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worksheet-based process to determine error limits on measured quantities, and all
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instructions on how to carry out error analysis using Excel and MATLAB ®), making
previously tedious calculations easy. Whether you are new to the sciences or an
experienced engineer, this useful resource provides a practical approach to performing
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course in aerospace, chemical, and mechanical engineering, and for professionals.

FAITH A. MORRISON is Professor of Chemical Engineering at Michigan
Technological University. She is the author of An Introduction to Fluid Mechanics
(Cambridge University Press, 2013). She is a fellow of the Society of Rheology,
member of the Dean’s Teaching Showcase (2019), and was a board member of the
American Institute of Physics.

© in this web service Cambridge University Press www.cambridge.org



www.cambridge.org/9781108478359
www.cambridge.org

CAMBRIDGE

Cambridge University Press

978-1-108-47835-9 — Uncertainty Analysis for Engineers and Scientists
Faith A. Morrison

Frontmatter

More Information

© in this web service Cambridge University Press www.cambridge.org



www.cambridge.org/9781108478359
www.cambridge.org

Cambridge University Press

978-1-108-47835-9 — Uncertainty Analysis for Engineers and Scientists
Faith A. Morrison

Frontmatter

More Information

Uncertainty Analysis for Engineers
and Scientists
A Practical Guide

FAITH A. MORRISON
Michigan Technological University

‘2 CAMBRIDGE
J UNIVERSITY PRESS

© in this web service Cambridge University Press www.cambridge.org



www.cambridge.org/9781108478359
www.cambridge.org

Cambridge University Press

978-1-108-47835-9 — Uncertainty Analysis for Engineers and Scientists
Faith A. Morrison

Frontmatter

More Information

CAMBRIDGE

UNIVERSITY PRESS

University Printing House, Cambridge CB2 8BS, United Kingdom
One Liberty Plaza, 20th Floor, New York, NY 10006, USA
477 Williamstown Road, Port Melbourne, VIC 3207, Australia
314-321, 3rd Floor, Plot 3, Splendor Forum, Jasola District Centre, New Delhi — 110025, India
79 Anson Road, #06-04/06, Singapore 079906

Cambridge University Press is part of the University of Cambridge.

It furthers the University’s mission by disseminating knowledge in the pursuit of
education, learning, and research at the highest international levels
of excellence.

www.cambridge.org
Information on this title: www.cambridge.org/9781108478359
DOI: 10.1017/9781108777513

© Faith A. Morrison 2021

This publication is in copyright. Subject to statutory exception
and to the provisions of relevant collective licensing agreements,
no reproduction of any part may take place without the written
permission of Cambridge University Press.

First published 2021
A catalogue record for this publication is available from the British Library.

Library of Congress Cataloging-in-Publication Data
Names: Morrison, Faith A., author.

Title: Uncertainty analysis for engineers and scientists : a practical
guide / Faith A. Morrison, Michigan Technological University.
Description: Cambridge, UK ; New York, NY : Cambridge University Press,
2021. — Includes bibliographical references and index.
Identifiers: LCCN 2020019649 (print) — LCCN 2020019650 (ebook) |
ISBN 9781108478359 (hardback) | ISBN 9781108745741 (paperback) |
ISBN 9781108777513 (epub)

Subjects: LCSH: Uncertainty (Information theory)-Mathematical models. |
Error analysis (Mathematics)

Classification: LCC Q375 .M67 2021 (print) | LCC Q375 (ebook) | DDC 003/.54—dc23
LC record available at https://lccn.loc.gov/2020019649
LC ebook record available at https://Iccn.loc.gov/2020019650

ISBN 978-1-108-47835-9 Hardback
ISBN 978-1-108-74574-1 Paperback

Cambridge University Press has no responsibility for the persistence or accuracy of
URLSs for external or third-party internet websites referred to in this publication
and does not guarantee that any content on such websites is, or will remain,
accurate or appropriate.

© in this web service Cambridge University Press www.cambridge.org



www.cambridge.org/9781108478359
www.cambridge.org

Cambridge University Press

978-1-108-47835-9 — Uncertainty Analysis for Engineers and Scientists

Faith A. Morrison

Frontmatter

More Information

Contents

1.1
1.2
1.3
1.4
1.5
1.6

2.1
2.2
23
24
2.5
2.6

3.1
32
33
34
3.5
3.6

4.1
4.2

Preface

Introduction and Definitions
Precision and Accuracy
Significant Figures

Error Limits

Types of Uncertainty or Error
Summary

Problems

Quick Start: Replicate Error Basics
Introduction

Data Sampling

Replicate Error Limits

Significant Figures on Error
Summary

Problems

Reading Error

Sources of Reading Error
Standard Reading Error
Combining Standard Errors
Working with Reading Error
Summary

Problems

Calibration Error
Introduction to Calibration
Determination of Calibration Error

page Vvii

O < N W N~

20
21
29
46
89
91
93

101
104
117
123
126
133
134

138
142
147

© in this web service Cambridge University Press

www.cambridge.org



www.cambridge.org/9781108478359
www.cambridge.org

Cambridge University Press

978-1-108-47835-9 — Uncertainty Analysis for Engineers and Scientists

Faith A. Morrison

Frontmatter

More Information

Vi

4.3
4.4
4.5
4.6

5.1
52
53
54
5.5
5.6

6.1
6.2
6.3
6.4
6.5
6.6
6.7

Contents

Special Considerations at Lower and Upper Performance Limits 152

Working with Calibration Error
Summary
Problems

Error Propagation
Introduction

How to Propagate Error

Error Propagation Worksheet
Working with Error Propagation
Summary

Problems

Model Fitting

Introduction

Least Squares of Linear Models

Least Squares of Polynomial Models
Extensions of Least Squares to Other Models
Least Squares with Physics-Based Models
Summary

Problems

Appendix A Worksheets for Error Analysis

Appendix B Significant Figures

Appendix C Microsoft Excel Functions for Error Analysis

Appendix D MATLAB Functions for Error Analysis

Appendix E Statistical Topics
Appendix F Choosing an Empirical Model

Bibliography

Index

155
176
177

181
182
183
192
197
225
226

233
234
235
283
298
303
307
308

315
321
325
328
346
355

366
370

© in this web service Cambridge University Press

www.cambridge.org



www.cambridge.org/9781108478359
www.cambridge.org

Cambridge University Press

978-1-108-47835-9 — Uncertainty Analysis for Engineers and Scientists
Faith A. Morrison

Frontmatter

More Information

Preface

This is a new, short book on uncertainty analysis, targeted both to be a guide for
practicing engineers and scientists and as a contribution to the undergraduate
textbook market.

Hard numbers from measurements are the backbone of both scientific
knowledge and engineering practice. Measurements must be interpreted in
context, however: no measured value is infinitely precise, and measurements
are certainly not always accurate. This book introduces basic aspects of
uncertainty analysis as applicable to the physical sciences and engineering. We
focus on one objective: enabling readers to determine appropriate uncertainty
limits for measured and calculated quantities. Better conclusions can be drawn
from results when they are reported with the appropriate uncertainty limits.

Uncertainty analysis is part of STEM education (science, technology,
engineering, and mathematics) to varying degrees: early science education
introduces the concept of significant figures; some disciplines teach error prop-
agation in laboratory courses; and many STEM practitioners study statistics.
In our advanced technological society, however, all practicing scientists and
engineers need refined skills in assessing the reliability of measurements.
More broadly, the public needs literacy in measurement of uncertainty, as
the reliability of measurements impacts regulations, guilt or innocence in
court, budget priorities, and many other issues in the public sphere. To
compare “apples to apples” in political or scientific discussions that hinge
on measurement accuracy or sufficiency, we need tools like the error-analysis
methods emphasized in this book.

We have argued that error analysis is essential, but unfortunately error
analysis can seem tedious and involved and, perhaps, of limited practical value.
This book addresses that impression head-on. Reading formal texts on error
analysis, one might infer that uncertainty is determined with complex statistical
formulas that require prolonged study. This impression sets up a barrier to

vii

© in this web service Cambridge University Press www.cambridge.org



www.cambridge.org/9781108478359
www.cambridge.org

Cambridge University Press

978-1-108-47835-9 — Uncertainty Analysis for Engineers and Scientists
Faith A. Morrison

Frontmatter

More Information

viii Preface

the most important aspects of error analysis: understanding the quality and
meaning of day-to-day measurements and using measurements to draw valid,
quantitative conclusions on an ongoing basis. With this book, the reader is
given the tools, the justification for using those tools, and clear guidance on
the common ways to apply classic error analysis.

This book is not a compilation of formulas with no context. The text
engages the reader in the issue of the quality of numbers that come from
instruments and calculators. The presence of 16 digits in a calculator obscures
the fact that the actual precision of the answer is probably quite small and may
contain only one or two (and perhaps zero) significant digits. We also guide the
reader to ask questions about calculations, such as how to identify the dominant
source of uncertainty in the result. We show the reader how to use some modern
tools (Microsoft Excel and MATLAB) to make error calculations, allowing us
to run trial scenarios to see how uncertainty affects final answers.

Practicing engineers and scientists can be passionate about practical exper-
tise, such as knowing which kind of meter or device is reliable in a given
circumstance, or understanding that, in the appropriate context, almost any
number can be “essentially zero” or “below our ability to measure.” That
kind of expertise is often hard-won through experience, but it can be learned
systematically with the study of error analysis. We see in this book how to
interrogate our devices to determine the extent to which we can rely on them.

The book is divided into six chapters:

Introduction and Definitions

Quick Start: Replicate Error Basics
Reading Error

Calibration Error

Error Propagation

Model Fitting

SR e

The first chapter sets the stage for the discussion of error analysis and
introduces the three categories of error presented in the subsequent chapters.
Replicate error is classic random error, and Chapter 2 presents a brief
introduction of the statistical topics that feed into error analysis, including
the properties of continuous stochastic variables and their probability density
distributions, and the definition of standard error, which allows us to combine
independent contributing errors. In addition to replicate error we discuss
reading error (Chapter 3) and calibration error (Chapter 4), including how
to estimate errors when necessary (Type B errors). The book contributes
worksheets associated with the three error types (Appendix A), which guide

© in this web service Cambridge University Press www.cambridge.org



www.cambridge.org/9781108478359
www.cambridge.org

Cambridge University Press

978-1-108-47835-9 — Uncertainty Analysis for Engineers and Scientists
Faith A. Morrison

Frontmatter

More Information

Preface ix

the user to ask appropriate questions. When error estimates are used, the
worksheets record and archive the decisions made, a practice that allows
improvements to be incorporated as we learn more about our systems.

Chapter 5 presents error propagation and an error propagation worksheet.
The equation for error propagation (combination of variances) is relatively
straightforward, but to the uninitiated, the presence of second partial deriva-
tives and confusing nomenclature makes the calculation seem harder than it
is. In some texts, use of the full equation is replaced with several equations
that apply to specific circumstances (for example, special equations for when
two variables are added or subtracted or multiplied). In this book we prefer
to use the worksheet and the full equation for two reasons: (1) it builds
familiarity with the variance-combination equation in the mind of the user
and (2) it is easily evaluated with software. Programming an error propagation
into computer software allows us to readily identify the dominant error and
also allows us to run scenarios with different values of contributing error. The
computer approach thus enables the teaching of critical thinking about errors.

Chapter 6 focuses on ordinary least-squares regression and the errors
associated with model predictions and with a model’s parameters. Many under-
graduates and practitioners use plotting functions and curve-fitting options,
but with a bit of additional knowledge they can expand their use to full
error analysis. We discuss 95% confidence error limits and 95% confidence
prediction intervals and show how these can improve our understanding of
correlations in our datasets.

In summary, the book puts error-analysis methods into the hands of students
and practitioners in a way that encourages their use. The four worksheets (one
for each type of error plus one for error propagation) become tools that guide
the determination of error limits, and they form an archive of estimates made
and errors determined. The book is short and is designed to become a go-to
guide for assessing the quality of measurements and associated calculations.

Many people have helped in various aspects of this book. The junior chemi-
cal engineering laboratory facility at Michigan Tech that was the inspiration
for this book was built and maintained for many years by David Caspary
and Timothy Gasperich and they were instrumental in its success. Jim (’58)
and Sally Brozzo provided the essential funding and moral support for the
lab. Dr. Nam Kim was the original instructor. The following individuals were
my teaching assistants over the years: Austin Bryan, Cho Hui Lim, Matt
Chye, Danial Lopez Gaxiola, Ben Conard, Jithendar Guija, Shubham Borole,
Hwiyong Lee, Kaela Leonard, Neeva Benipal, Rachael Martin, Erik Leslie,
and Yang Zhang. David Chadderton taught the lab during my 2012 sabbatical
and did a great job. All these individuals impacted the material presented here.
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I wish to express my gratitude to and appreciation of my first department chair,
Dr. Edward R. Fisher, who had the vision to develop Michigan Tech’s world-
class unit operations and junior laboratories and who created an environment
in which working hard for our students was fun and productive.

I offer deep thanks to the many people who have given me support over the
years. My husband Dr. Tomas Co is and has been unwavering in his support and
encouragement with this and all my book-writing projects. For this project, he
was also my MATLARB tutor. I would like to thank my uncle, Mike Palmer, for
encouraging me to write books. Thank you to the whole Morrison/Palmer/Co
family and to all the members of my family and “family of choice,” who
provide support and encouragement and are central to my life. Love you Betty
and Dar.

To my Michigan Tech students over the years, thank you for your engage-
ment, optimism, and willingness to work hard. I'm proud of you, and I
celebrate your learning and contributions.

© in this web service Cambridge University Press www.cambridge.org



www.cambridge.org/9781108478359
www.cambridge.org

