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2-factor, 391

k-uniform intersecting family, 492
k-uniform star, 492

(ordinary) indicator power series, 307
1-factor, 475

3n + 1 conjecture, 40

[0], 47

A x B, 47

acyclic orientation, 428, 431, 433, 434,
572,592

addition principle, 83

adjacency matrix, 377

adjacent vertices, 55

Ahmes, 9

Ahmes—Rhind Papyrus, 9

al-Adli ar-Rumi, 393

a(G), 384, 425

antichain, 357, 358, 465, 469, 472, 492,
497

Apianus, Petrus, 152

Appel, Kenneth, 413

arithmetic progression, 78, 247

arrow notation, 63, 70, 500

augmenting path, 482, 483

back-substitution, 32

al-Bahir fi al-hisab, 152

base case of induction, 16

Bell number, 199-202, 209, 288, 338,
340

Bell, E. T., 199

Bernoulli numbers, 176, 330, 342-344

Bernoulli’s inequality, 14

Bernoulli, Jacob, 14, 342

Bernoulli, Johann, 244

Bhaskara II, 150

bijection, 98, 99, 494

binary relation, 453

binary tree, 379

binomial coefficient, 121-127, 147-192,
225
binomial theorem, 164—169
bipartite graph, 57, 381-383, 449-453,
485-487
Blair, Eric Arthur, 272
BLYM inequality, 355
Bollobas, Béla, 358
Bondy, John Adrian, 400
Bonferroni’s inequalities, 272
Boolean lattice, 355-359, 457, 488-497,
499-503
antichain, 355, 357, 492
chain, 355, 357
family, 356
Hasse diagram, 355
level, 356
maximal chain, 357
profile, 356
Borchardt, Carl, 443
bridge, 370, 372, 373, 393

Cardano, Gerolamo, 152
Carroll, Lewis, 270
cartesian product, 47, 453
Catalan numbers, see also
Ming-Catalan numbers
Catalan, Eugene, 157
Cayley’s tree formula, 443449
Cayley, Arthur, 443
ceiling, 34, 154
chain, 55, 253, 369-371, 454, 464, 488
length, 464
maximal, 464
maximums-sized, 464
size, 464
skipless, 464
characteristic polynomial, 29
chess & graph theory, 392
choice number, 434, 435
chromatic number, 425, 437, 572

chromatic polynomial, 427-434, 441,
572
Chu Chi-kie, 162
Chu’s identity, 162
Chung-Feller theorem, 179-184
Chvatal, Vaclav, 79, 400, 519
circuit, 369-371, 386-388
circular permutation, 119, 210
Clebsch graph, 73
clique, 72
closed interval, 506
closed under intersection, 511
clutter, 357
Collatz conjecture, 41
Collatz, Lothar, 41
combinations, 115, 121-127, 135
of multisets, 134-142, 275-277,
307-311
comparable, 454
complement, 85, 261
complement of a graph, 377
complete bipartite graph, 57, 381
complete graph, 56
composition, 241
cone, 472
conjecture
3n + 1 conjecture, 40
1-2-3 conjecture, 441
acyclic edge coloring, 440
Barnette, 440
Chvatal, 519
Erdos’s revolving door, 393
Erdos-Gyarfas, 439
Frankl, 518
Fiiredi, 520
Gallai, 440
graph Ramsey, 81
Griggs, 520
middle levels, 393
Singmaster, 191
Turan, 519
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conjugate partition, 234

connected component, 370

connected graph, 370

connectivity, 257

contraction, 429-431

convolution, 297

counting table, 93-97, 128, 140, 194,
203, 237, 307, 324, 349

entry| 1], 116, 349
entry z, 122, 349
entry [ 3], 123, 349
entry z, 123, 349
entry[ 5] 128, 202, 349
entry [ 6], 135,275, 349
entry [ 7], 198,202, 349
entry[ 8] 231, 349
entry| 9], 198, 202, 349
entry E, 137, 349
entry [ 11], 194,202, 349
entry 7, 231, 349
entry E 130, 325, 349
entry 7, 275, 349
entry E, 131, 325, 349
entry| 16 |, 309, 349

first column, 96, 324
first three rows, 237
second column, 96, 307
cover, 454, 467
crossing number, 420
cubic graph, 362
cycle, 56, 253, 369-373, 382, 388,
389

d-regular, 362
degree, 55, 253, 362
degree sequence, 253, 363
deletion, 429-431
deletion—contraction theorem, 431
8(G), 391
derangement, 278-283, 287-289, 333
diagram

Ferrers, 233

Hasse, 455
diameter of a graph, 377
difference equation, 27
Dilworth’s theorem, 467
Dilworth, Robert, 467
Dirac, G. A., 395
Dirac, Paul, 395
directed graph, 400, 433

Dirichlet principle, 42
distance, 58, 377, 382
division principle, 85
divisor lattice, 458, 515
dodecahedron, 396, 403
dominance, 458

double counting, 85
Dyck path, 179-184

edge, 54, 253

edge chromatic number, 434,
485-487

edge connectivity, 257

edge decomposition, 388

ends of an edge, 55

Entangled Tales, 270

Eratosthenes of Cyrene, 261

Erdds—Gallai theorem, 368

Erdos-Ko-Rado theorem, 488, 493,
495-496

Erdds—Szekeres theorem, 44, 47, 51,
471, 504

Erdos, Paul, 69, 81, 477

Euler’s formula, 409

Euler’s pentagonal number theorem,
244,334, 336, 337

Euler’s phi function, 516

Euler’s totient function, 516

Euler, Leonhard, 26, 157, 244, 336, 342,
363, 409

Eulerian

circuit, 385, 387
trail, 385, 388

event, 88

experiment, 88

exponential generating function,
321-330

exponential indicator generating
function, 324, 328

factorial, 26, 214
falling, 115, 214
rising, 214
Ferrers diagram, 233
Ferrers, Norman Macleod, 233
Fiamcik, Iosif, 440
Fibonacci numbers, see also
Pingala-Fibonacci numbers
fibre, 472, 498
five-color theorem, 437
floor, 154
forest, 254, 373, 383
four-color theorem, 413

Frankl, Peter, 518
Franklin, Fabian, 245, 336
function, 99
1-1,99
bijection, 99
composition, 99
identity, 99
injective, 99
inverse, 99
one to one and onto, 99, 494
one-to-one correspondence, 99
onto, 99
surjective, 99
Fiiredi, Zoltan, 520

Galvin, Fred, 467
Gamma function, 26, 346
general graph, 54, 361
generating function, 249-252, 292-347
exponential, 321-330
Gershon, Levi ben, 152
girth of a graph, 377, 410, 415
Goldbach, Christian, 385, 409
graph, 54, 253
2-factor, 391
k-choosable, 435
k-colorable, 413
k-connected, 440
proper coloring, 413, 425, 437, 572
acyclic orientation, 428, 431, 433,
434, 572, 592
adjacency matrix, 377
adjacent, 55, 361
bipartite, 381-383, 426, 449-453,
485-487
bridge, 370, 372, 373, 393
Cayley’s tree formula, 443-449
chain, 55, 369-371
choice number, 435
chromatic number, 425, 437, 441, 572
chromatic polynomial, 427434, 441,
572
circuit, 369-371, 386-388
clique, 72
complement, 377
complete, 56
complete bipartite, 57, 381
connected, 254, 370
connected component, 370
contraction, 429431
cubic, 362, 440
cycle, 56, 369-373, 382, 388, 389,
416
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degeneracy, 427

degree, 55, 362

deletion, 429-431

diameter, 377

directed, 400, 433

distance, 58, 377, 382

edge, 54, 55, 361

edge chromatic number, 434, 485-487

edge decomposition, 388, 440

Eulerian circuit, 385, 387

Eulerian trail, 385, 388

forest, 373, 383

girth, 377, 410, 415

graph minor theorem, 430

Hamiltonian cycle, 392-395, 401, 440

Hamiltonian path, 392, 393

incidence, 55, 361

incidence matrix, 449-453

independence number, 384, 425, 485

independent set, 72, 384, 425, 485

induced subgraph, 439

inverse, 377

isolated vertex, 362

isomorphic, 57

labeled trees, 443-449

leaf, 362, 375

list coloring, 435

loop, 54, 55, 361, 363, 386, 406, 422

matching number, 475, 477, 484, 485

minor, 430

neighbor, 478

order, 55, 361

Ore property, 395

path, 55, 369-371, 373

Petersen, 375, 377, 378, 383, 398, 415,
423, 426, 427

planar, 401, 404, 409, 410, 412, 440

planar drawing, 404

proper coloring, 413, 425, 435, 437,
572

Priifer code, 444, 446-449

regular, 362, 440

rooted tree, 379

simple, 54, 361

stable set, 425

subdivision, 411

subgraph, 54, 411

trail, 369-371, 385, 388

tree, 254, 373, 379, 405, 432, 443

valence, 55

vertex, 54, 55, 361

walk, 369-371, 382
graph Ramsey numbers, 75, 77-78
graphic sequence, 254, 362, 363,

365

Greenwood—Gleason graph, 73
Griggs, Jerrold R., 520
Grinstead, Charlie, 81
Griinert, Johann, 200

Haken, Wolfgang, 413
Hakimi, Seifollah, 365
Hall, Phillip, 477
Hamilton, Sir William, 392
Hamiltonian

cycle, 392-395, 401

graph, 393, 440

path, 392, 393
Harary, Frank, 79
harmonic series, 216
Hasse diagram, 355, 453, 455
Hasse, Helmut, 455
hat-check problem, 278
Havel, Ivan, 393
Havel, Vaclav, 365
Heinz Prifer, 443
Hilbert, David, 385
hockey-stick identity, 153, 159
homogeneous linear recurrence

relation, 28

Hopper, Grace, 395
hyperedge, 499
hypergraph, 499

incidence, 55, 361
incidence matrix, 449453
incident, 253
inclusion—exclusion principle,
261-275

independence number, 384, 425, 485
independent edge set, 475
independent paths, 259
independent set, 72, 384, 425, 485
indicator power series, 307
indicator sequence, 316, 328
induction, 7

base case, 16

strong, 15
injective, 99
inserting a vertex, 411
integer partition, 230-247, 458
integral, 137

Index

interference graph, 425

intersecting family, 492-497
k-uniform, 492

Isaacs, Marty, 76, 406

isolated vertex, 362

isomorphic graphs, 57

isomorphism, 57

Jia Xian, 149
Jordan curve theorem, 405

k-choosable, 435
k-connected graph, 260
Kaliningrad, 385
Konigsberg, 385

Konig’s theorem, 477, 484
Kant, Immanuel, 385
Karaji, Ab Bakr, 149, 152
Karaji-Jia triangle, 149-153
Karonski, Michat, 441
Katona, Gyula O. H., 495
k-colorable, 413

Khayyam, Omar, 152

K;, 56

Knight’s tour, 393, 396
Konig, Dénes, 477
Kuratowski’s theorem, 412
Kuratowski, Kazimierz, 411

Lah numbers, 227-229
Lah, Ivo, 227
Laplace transform, 345
Laplace, Pierre-Simon, 244
Latin square, 485-487
lattice path, 126, 179-184
reflection, 180
translation, 180
lattice point, 416
leaf, 362, 375
Legendre, Adrien-Marie, 244, 409
length, 370
Leonardo of Pisa, 17
1g(n), 33
line graph, 391
linear recurrence relation, 21, 27-32
linearly ordered set, 454
list coloring, 435
log concave, 174-175, 220, 341
longest run of heads, 91
loop, 54, 55, 361, 363, 386, 406, 422
Lubell, David, 358
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Lucas numbers, 17
Luczak, Tomasz, 441

m-ary tree, 379

Mantel, Willem, 519

map, 99

marriage theorem, 473, 477,
482

matching, 473, 475, 481

matching number, 475, 477,
484, 485

Matsunaga, Yoshisuke, 199, 208

maximal, 496

maximal antichain, 472

maximal matching, 475

maximum-sized, 475, 496

McKay, Brendan, 503

Mesalkin, Lev, 358

Ming, Antu, 157

Ming—Catalan numbers, 156-158,
179-184, 344-345, 351-355

minimal fibre, 472

Mirzakhani, Maryam, 473

Mobius band, 422, 423

Mobius function, 505-513

Mobius function of number theory,
515

Mobius inversion, 505-513

Mobius, August, 505

monochromatic, 61, 103, 500

monochromatic triangle, 61

monomial, 146

multichoose, 135

§,) 135
multigraph, 54, 361
multinomial

coefficient, 127, 129-134, 147,

170-172

theorem, 170-172
multiplication principle, 84
multiplicity, 30, 53
multiset, 53
Miitze, Torsten, 393

[n], 47

[£]. 210

neighbor, 478
Newton, Isaac, 125

one-to-one correspondence, 99
one-to-one, onto function, 494
1-1,99

Ono, Ken, 247

onto, 99

open interval, 506

order of a graph, 55, 361

order preserving map, 462

ordered list, 96

ordinary generating function, 304, 306,
318, 331, 332

ordinary power series, 293

Ore property, 395

Ore, Qystein, 395

Orwell, George, 272

partial fractions, 302
partial order, 454
partially ordered set, 454
partition, 458
of an integer, dominance order, 458
conjugate, 234
distinct parts, 334, 336
generating function, 333, 336
numbers, 231-233
odd parts, 334, 336
of aset, 76, 111, 193-206
of a set, refinement order, 458
of an integer, 230-247, 333, 336, 458
parts, 76
self-conjugate, 235
Pascal’s triangle, see also Karaji-Jia
triangle
Pascal, Blaise, 149
path, 55, 253, 369-371, 373
pentagonal number, 244, 334
generalized, 244, 334
pentagonal number theorem, 243, 244,
334, 336
Pepys, Samuel, 125
perfect matching, 475
Perles, Micha A., 469
permutations, 115-121, 494
circular, 119
of multisets, 127134, 324-327
with forbidden position, 278,
281-291
Petersen graph, 53, 375, 377, 378, 383,
398, 415, 423, 426, 427
Pingala—Fibonacci numbers, 312-313,
316, 329, 332
Pick’s Formula, 416
Pick, Georg Alexander, 416
pigeonhole principle, 42-48, 501
Pingala, Acarya, 17

Pingala—Fibonacci numbers, 17-18, 30,
52
Pr(n), 230
planar embedding, 404
planar graph, 254, 401, 404, 409, 410,
412,414
plane drawing, 404
Platonic solid, 415
p(n), 230
Polya, George, 473
polygon
simple, 416
polyomino, 438
poset, 453, 454, 470
height, 464
interval, 506
locally finite, 507
poset isomorphism, 459
power series, 249, 293, 321
ordinary, 293
Priifer code, 444, 446-449
primitive triangle, 417
probabilistic method, 88, 155
probability, 87, 88
product of posets, 463
proper coloring, 413, 425, 435, 437, 503,
572
proper edge coloring, 434
Putnam competition, 26, 90, 481

Radziszowski, Stanistav, 503

Ramanujan, Srinivasa, 232

Ramsey
numbers, 61-71, 80, 154-156, 501
numbers, table of, 80
theorem, 61-71, 499, 500
theorem, statement of, 67, 70

Ramsey, Frank, 64

recurrence relation, 19, 311-315
linear, 27-32
unwinding, 32

refinement, 458

region of a plane, 404

regular graph, 362, 434

relatively prime, 18

repeated edge, 54

repetition numbers, 53

Rhind, Henry, 9

Riemann zeta function, 342

Riemann, Bernhard, 521

rising factorial, 214

river Pregel, 385
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Robertson, Neil, 430
rooks, 285, 286
rooted tree, 379

Rota, Gian Carlo, 237
Rudrata, 393

s-combination, 122, 135
s-permutation, 115
s-subset, 122
s.d.r., 474, 479
al-Samaw’al al-Maghribi, 152
sample space, 88
sampling
with replacement, 184, 186
without replacement, 184-186
saturated chain, 488
{2). 195
SCD, 489
Schréder—Bernstein theorem, 102
Schur numbers, 75, 77
Schur’s theorem, 75, 76
Schur, Issai, 76
Segner, Johann, 157
Seki, Takakazu, 199
self-conjugate partition, 235
separating set, 259
sequence
decreasing, 45
increasing, 45
length, 45
montone, 45
montonic, 45
non-decreasing, 45
non-increasing, 45
strictly decreasing, 45
strictly increasing, 45
weakly decreasing, 45
weakly increasing, 45
Seymour, Paul, 430
Shatranj, 392
sieve, 261
simple graph, 54, 55, 361
Singmaster’s conjecture, 191
six-color theorem, 436
skipless chain, 488
spanning tree, 376-377
Spencer, Joel, 237
Sperner family, 357
Sperner’s theorem, 355-359, 488, 491,
492
Sperner, Emanuel, 491
spherical tiling, 402

planar drawing, 402
squiggle, 406
St. Ives nursery rhyme, 10
stable set, 425
standard Young tableau, 181
Stanley, Richard, 237, 431
star, 492
k-uniform, 492
Stifel, Michael, 152
Stirling numbers, 193
exponential generating function, 340
generating function, 338, 339
negative parameters, 227
of the first kind, 111, 210, 212-214,
216, 225, 226, 304, 338, 340, 341
of the second kind, 111, 193, 194,
196, 197, 199, 200, 204, 205, 225,
267, 268, 314, 338, 339, 341
of the third kind, 227
Stirling, James, 224
strong form of pigeonhole principle,
48
strong induction, 15
subdivision, 411
subgraph, 54, 411
submultiset, 96, 135
subset, 96
subtraction principle, 85
sum-free, 76
surjective, 99
symmetric chain, 488, 489
symmetric chain decomposition,
488-491
Syracuse problem, 41
system of distinct representatives, 474,
479, 480

Takakazu, Seki, 342
Tale of Genji, 199
Tartaglia’s triangle, 152
Tartaglia, Niccold, 152
Taylor series, 293
ternary tree, 379

tetris, 438

tetromino, 438

Theon of Smyrna, 320
Theon’s ladder, 320

® notation, 34
Thomason, Andrew, 441
tiling, 401

torus, 421, 423

total order, 453

Index 613

totally ordered set, 454
trail, 369-371, 385, 388
transversal, 474
tree, 254, 369, 373, 405
m-ary tree, 379
binary, 379
child, 379
chromatic polynomial, 432
depth, 379
full m-ary, 379
height, 379
internal vertex, 379
labeled, 443
leaf, 375, 379
parent, 379
rooted, 379
sibling, 379
spanning, 376-377
ternary, 379
triangle inequality, 240
triangular number, 8
triangulation, 417
Turan, Paul, 519
twelvefold way, 237

unimodal, 153, 174-175, 220, 341

valence, 55

Van der Waerden numbers, 75, 78

Vandermonde determinant, 38

Vandermonde’s convolution, 162

Vandermonde, Alexander-Théophile,
38,162

Varahamihira, 150

vertex, 54, 55, 253

vertex connectivity, 257

vertex cover, 484

Vizing’s theorem, 434

Wagner, Klaus, 430

walk, 369-371
closed, 369-371
open, 369-371

width, 465

Wigner, Eugene, 395

|X|, 42,53
(g, 115,214
x® 214

Yang Hui, 152
Yamamoto, Koichi, 358
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