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ation and a deeper understanding of concepts, and quiz questions and problems

throughout the text provide additional hands-on practice. Ideal for students taking

courses on rigid body kinematics, and an invaluable reference for researchers.

Joaquim A. Batlle is Emeritus Professor of the Universitat Politècnica de Catalunya

(UPC). He is a member of the Royal Academy of Sciences and Arts of Barcelona.

Ana Barjau Condomines is Associate Professor at the Department of Mechanical

Engineering at the Universitat Politècnica de Catalunya (UPC).

www.cambridge.org/9781108479073
www.cambridge.org


Cambridge University Press
978-1-108-47907-3 — Rigid Body Kinematics
Joaquim A. Batlle , Ana Barjau Condomines 
Frontmatter
More Information

www.cambridge.org© in this web service Cambridge University Press

www.cambridge.org/9781108479073
www.cambridge.org


Cambridge University Press
978-1-108-47907-3 — Rigid Body Kinematics
Joaquim A. Batlle , Ana Barjau Condomines 
Frontmatter
More Information

www.cambridge.org© in this web service Cambridge University Press

Rigid Body Kinematics

JOAQUIM A. BATLLE

Universitat Politècnica de Catalunya

ANA BARJAU CONDOMINES

Universitat Politècnica de Catalunya

www.cambridge.org/9781108479073
www.cambridge.org


Cambridge University Press
978-1-108-47907-3 — Rigid Body Kinematics
Joaquim A. Batlle , Ana Barjau Condomines 
Frontmatter
More Information

www.cambridge.org© in this web service Cambridge University Press

University Printing House, Cambridge CB2 8BS, United Kingdom

One Liberty Plaza, 20th Floor, New York, NY 10006, USA

477 Williamstown Road, Port Melbourne, VIC 3207, Australia

314–321, 3rd Floor, Plot 3, Splendor Forum, Jasola District Centre, New Delhi – 110025, India

79 Anson Road, #06–04/06, Singapore 079906

Cambridge University Press is part of the University of Cambridge.

It furthers the University’s mission by disseminating knowledge in the pursuit of

education, learning, and research at the highest international levels of excellence.

www.cambridge.org

Information on this title: www.cambridge.org/9781108479073

DOI: 10.1017/9781108782319

© Joaquim A. Batlle and Ana Barjau Condomines 2020

This publication is in copyright. Subject to statutory exception

and to the provisions of relevant collective licensing agreements,

no reproduction of any part may take place without the written

permission of Cambridge University Press.

First published 2020

Printed in the United Kingdom by TJ International, Padstow Cornwall

A catalogue record for this publication is available from the British Library.

Library of Congress Cataloging-in-Publication Data

Names: Agulló i Batlle, Joaquim, author. | Barjau Condomines, Ana, author.

Title: Rigid body kinematics / Joaquim A. Batlle, Universitat Politècnica de Catalunya, Barcelona,

Ana Barjau Condomines, Universitat Politècnica de Catalunya, Barcelona.

Description: First edition. | Cambridge ; New York : Cambridge University Press, 2020. | Includes index.

Identifiers: LCCN 2020009230 (print) | LCCN 2020009231 (ebook) | ISBN 9781108479073 (hardback) |

ISBN 9781108782319 (epub)

Subjects: LCSH: Dynamics, Rigid. | Kinematics.

Classification: LCC QA861 .A38 2020 (print) | LCC QA861 (ebook) | DDC 531/.3–dc23

LC record available at https://lccn.loc.gov/2020009230

LC ebook record available at https://lccn.loc.gov/2020009231

ISBN 978-1-108-47907-3 Hardback

Cambridge University Press has no responsibility for the persistence or accuracy

of URLs for external or third-party internet websites referred to in this publication

and does not guarantee that any content on such websites is, or will remain,

accurate or appropriate.

www.cambridge.org/9781108479073
www.cambridge.org


Cambridge University Press
978-1-108-47907-3 — Rigid Body Kinematics
Joaquim A. Batlle , Ana Barjau Condomines 
Frontmatter
More Information

www.cambridge.org© in this web service Cambridge University Press

Contents

Preface page vii

1 Space and Time: Orientation and Euler Angles 1

1.1 The Absolute Time of Newtonian Mechanics 2

1.2 Space and Reference Frame 2

1.3 Representation of Vectors and Operations Involving a Single Time Instant 5

1.4 Geometric Time Derivative of Vectors 7

1.5 Analytical Time Derivative of Vectors: Angular Velocity Vector 9

1.6 Time Derivative of a Vector in Different Reference Frames 12

1.7 Simple Rotation 13

1.8 General Rotation: Euler Angles 15

1.9 The Two Families of Euler Angles 20

Appendix 1A Composition of Rotations around Fixed Axes 27

Appendix 1B Alternatives to the Composition of Rotations 32

Appendix 1C Integration of Vectors through Moving Bases 36

Quiz Questions 38

Puzzles 49

2 Point Kinematics 54

2.1 The Mass Point: Position Vector 54

2.2 The Velocity Vector and the Acceleration Vector 57

2.3 Intrinsic Components of the Velocity and the Acceleration: Curvature

Radius 59

2.4 Composition of Velocities: Transportation Velocity 63

2.5 Composition of Accelerations: Transportation and Coriolis Accelerations 66

2.6 Additional Interesting Points regarding the Composition of Movements 70

Appendix 2A Angular Velocity of the Intrinsic (or Frenet) Vector Basis 77

Appendix 2B The Inertial Guidance 79

Quiz Questions 82

Problems 100

Puzzles 109

v

www.cambridge.org/9781108479073
www.cambridge.org


Cambridge University Press
978-1-108-47907-3 — Rigid Body Kinematics
Joaquim A. Batlle , Ana Barjau Condomines 
Frontmatter
More Information

www.cambridge.org© in this web service Cambridge University Press

3 Rigid Body Kinematics 114

3.1 Position and Orientation of a Rigid Body 114

3.2 Velocity and Acceleration Distributions in a Rigid Body 115

3.3 Basic Constraint Conditions: Contact and No Sliding 122

3.4 Geometry of the Velocity Distribution: The Screw Axis 124

3.5 A Particular Case: Planar Motion, Instantaneous Center of Rotation 134

Appendix 3A Perfect Rolling: The Geometric Contact Point: Acceleration

of Contact Points 140

Appendix 3B Maneuverability of Vehicles with Conventional Wheels 142

Appendix 3C Maneuverability of Vehicles with Omnidirectional Wheels 158

Quiz Questions 169

Problems 190

Puzzles 214

4 Introduction to Kinematics of Multibody Systems 224

4.1 Mechanical Systems: Multibody Systems 225

4.2 Generalized Coordinates: Configuration Space 225

4.3 Geometric Constraints: Independent Coordinates 225

4.4 Generalized Speeds: Phase Space 230

4.5 Kinematic Constraints: Degrees of Freedom 231

4.6 Holonomy 234

4.7 Superposition of Partial Constraints: Full and Tangent Redundancy 240

4.8 Systematic Analysis of Redundancy in Partial Constraints between

Rigid Bodies 253

Quiz Questions 258

Puzzles 280

Index 283

vi Contents

www.cambridge.org/9781108479073
www.cambridge.org


Cambridge University Press
978-1-108-47907-3 — Rigid Body Kinematics
Joaquim A. Batlle , Ana Barjau Condomines 
Frontmatter
More Information

www.cambridge.org© in this web service Cambridge University Press

Preface

Origin and Scope

This textbook, together with Rigid Body Dynamics (Cambridge University Press,

forthcoming), is the result of a whole professional life devoted to Newtonian Mechan-

ics, both from an educational and a research point of view. Through more than 40 years,

our way of teaching this subject to second-year undergraduate students (UG) in Indus-

trial Engineering at the Universitat Politècnica de Catalunya (UPC) has evolved pro-

gressively. To find the right words and examples to make every concept clear, to

discover the misconceptions that lead to the most frequent errors, and to kindle the

students’ curiosity for this discipline have been our major concerns throughout all these

years.

We have found our personal point of view to present this classical subject, and have

generated hundreds of exercises, questionnaires, and interesting case studies. Sharing

this material with others involved in the higher education field seems nearly an

obligation!

Our regular course on Newtonian Mechanics at UPC spans over 15 weeks and

contains three main parts: Kinematics, Dynamics, and Energy. Students enrolling in

this course already have a background in fundamental physics (mainly focused on 2D

cases) and mathematics, and they will not be studying any other course on general

mechanics (though they may follow some particular applications as “Machine and

mechanism theory” and “Vibrations”). This context conditions the syllabus of our

course: it has to be complete and provide the main tools to face any problem that

may be encountered in Mechanical Engineering.

A percentage of our regular students are really enthusiastic about this discipline. For

them we propose an additional and optional 15-week course where some concepts

presented in the regular course are revisited and enlarged, and some well-known

methods to perform dynamical analysis of mechanical systems are introduced. The

course includes a final section devoted to an interesting problem: percussive dynamics.

Our goal when writing the book was not just to cover the syllabus of both courses but

also to provide answers to questions raised by the best students (often out of scope of

the course). The result has been a long text that includes more material than is likely to

be covered in formal lectures to second-year undergraduates (including both the regular

and the optional courses), and thus may serve as a reference also for graduate students,
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professional engineers working in the industry, and even researchers in robotics and

biomechanics.

Though the main target are the undergraduate students, enlarging the potential

audience was the main reason for splitting it into two volumes (Rigid Body Kinematics

and Rigid Body Dynamics). We are aware that some people working in the fields of

robotics and biomechanics and game developers are mainly interested in the kinematical

description of mechanical systems. Thus, devoting a first volume dealing exclusively

with kinematics seemed appropriate.

The contents of the UG standard course on Mechanics is not the same in the United

States and in Europe. In the United States, this text may be better suited for intermediate

(and even master) courses rather than for UG courses. Conversely, classical US

textbooks may correspond to first-year UG students in Europe but may fall below the

level we seek in second-year students.

Main Features

This textbook presents the general problem of rigid body kinematics in a very rigorous

and precise way, and with a particularly suitable approach for engineering students.

Rigor is not at odds with the very visual and geometric approach we pursue

throughout the book. We have included hundreds of illustrations which emphasize the

geometrical properties of rigid body kinematics and help understand the concepts

visually.

The mathematical notation throughout the book is highly explicit not only to avoid

any ambiguity but also to allow an automatic and straightforward interpretation.

Every chapter starts with a short introduction that provides an overview of its content.

Then, the different concepts and methods are introduced. The proofs are clearly isolated

from the main text so that the reader may skip them. Every single concept is illustrated

through figures (expressly designed for this work) and many fully worked-out examples

(nothing is left to the reader as a further exercise!). Some of them are strictly peda-

gogical exercises, but many others correspond to simplified models of usual mechanical

systems.

Advanced topics are presented in appendices, and they may be overlooked without

impairing the understanding of the following chapters.

The book includes an extensive collection of multiple-choice quiz questions (with

answers) and exercises (with final results). The quiz questions do not require long

calculations, but a clear understanding of the fundamental concepts. Each of them is

illustrated through a figure showing the mechanical system under study plus the

precisions an engineer would add to complete the description (as dimensions and

motion). Thus, it is not strictly necessary to read the text as the figures are self-

explanatory.

The exercises are pencil-and-paper problems to be solved symbolically: symbolic

results allow to detect possible errors (undetectable in numerical solutions) and give the

whole picture of the system behavior (showing which parameters may be responsible

viii Preface
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for a bifurcation or transition from one regime to another). The student may implement

the results in a computer, but that is not the main purpose of the exercises. Computer

simulations may be time-consuming, and the required skills (programming, numerical

calculation, etc.) do not fall within the objectives of our textbook.

The results for the exercises are given at the end of the chapters, but we do not

provide the detailed resolution. Thus, the students are obliged to work on their approach

and find by themselves the mistakes leading to wrong results: you have to do kinematics

to learn kinematics!

A few puzzles complete the application material given at the end of the chapters.

They confront the student with formally simple systems and situations found in

everyday life. Justifying their design and/or understanding their kinematic behavior

may be far from intuitive and calls for a rigorous application of the concepts introduced

in the chapter. A complete explanation is given for each puzzle.

Content Description

The book presents a rigorous analysis of the kinematics of rigid body systems.

Emphasis is made in 3D motion, though planar (2D) motion is reviewed as a particular

case.

As the potential students have already acquired the basic notions in a fundamental

physics course, units and error propagation are not included. However, some basic

mathematical concepts are explained to make the book self-contained.

Chapter 1 sets the basic concept of reference frame and the mathematical representa-

tions of space and time. We review the usual mathematical vector operations, and

provide both a geometrical and an analytical method to carry them out. The main

concern in that chapter is the orientation of rigid bodies (and reference frames and

vector bases) in 3D. We introduce the Euler angles, which will be extensively used

throughout the book, and the angular rotation vector. Two appendices present alterna-

tive methods to describe the rotation and orientation of rigid bodies.

Chapter 2 reviews the kinematics of particles with a special focus on the composition

of movements, which establishes the relationship between the kinematics of the same

particle in two different reference frames with a general 3D relative motion. Absolute,

relative, and transportation movements are introduced when considering the velocity

composition. The acceleration composition adds a third term with no particularly useful

physical interpretation: the Coriolis acceleration. The inertial guidance is presented in

an appendix as an interesting application problem.

Chapter 3 is the core of the book. It is devoted to the general 3D motion of rigid

bodies. The definition of rigid body (as a set of points mutually fixed) implies the

existence of a relationship between the velocity and the acceleration of any pair of

points in the rigid body. The geometry of the velocity distribution is thoroughly

analyzed, and the concepts of Instantaneous Screw Axis (ISA), fixed axode, and moving

axode are introduced as interesting tools to understand the general motion and the

kinematical equivalence of mechanical systems (regardless their particular shape).
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Planar motion is treated as a particular case, and the ISA and the axodes are substituted

by the Instantaneous Centre of Rotation (ICR) and the centrodes.

The appendices present a very complete and unique coverage of the kinematics and

maneuvering possibilities of wheeled vehicles (both with conventional and omnidirec-

tional wheels), modeled as systems of rigid bodies, with non-sliding wheels rolling on a

flat ground.

As the usual mechanical systems are multibody systems formed by rigid bodies with

mutual kinematic restrictions, Chapter 4 is an introduction to the kinematics of such

systems. The concepts of generalized coordinates and velocities, independent coordin-

ates, degrees of freedom, holonomy, and constraint equations are presented. The main

focus, however, is on the rigorous and systematic analysis of the kinematic constraints

between pairs of rigid bodies. We provide a powerful tool to discover redundancy and

all the associated drawbacks based on the analysis of kinematic torsors and the

geometrical designs not included in any standard textbook.

In short, this textbook sets a powerful framework that will allow the student to

implement a complete kinematic analysis of mechanical systems, which is the starting

point to undertake their dynamic description.
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