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1 comprehension, 462

³-equivalence, 21, 352
³-reduction, 303, 354
·-reduction, 354
∃-free formula, 386
»-reduction, 376
»-reduction (iota), 376
»-saturated model, 136
Ë-consistent, 330
n-type, 136

absolute formula, 134
absorption laws, 66
Ackermann function, 212
admissible rule of inference, 35, 40
algebraically closed field, 347
almost negative formula, 386
analysis, 440, 449
analytic hierarchy, 426
analytic set, 427
ancestors of a node of a tree, 12
application (in the lambda calculus), 302
applicative structure, 372
arithmetic

definability, 241
hierarchy, 241

arithmetic comprehension axiom, 441
arithmetic transfinite recursion, 464
arity, 2
assumption rule, 38, 139
automorphism, 3
axiom

of choice, 397, 412, 423, 477
of dependent choice, 423
of infinity, 6, 424, 476

Baire space, 312
Beth model, 80

generalized, 79
Beth’s definability theorem, 180
binder, x, 21, 84
boldface definability, 427
Boolean algebra, 66
Boolean-valued model, 123
bootstrapping, 219
Borel set, 427

bound variable, 21
bounded

lattice, 66
quantifier, 197, 222, 241

branch of a tree, 13

c. e. set, 290
calculus of inductive constructions, 479
Cantor space, 312, 459
Cantor’s pairing function, 200
cardinality

of a language, 133
of a model, 133

categoricity, 130
characteristic function, 196
children of a node of a tree, 12
choice axiom, see axiom of choice
Church’s thesis, 296, 390
Church–Rosser property, 303, 356
classical logic, x, 28
clause, 55
closed term, 19
co-analytic set, 427
coding, 199
collection schema, 239, 249
combinatory algebra, 372
compactness

failure in second-order logic, 414
of a topological space, 459
of first-order logic, 128
of propositional logic, 62

complement in a lattice, 66
complete

Boolean algebra, 123
Heyting algebra, 123
lattice, 77
set of connectives, 47
theory, 322

complete diagram, 133
complete induction, 223, 238
completeness

of classical first-order logic, 113, 124
of classical propositional logic, 61, 67
of classical second-order logic with Henkin

semantics, 413
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of intuitionistic first-order logic, 121, 126
of intuitionistic propositional logic, 73, 75, 77

composition, 193
comprehension schema, 410
computable

function, 281
functional, 310
relation, 281
set, 281

computable analysis, 440, 450
computably enumerable set, 290
computably inseparable sets, 293,

314, 331
computation sequence, 298
conditional function, 197
configuration of a Turing machine, 298
conflict driven clause learning (CDCL), 56
confluence, 303, 356
congruence closure, 96, 109
conjunctive normal form (CNF), 47
conservative extension, 40, 102
consistent set, 61, 113
constant domain schema, 122
constructive logic, see intuitionistic logic
context, 37, 379, 479
contraction, 353
convergent rewrite system, 356
conversion rule, 480
corner quotes, 260
course-of-values recursion, 205, 223
covering notion, 79, 162
Craig’s theorem, 334
Curry’s paradox, 339
Curry–Howard correspondence, 379
currying, 353
cut

in a theory of arithmetic, 444
rank, 151
rule, 138, 139, 145

cut elimination
for first-order logic, 151
for second-order logic, 417

cut-free proof, 139

Davis Putnam procedure, 56
de Bruijn index, 25
De Morgan’s laws, 45
decision problem, 286
deduction theorem, 34
definability, 127

arithmetic, 241
boldface, 427
implicit, 180
of a class of structures, 127
of a relation in a structure, 127
second-order, 414

defined term, 107, 280
definite description, 101, 474
definition by cases, 197

definitional equality, 479
definitional extension, 104
degree

many-one, 309
Turing, 309

denotation, 110
denotational semantics, 297
dense linear order, 342
dependent function type, 481
dependent type theory, 478
derivation, 31
derived rule, 40
descendents of a node of a tree, 12
descriptive set theory, 427, 440

effective, 450
Diaconescu’s trick, 474
diagonal set, 287
diagonalization, 210
diagram, 133
Dialectica interpretation, 401
Diller–Nahm interpretation, 404
disjunction property, 166, 172
disjunctive normal form (DNF), 47
distributive lattice, 66
distributivity, 77
double-negation

shift, 97, 122
translation, 51, 97, 240

dovetailing, 200
downward persistent formula, 134
DPLL procedure, 56
dual lattice, 67
duality (for Boolean algebras), 67

effectively continuous function, 312
effectively open set, 312
Ehrenfeucht–Fraissé game, 130
eigenvariable condition, 86, 169
elementarily equivalent

structures, 130
elementary embedding, 133
elimination rule, 36, 480
embedding, 3, 133
empty type, 381
endomorphism, 3
entailment, 60, 112
epsilon calculus, 190, 191
equational fragment of first-order

logic, 92
equational logic, 94
equisatisfiable, 55
equivalence

of formulas, 43
up to renaming, 21

essentially ∃-free, 386
essentially undecidable, 333
evaluation, 18, 210
ex falso sequitur quodlibet, 30
exclusive or, 47
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existential
quantifier, x
formula, 89
quantifier, 84

expansion, 132
explicit definability property, 166, 172, 390
explicit definition, 194
extension, 218, 369
extensional equality, 202
extensionality, 369, 373, 374, 410, 476

F (second-order lambda calculus), 431
fast-growing hierarchy, 211
filter, 68
finite character, 34
finite separation principle, 257
finite type arithmetic, 378
finite types, 351
finitistic reasoning, 323
Fitch diagram, 41
fixed-point theorem, 293
forcing

classical, 81, 123
in a Kripke model, 71

formation sequence, 7
foundation axiom, 476
free variable, 23
freely generated, 16
Frege system, 55
fresh variable, 86
Friedman–Dragalin translation, 101, 256
full second-order model, 413
function extensionality, 369

Glivenko’s theorem, 53
Gödel sentence, 335
graph, 128
greatest common divisor, 224
greatest lower bound (in a lattice), 65

halting computation sequence, 298
halting problem, 286, 322
Harrop formula, 174, 391
Heine–Borel principle, 460
Henkin

constant, 113
set, 113
structure, 413

Herbrand normal form, 188
Herbrand’s theorem, 166
hereditarily

effective operations, 375, 377
extensional objects, 374, 473
recursive operations, 374, 377
undecidable theory, 333

Heyting algebra, 75
Heyting arithmetic, 237

second-order, 422
Heyting-valued model, 123

higher types, 351
higher-order arithmetic, 438
higher-order logic, 437
Hilbert epsilon function, 474
Hilbert–Bernays–Löb provability

conditions, 337
Hintikka set, 150

second-order, 418
homomorphism, 3

identity of indiscernibles, 411
impredicative definition, 7
incompleteness theorems, 322

first, 331
second, 338

inconsistent set, 61
indefinite description, 105, 180
independence of premise, 122, 390
index set, 288
induction schema, 238, 247
inductive type, 380, 481
inductively defined set, 4
infinitesimal, 131
infinity axiom, see axiom of infinity
initial segment

of a finite sequence, 10
of a function, 312
of a set, 311

integer linear arithmetic, 344
intension, 218, 369
interpolant, 174
interpolation theorem, 166, 174

Lyndon’s strengthening, 178
introduction rule, 36, 480
intuitionistic logic, x, 28
invertible rule, 147
irreducible term, 356
isomorphism, 3

join (in a partial order), 66
judgmental equality, see definitional equality

Kőnig’s lemma, 314
Kleene

T and U , 283
equality, 107, 280
normal form theorem, 283

Kleene–Brouwer order, 15, 428
Kolmogorov translation, 53
Kőnig’s lemma, 13, 457
Kripke model, 118

exploding, 74
for propositional logic, 71
normal, 121
pointed, 74

Kuroda translation, 98

lambda abstraction, x, 302
lambda calculus, 301

second-order, 430
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language, 2
of arithmetic, 237
of first-order logic, 83
of propositional logic, 11, 28
of second-order logic, 410

lattice, 65
law of the excluded middle, 43, 145
least fixed point

of a monotone operator, 461
of a monotone set operator, 8

least upper bound (in a lattice), 65
least-element principle, 223
Leibniz equality, 411
lexicographic order, 209
linear arithmetic, 344
literal, 47
Löb’s theorem, 339
locally confluent rewrite system, 363
logic of partial terms, 108
logic, nature of, 83
logical consequence, 60, 112
logical equivalence, 43
Łoś–Vaught test, 136
low basis theorem, 315
low degree, 315
Löwenheim–Skolem theorems, 133

MacNeille completion of a lattice, 125
main premise, 151
many-one degree, 309
many-one reducible, 286
many-sorted first-order logic, 106
Markov’s principle, 392
maximally consistent set, 63, 115
meet (in a partial order), 66
metalanguage, 1
metatheory, 1
metavariables, 9
middle sequent theorem, 169
minimal logic, 28
model, 2, 110
modified realizability, 394

with truth, 397
modulus of uniform continuity, 460
monotone set function, 7, 461
monotonicity

in a Kripke model, 71, 119
of the provability relation, 34

mutual recursion, 204

nand, 47
natural deduction

for first-order logic, 86
for propositional logic, 40
for second-order logic, 411

negation normal form, 48, 96
negative formula, 51, 97, 174, 386
negative subformula, 178
neutral term, 358, 432

Newman’s lemma, 362
no-counterexample interpretation, 402, 405
nonstandard analysis, 131
nonstandard model of arithmetic, 131
nor, 47
normal

form, 303, 356
proof, 140
term, 356

normalizing
relation, 356
term, 356

numeral, 304

operational semantics, 297
order filter, 125
order ideal, 125
order relation, 127

pairing function, 200
parallel reduction, 303
parameters, 111, 132
parsing, 11
partial computable function, 280
partial term, 107
path through a tree, 13, 314
Peano arithmetic, 237

second-order, 422
permutative conversion, 381
Pi type, 381, 481
polymorphism, 430
positive arithmetic operator, 462
positive subformula, 178
Post’s theorem, 312
prenex formula, 96
Presburger arithmetic, 344
preservation under increasing

chains, 135
primitive recursion, 193
primitive recursive

arithmetic, 214
function, 192
functional, 376

principal
formula, 151
order filter, 125
order ideal, 125

product type, 482
projection function, 192
proof complexity, 55
proof mining, 440
proof theory, 323
proper filter, 69
propositional equality, 479
propositional logic, 58
propositions as types, 379, 480
provability conditions, 337
provably total computable function, 398

of PA or HA, 430
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pseudocomplement, 75
pseudodvision, 347
pseudohierarchy, 468

Q (Robinson’s theory), 323
quantifier, x
quantifier elimination, 341
quantifier-free

fragment of a theory, 109
fragment of first-order logic, 95
instance of a formula, 166
logic, 95

quotient structure, 4, 116

real closed field, 348
realizability, 383

with truth, 391
recursion

course-of-values, 205
mutual, 204
simultaneous, 204
structural, 20
well founded, 208
with a measure, 206
with changeable parameters, 205

recursion theorem, 293
for freely generated inductive

structures, 17
recursive comprehension axiom, 447
recursor, 376
redex, 353
reducible term, 356
reduct, 132
reductio ad absurdum, 38
reduction

³-, 303, 354
·-, 354
many-one, 286
truth-table, 317
Turing, 309

reduction property, 246, 430
reference, 369
relative definability, 242
relativized computation, 308
relativized quantifier, 106
renaming of variables, 142, 163
replacement axiom, 477
representability, 323
representable

function, 327, 373
relation, 326

representation, 199
resolution rule, 56
resolution theorem proving, 190
reverse mathematics, 440, 450
rewrite system, 356
Rice’s theorem, 288
Rosser sentence, 336
Russell’s iota, 474

s-m-n theorem, 283
SAT solver, 56
satisfaction

for propositional formulas, 60
in a model, 112

saturated model, 136
saturated set

of first-order sentences, 120
of propositional formulas, 73

schema, 30
second-order

arithmetic, 422
logic, 410

self-realizing sentence, 388
semantic consequence, 60, 112
semidecidable, 291
sense, 369
sentence, 23
separation axiom, 476
separation property, 246, 430
sequent calculus, 138

for second-order logic, 417
set theory, 475
Sheffer stroke, 47
shmovable, 336
shortening of cuts, 445
side formula, 151
Sigma type, 381, 483
signature, see language
simple term, 358
simple type, 351
simple type theory, 472
simply typed lambda calculus, 351

second-order, 430
simultaneous recursion, 204
Skolem

axiom, 187
function, 187
normal form, 187

Skolem’s paradox, 134
SMT solver, 109
sort, 105
soundness

of classical first-order logic, 112, 124
of classical propositional logic, 61, 67
of classical second-order logic, 413
of intuitionistic first-order logic, 119, 126
of intuitionistic propositional logic, 72, 75, 77

standard element of a nonstandard model, 131
standard interpretation of second-order logic, 413
strictly positive subformula, 172
strong collection schema, 258
strong induction, 238
strongly computable term, 358
strongly normalizing

rewrite system, 356
term, 356

structural induction, 20
structure, see model
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subformula
generalized, 141
property, 142
strictly positive, 172

subject reduction, 354
substitution, 19
substructure, 132
subterm, 19
subtraction, see truncated subtraction
successor, 192
sum type, 380, 482
superlow basis theorem, 317
symbol, 1

T (Gödel’s theory), 378, 399
tableau, 150
Tarski–Lindenbaum algebra, 68
Tarski–Vaught test, 132
tautology, 60
term, 9

algebra, 18
model, 117
of first-order logic, 83

termination proof, 295
tertium non datur, 43
theory, 89

axiomatized by a set of sentences, 89
of a model, 130
universally axiomatized, 89

tree, 11
finitely branching, 13

truncated subtraction, 195, 216
truth assignment, 60
truth value, 60
truth-table reduction, 317
Tseitin transformation, 56
Turing degree, 309
Turing machine, 295
Turing reducible, 309
type, 351

finite, 351
simple, 351
formation rule, 480
level, 352
preservation, 354

type (in model theory), 135
type 2 computability, 450
type 2 functional, 310

ultrafilter, 69
unbounded search, 280
uncurrying, 353
undecidability, 284, 329, 349

of second-order logic, 415
undefined term, 107, 280
uniformization property, 247

of �1
1 relations, 429

of �1 relations, 429
unique factorization theorem,

203, 227
unique readability, 11
unit propagation, 56
unit type, 381
universal

axiom, 135
computable binary tree, 317
computably inseparable c.e.

sets, 317
formula, 89, 95
partial computable function, 282
quantifier, x, 84

universal closure of a formula, 86
universal fragment of a theory, 109
universally axiomatized theory,

89, 229
universe of a model, 2, 110
upward persistent formula, 134

validity
in first-order logic, 112
in propositional logic, 60

weak Kőnig’s lemma, 457
weak reduction, in combinatory

logic, 365
weakening, 34, 139
well-founded

part of a tree, 462
relation, 129
tree, 12

well-order
computable, 428
definable, 428

well-orders, comparability of, 429
word problem, 95

Zorn’s lemma, 63
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