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What Is an Exponential Family?

We start with a couple of simple, well-known distributions to introduce
the common features of the distribution families called exponential families or distributions of exponential type. First, consider a sample from an
exponential distribution with intensity parameter λ (expected value 1/λ).
A single observation y has the density λ exp(−λy) for y > 0, and a sample
y = (y1 , . . . , yn ) has the n-dimensional density
P
P
f (y; λ) = λn e−λ yi = λn exp(−λ yi ),
(1.1)
for y with all yi > 0. Another basic example is the density for a sample
y = (y1 , . . . , yn ) from a two-parameter normal (or Gaussian) distribution,
N(µ, σ2 ). It can be written
P
√ −n − (yi −µ)2
2
f (y; µ, σ ) = (σ 2π) e 2σ2

 P
√
P
nµ2
−1
,
(1.2)
y2i + σµ2 yi − 2σ
= (σ 2π)−n exp 2σ
2
2

where all dependence on data is found in the two sum type functions of
data in the exponent, with a parameter in front of each of them.
As discrete distribution examples, we consider the binomial and Poisson
distribution families. Here is first the binomial probability for y successes
in n Bernoulli trials, with success probability π0 as parameter (Greek letter
π is preferred to Roman p for a parameter; π0 is here used to distinguish
from the mathematical constant π)
!
!
π0
n y
n
y log
n−y
1−π0 ,
(1.3)
f (y; π0 ) =
π0 (1 − π0 ) =
(1 − π0 )n e
y
y
for y = 0, 1, . . . , n. For a single observation (count) y from a Poisson distribution we analogously write the probability
f (y; λ) =

λy −λ 1 −λ y log λ
e = e e
,
y!
y!

(1.4)

for y = 0, 1, . . ..
1
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What Is an Exponential Family?

In all four cases we could express the density or probability function as
a product of two or three factors, namely one factor depending only on the
parameter, another depending only on the data (in some cases not needed),
and one factor of exponential form connecting the data with the parameter.
The exponent is a product of a (function of the) parameter and a function
of data, or more generally a sum of such products.
The second factor was not needed in the normal distribution but was
present in the exponential distribution, albeit implicitly, in the form of the
characteristic function for the positive real axis (or the product of such
functions for a sample).
Many statistical models have these features in common, and are then
characterized as being exponential families. Generally, let data y be modelled by a continuous or discrete distribution family, with probability density on Rn or probability (mass) function on Zn , or on subsets of Rn or Zn .
The density or probability function (density with respect to the counting
measure, or similarly) will be written f (y; θ) in a parameterization called
canonical, where θ belongs to a k-dimensional parameter space Θ. A statistic t is any (measurable) scalar or vector-valued function t(y) of data, for
P P
example t = t(y) = ( yi , y2i ) in the Gaussian example (1.2).

Definition 1.1 Exponential family
A parametric statistical model for a data set y is an exponential family (or
is of exponential type), with canonical parameter vector θ = (θ1 , . . . , θk )
and canonical statistic t(y) = (t1 (y), . . . , tk (y)), if f has the structure
f (y; θ) = a(θ) h(y) e θ

T

t(y)

,

(1.5)

where θT t is the scalar product of the k-dimensional parameter vector and
a k-dimensional statistic t, that is,
θT t =

k
X

θ j t j (y),

j=1

and a and h are two functions, of which h should (of course) be measurable.
It follows immediately that 1/a(θ), to be denoted C(θ), can be interpreted as a normalizing constant, that makes the density integrate to 1,
Z
T
C(θ) =
h(y) e θ t(y) dy,
(1.6)
or the analogous sum over all possible outcomes in the discrete case. Of
course C(θ) or a(θ) are well-defined only up to a constant factor, which
can be borrowed from or lent to h(y).
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In some literature, mostly older, the canonical parameterization is called
the natural parameterization. This is not a good term, however, because
the canonical parameters are not necessarily the intuitively natural ones,
see for example the Gaussian distribution above.
We think of the vector t and parameter space Θ as in effect k-dimensional
(not < k). This demand will later be shown to imply that t is minimal sufficient for θ. That t is really k-dimensional means that none of its components t j can be written as a linear expression in the others. Unless otherwise
explicitly told, Θ is taken to be maximal, that is, comprising all θ for which
the integral (1.6) or the corresponding sum is finite. This maximal parameter space Θ is called the canonical parameter space. In Section 3.1 we will
be more precise about regularity conditions.
Before we go to many more examples in Chapter 2, we look at some
simple consequences of the definition. Consider first a sample, that is, a set
of independent and identically distributed (iid) observations from a distribution of exponential type.
Proposition 1.2 Preservation under repeated sampling
If y = (y1 , . . . , yn ) is a sample from an exponential family, with distribution
f (yi ; θ) = a(θ) h(yi ) e θ

T

t(yi )

,

then the sample y follows an exponential family with the same canonical
P
parameter space Θ and with the sum t(yi ) as canonical statistic,
Q
T P
f (y; θ) = a(θ)n e θ t(yi ) i h(yi ) .
(1.7)
Q
Proof Formula (1.7) follows immediately from f (y; θ) = i f (yi ; θ). 

Exponential families are preserved not only under repeated sampling
from one and the same distribution. It is sufficient in Proposition 1.2 that
the observations are independent and have the same canonical parameter.
Two important examples are log-linear models and Gaussian linear models,
discussed in Chapter 2 (Examples 2.5 and 2.9).
The canonical statistic t itself necessarily also has a distribution of exponential type:
Proposition 1.3 Distribution for t
If y has a distribution of exponential type, as given by (1.5), then the
(marginal) distribution of t is also of exponential type. Under certain regularity conditions on the function t(y), the distribution of t also has a density
or probability function, which can then be written
T

f (t; θ) = a(θ) g(t) e θ t ,
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What Is an Exponential Family?

where the structure function g in the discrete case can be expressed as
X
g(t) =
h(y) ,
(1.9)
t(y)=t

or an analogous integral in the continuous case, written
Z
g(t) =
h(y) dy .

(1.10)

t(y)=t

Proof In the discrete case, the probability function for t follows immediately by summation over the possible outcomes of y for given t(y) = t.
(Reader, check this!) In the continuous case, the integral representation of
g(t) is obtained by a limiting procedure starting from a narrow interval of
width d t in t, corresponding to a thin shell in y-space. See also Section 6.1
for a general formula.

Example 1.1 The structure function for repeated Bernoulli trials
If the sequence y = (y1 , . . . , yn ) is the realization of n Bernoulli trials, with
common success probability π0 , with yi = 1 representing success, the probability function for the sequence y represents an exponential family,
π0

(1.11)
f (y; π0 ) = π0t (1 − π0 )n−t = (1 − π0 )n e t log 1−π0 ,
P
where t = t(y) = yi is the number of ones. The structure function g(t) is
found by summing over all the equally probable outcome sequences having
and n − t zeros. The well-known number of such sequences is g(t) =
t nones

,
cf.
the binomial example (1.3) above. The distribution for the statistic
t
t, induced by the Bernoulli distribution, is the binomial, Bin(n; π0 ).
△
The distribution for t in the Gaussian example requires more difficult
calculations, involving n-dimensional geometry and left aside here.
The conditional density for data y, given the statistic t = t(y), is obtained
by dividing f (y; θ) by the marginal density f (t; θ). We see from (1.5) and
(1.8) that the parameter θ cancels, so f (y| t) is free from θ. This is the general definition of t being a sufficient statistic for θ, with the interpretation
that there is no information about θ in primary data y that is not already in
the statistic t. This is formalized in the Sufficiency Principle of statistical
inference: Provided we trust the model for data, all possible outcomes y
with the same value of a sufficient statistic t must lead to the same conclusions about θ.
A sufficient statistic should not be of unnecessarily high dimension, so
the reduction of data to a sufficient statistic should aim at a minimal sufficient statistic. Typically, the canonical statistic is minimal sufficient, see
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Proposition 3.3, where the mild additional regularity condition for this is
specified.
In statistical modelling we can go a reverse way, stressed in Chapter 6.
We reduce the data set y to a small-dimensional statistic t(y) that will take
the role of canonical statistic in an exponential family, and thus is all we
need to know from data for the inference about the parameter θ.
The corresponding parameter-free distribution for y given t is used to
check the model. Is the observed y a plausible outcome in this conditional distribution, or at least with respect to some aspect of it? An example is checking a normal linear model by use of studentized residuals
(i.e. variance-normalized residuals), e.g. checking for constant variance,
for absence of auto-correlation and time trend, for lack of curvature in the
dependence of a linear regressor, or for underlying normality.
The statistical inference in this text about the parameter θ is frequentistic
in character, more precisely meaning that the inference is primarily based
on the principle of repeated sampling, involving sampling distributions of
parameter estimators (typically maximum likelihood), hypothesis testing
via p-values, and confidence regions for parameters with prescribed degree of confidence. Appendix A contains a summary of inferential concepts
and principles, intended to indicate what is a good background knowledge
about frequentistic statistical inference for the present text.
Exercise 1.1 Scale factor in h(y)
Suppose h(y) is changed by a constant factor c, to c h(y). What effect does
this have on the other constituents of the exponential family?
△
Exercise 1.2 Structure function for Poisson and exponential samples
Calculate these structure functions by utilizing well-known distributions
for t, and characterize the conditional distribution of y given t:
(a) Sample of size n from the Poisson Po(λ). Use the reproducibility propP
P
erty for the Poisson, that yi is distributed as Po( λi ).
(b) Sample of size n from the exponential with intensity λ. Use the fact that
P
t = yi is gamma distributed, with density
f (t; λ) =

λn tn−1 −λ t
e ,
Γ(n)

and Γ(n) = (n − 1)! (Section B.2.2). See also Example 2.7 below.
(c) Note that the conditional density for y is constant on some set, Yt say.
Characterize Yt for the Poisson and the exponential by specifying its form
and its volume or cardinality (number of points).
△

© in this web service Cambridge University Press

www.cambridge.org

