1.21)

Whereas the Green’s functions all have a perturbation expansion starting with terms con-

taining no λ4, the connected Green’s functions of increasing order are also of increasingly

high order in λ4: the higher connected Green’s functions need more interactions than the

lower ones.

1.2.4 The Schwinger–Dyson Equation

Although the path integral is, generally, a very complicated function of J, we can easily

find an equation that describes it completely. This is the Schwinger–Dyson equation (SDe),

which we construct as follows. Let the action be given by the general expression

S(ϕ) =
∑

k≥1

1

k!
λk ϕk, (1.22)

where λ2 = µ.16 Now, from the observation that

∂p

(∂J)p Z(J) = N

∫

exp
(

− S(ϕ) + Jϕ

)

ϕp dϕ, p = 0, 1, 2, 3, . . . , (1.23)

16 The sum starts at 1 since a constant, ϕ-independent term in the action is always immediately swallowed up by

the normalization factor N.
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6 QFT in Zero Dimensions

we immediately deduce that
⎡

⎣−J +
∑

k≥0

λk+1

k!

∂k

(∂J)k

⎤

⎦ Z(J)

= N

∫

exp
(

− S(ϕ) + Jϕ

)

⎡

⎣−J +
∑

k≥0

λk+1

k!
ϕk

⎤

⎦ dϕ

= N

∫

exp
(

− S(ϕ) + Jϕ

)

[

S′(ϕ) − J

]

dϕ = 0, (1.24)

where in the last lemma we have recognized a total derivative, and used the fact that the

integrand vanishes at the endpoints. Symbolically, we may write the SDe as
⌊

∂

∂ϕ
S(ϕ)

⌋

ϕ=∂/∂J

Z(J) = S′

(

∂

∂J

)

Z(J) = JZ(J). (1.25)

For our sample model, the ϕ4 theory, the SDe reads174

1

6
λ4Z′′′(J) + µZ′(J) − JZ(J) = 0. (1.26)

Using the series expansion of the path integral, we can express this as a relation between

different Green’s functions:

λ4

6
Gn+3 + µGn+1 − nGn−1 = 0, n ≥ 1. (1.27)

This relation may usefully be rewritten as follows:

Gn =
1

µ

(

(n − 1)Gn−2 −
λ4

6
Gn+2

)

, n ≥ 2. (1.28)

If we start by assigning to the Green’s functions the values Gn = δ0,n, then repeated

applications of Eq. (1.28) will precisely reproduce the Green’s functions of Eq. (1.20).18

1.2.5 The Schwinger–Dyson Equation for the Field Function

From the definition of φ(J) as the derivative of the logarithm of the path integral, we can

infer that

1

Z(J)

∂p

(∂J)p Z(J) =

(

φ(J) +
∂

∂J

)p

e(J). (1.29)

Here, e(J) is the unit function: e(J) ≡ 1. We immediately arrive at the form of the SDe for

the field function:5

17 The SD equation is, in general, of higher than the first order. It therefore has several independent solutions,

only one of which corresponds to the usual perturbative expansion. The nature of the other solutions is

discussed in Appendix F.
18 The correct way to do this is to subsequently evaluate G2, G4, G6, . . .. On the first iteration, the lowest-order

expressions are obtained. Each subsequent iteration gives one higher order in perturbation theory. If we want

to obtain the kth order term in Gn, the (k + 1)th order term in Gn+2 is needed, and so on. It is therefore

necessary to compute the lower-order terms for more Gns.
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7 Diagrammatics

S′

(

φ(J) +
∂

∂J

)

e(J) = J. (1.30)

For the ϕ3/4 theory, it reads

φ(J) =
J

µ
−

λ3

2µ

(

φ(J)2 +
∂

∂J
φ(J)

)

−
λ4

6µ

(

φ(J)3 + 3φ(J)
∂

∂J
φ(J) +

∂2

(∂J)2
φ(J)

)

. (1.31)

Although this leads to very nonlinear relations between the various connected Green’s6

functions this form of the SD equation is actually even simpler to apply with φ(J) = 0 as

a starting point, iterating the assignment (1.31) then results19 in the correct form of φ(J),7

giving the connected Green’s functions of Eq. (1.21).8

1.3 Diagrammatics

1.3.1 Feynman Diagrams

There exists an extremely useful toolbox for computing Green’s functions and connected

Green’s functions: Feynman diagrams. In this section we shall first introduce these dia-

grams and their concomitant Feynman rules. Only after that shall we prove that these

diagrams do, indeed, correctly describe Green’s functions.

Feynman diagrams are constructs of lines and vertices. A vertex is a meeting point for

one or more lines.20 Diagrams are allowed in which one or more lines do not end in a

vertex but, in a sense move off toward infinity: such lines are called external lines. Lines

that are not external lines, and end up at vertices at both ends, are called internal lines.

Diagrams may be connected, in which case one can move between any two points in

the diagram following lines of that diagram; or they may be disconnected, in which case it

consists of two or more disjoint pieces that are themselves connected. Any graph21 consists

of a finite number of connected subgraphs. The “empty” graph E , containing no lines or

vertices whatsoever, also exists; it does not count as connected.22 Diagrams containing one

or more closed loops are perfectly allowed. Diagrams with no closed loops are called tree

diagrams. A few examples are

, ,

19 For this approach to work in practice, it turns out to be useful to truncate φ(J) as a power series in J, the

truncation order increasing by one with each iteration. If you don’t do this, each iteration triples the highest

power in J, leading to very unwieldy expressions with only the first few terms being actually correct.
20 In the mathematical world of graph theory, lines are often called edges for some reason.
21 For us, the terms “diagram” and “graph” are interchangeable.
22 Sophistry alert: it has no points between which to move.
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8 QFT in Zero Dimensions

where you see, respectively, a connected graph, a disconnected graph, and a connected tree

graph. The precise shape of the lines and the precise position of the vertices are irrelevant.

The important thing is the way in which the lines are connected to the vertices.23

1.3.2 Feynman Rules

The noteworthy thing about Feynman diagrams is that they have an algebraic interpreta-

tion; that is, they correspond to numbers that may be added and multiplied. The assignment

of a number to a Feynman diagram is governed by the Feynman rules, which postulate a

numerical object for every ingredient of a Feynman graph. In the simple zero-dimensional

theories that we consider here the Feynman rules are just numbers. We will use the

following rules:24

↔
1

µ
, ↔ −λ3, ↔ −λ4, ↔ +J. (1.32)

A vertex at which a single line ends (and which carries a Feynman rule factor +J) is called a

source vertex. A disconnected diagram evaluates to the product of the values of its disjunct

connected pieces. Because of this multiplicative rule, the value of the empty diagram E is

taken to be unity. In addition, we assign to every Feynman diagram a symmetry factor. The

symmetry factor is the single most nontrivial ingredient of the diagrammatic approach, so

it deserves its own section.

1.3.3 Symmetries and Multiplicities

Feynman diagrams have, in general, an “inner” and an “outer” part. The “inner” part con-

sists of the various vertices and internal lines: the “outer” part is made up from the external

lines (if any). The inner part concomitates with the symmetry factor of the diagram, and

for the outer part we have what may be called the multiplicity, to be discussed below. Let

us first turn to the symmetry factor. The rules are as follows:

• for every set of k lines that may be permuted without changing the diagram, there will

be a factor 1/k!;

• for every set of m vertices that may be permuted without changing the diagram, there

will be a factor 1/m!;

• for every set of p disjunct connected pieces that maybe interchanged without changing

the diagram, there will be a factor 1/p!;

• a factor 1/k for every k-fold rotational symmetry;25

• a factor 1/2 for every mirror symmetry.

23 Throughout this book I try to avoid drawing Feynman diagrams with straight lines, or to draw blobs or

closed loops as circles. Many texts do employ only straight lines and circles. This not only leads to awfully

unæsthetic-looking pictures, but is also deeply misleading. There is a (natural) tendency to look at Feynman

diagrams with the idea that the lines represent “particles moving freely through space’ so that the lines “ought”

to be straight according to Newton’s first law. This is completely wrong! In the zero-dimensional world we

are dealing with for now, there cannot be any notion of movement yet, let alone any Newton to pronounce on

it. In fact, Newton’s first law ought to be derived from our theory, and we shall do so in due course.
24 These will make the diagrams do just what we want, see below.
25 Note: 1/k, not 1/(k! ).
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9 Diagrammatics

External lines cannot be permuted without changing the diagram.26 Therefore only vacuum

diagrams, that is diagrams without any external lines, can have a rotational symmetry. The

symmetry factor cannot be read off from the individual components of the diagram, but

depends on the topology of the whole diagram.27 As our universe grows from zero to more

dimensions, and as the particles considered acquire more properties, the Feynman rules

will grow in complication; but the symmetry factors remain the same.28

Let us look at a few examples of diagram values. First, consider the diagram

=
λ3

2

µ5
. (1.33)

In this case, the symmetry factor is 1, since for a tree diagram, no internal lines or vertices

can be interchanged with impunity. The similar-looking diagram

=
1

2

λ3
2

µ5
J3. (1.34)

has a symmetry factor 1/2! since the upper two one-point vertices are interchangeable.

Then, there is the graph

= −
1

2

λ4

µ3
.

Here, there is a symmetry factor 1/2 because the “leaf” can be flipped over without

changing the diagram.29 The diagram

=
1

6

λ4
2

µ5

carries a symmetry factor of 1/3! because the three internal lines are interchangeable. The

graph

= −
1

4

λ4
3

µ7

carries a symmetry factor (1/2!)(1/2!) since there are now only two interchangeable internal

lines, and a single “leaf.” Finally, the diagram

=
1

48

λ4
2

µ4

has a symmetry factor (1/4!)(1/2!) since there are four equivalent internal lines, and

moreover the diagram can be “flipped over” without changing it.9

26 Think of them as anchored somewhere very far away.
27 This is what makes the automated evaluation of diagrams a nontrivial task: component factors of diagrams

can be easily assigned, but working out the symmetry factor of a diagram calls for very complicated computer

algorithms indeed.
28 This is only modified if we include lines of different types, or oriented lines, that is lines that are deemed to

run in a particular direction. Then again, the more-dimensional diagrams have the same symmetry factors as

their zero-dimensional siblings.
29 This is due to the fact that the line in the loop is not oriented: for oriented lines it will no longer hold.
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10 QFT in Zero Dimensions

Next, we address the multiplicity. This is the number of different ways the external lines

(that each have their own “individuality”) can be attached. To determine the multiplicity we

must imagine that the whole diagram, or a part of it, can be “flipped over” while retaining

the same attachment of the external lines. To illustrate this, we temporarily denote the

external lines with a letter, and then notice that the two diagrams

a

b

c

d
and

c

d

b

a

are, in fact, identical; the multiplicity of this graph is therefore 3, since there are three ways

to group four letters into two pairs without regard to ordering:

=
a

b

c

d
+

a

dc

b

+
a b

d c
. (1.35)

We shall often use the product of the symmetry and multiplicity, which factor we shall

denote by sm.

We see that the diagram of Eq. (1.33) has, also, multiplicity 3, while that of Eq. (1.34)

has multiplicity 1. We see that replacing p external lines with p one-point source vertices

reduces sm by a factor of 1/p!; that will become important later on.30

The determination of symmetry factors may appear somewhat fanciful,31 but of course it

has a solid and unambiguous basis; the symmetry factor (and the multiplicity) can always

be computed. The procedure is somewhat involved and is outlined in Appendix B.2.

1.3.4 Vacuum Bubbles

There are Feynman diagrams that contain neither external lines nor source vertices. These

are called vacuum bubbles; the empty graph E is obviously a vacuum bubble. We may

consider the set of all vacuum bubbles, which we denote by H0. Let us assume that only

four-point vertices occur. Then, H0, given by

H0 = E + + + + + · · · (1.36)

(where the ellipsis denotes diagrams with more four-vertices) evaluates to

H0 = 1 −
1

8

λ4

µ2
+

1

2

(

1

8

λ4

µ2

)2

+
1

16

λ4
2

µ4
+

1

48

λ4
2

µ4
+ · · ·

= 1 −
1

8

λ4

µ2
+

35

384

λ4
2

µ4
+ · · ·, (1.37)

which, indeed, looks suspiciously like H0 for the ϕ4 theory.

30 In higher dimensions the symmetry factor is unchanged, but you may wonder what happens to the multiplicity.

Essentially, that is also unchanged although less visible: the multiplicity tells us how many diagrams of a

certain type there are, as in Eq. (1.35). Of course the values of these diagrams are generally no longer the

same since the external lines carry their own momentum.
31 The discussion of symmetry factors of Feynman diagrams goes, in practice, with a lot of remarks like “so

you flip over this leaf, you wriggle this set of internal lines, you shove these vertices back and forth . . . see?”

Although the symmetry factor is totally unambiguous, the arguments for a symmetry factor often come with a

lot of prestidigitatorial arguments accompanied by hand-waving and finger-wriggling in front of a blackboard.
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