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analytic definition of, 100
series for, 110

absolute value, 17, 60
absolutely convergent, 65, 68, 69, 71, 209
acceleration, 9
aerofoil, 283
al-Khwarizmi, Muhammad, 1
Al-kitab al-mukhtasar fi hisab al-gabr

wa’l-muqabala of al-Khwarizmi, 1
Algebra of Wallis, 2
algebraic geometry, 379
algebraic topology, 350
algebraic variety, 379
alternating series, 65
amplitwist, 343
analytic, 212, 218, 289

at infinity, 237
analytic continuation, 140, 289, 293, 295, 296, 298,

300, 346, 378
direct, 293–295, 298
indirect, 295

analytic function, 295–297
angle, 146, 149–151, 271

measurement of, 268
annulus, 43, 225, 226, 230
antiderivative, 91, 133–135, 143, 169, 170, 173,

175, 176, 183, 212, 213, 308
local, 176, 202, 203

antidifferentation, 112
approximating polygon, 117, 120
approximation, 374, 375
arc, 270
arc length, 126, 150, 191
Argand diagram, 4, 16
Argand, Jean-Robert, 4, 7, 13, 16, 341
argument, 20, 151, 163, 176

principal value of, 151
Arithmetic modulo n, 268
Arithmetica of Diophantus, 1
Ars Magna of Cardano, 1, 2
associative, 14
asymptotic, 375

asymptotic series, 224
automorphic function, 379
aviation, 283
axiom, 333, 334

of choice, 336, 342
of completeness, 334

bell curve, 257
Berkeley, George, 317
Bernoulli paradox, 165
Bernoulli, James, 59
Bernoulli, John, 3–5, 297
Bessel function, 73
Bessel, Friedrich, 4, 5
bilinear map, 278
Binomial Theorem, 70, 341
blancmange function, 87, 89, 124
Bolyai, Wolfgang, 5
Bolzano, Bernard, 35, 89
Bombelli, Raphael, 2, 7
boundary, 12, 191, 220, 350, 352, 353, 356, 358, 360

contour, 171, 177, 191
point, 220

bounded, 50, 51, 213
branch point, 298

calculus, 315, 316, 333
Cantor, Georg, 52, 336
Carathéodory, Constantin, 281
Cardano, Girolamo, 1, 2, 5
Cartan, Henri, 379
Cartesian coordinates, 19
Cauchy Integral Formula, 208, 209, 213, 227, 378
Cauchy principal value, 249, 251, 252, 254
Cauchy sequence, 62, 336
Cauchy Theorems compared, 202
Cauchy’s Estimate, 213, 214
Cauchy’s Residue Theorem, xi, xii, 243, 244, 246,

260, 261, 309, 370
homology version, 350, 368, 370

Cauchy’s Theorem, xi, xii, 5, 11, 12, 169–171, 177,
179–183, 187, 189, 190, 203, 204, 207, 243,
246, 308, 350, 353, 361

applications of, 180
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for a boundary, 189, 191, 194, 196, 200, 201, 351,
352, 362

for a triangle, 171, 177
for simple closed step path, 185
generalised version of, 181
homology version, 310, 350, 353

proof of, 362
homotopy version, 187, 350

Cauchy, Augustin-Louis, 5, 6, 12, 59, 79, 169, 208,
211, 212, 317

Cauchy–Riemann Equations, 5, 75, 78–82, 91, 93,
108, 282, 378

Cellérier, Charles, 89
chain, 352–354, 356
chain rule, 77, 83

fallacious proof, 78
Chebyshev, Pafnuty, 375
circle, 35, 42, 100, 125, 269, 278, 279
circle of convergence, 67
Clay Mathematics Institute, 377
closed contour, 170, 179, 181, 183
closed set, 26, 27, 51
closure, 27, 52
combined path, 40
commutative, 14
compact, 51
comparison test, 65
complement, 26, 50

of a path, 50
complete analytic function, 296, 301
complete ordered field, 315, 331, 342
complex

analysis, 1, 5, 7, 10, 24, 51, 52, 111, 374
applications, 6
special flavour, 207

conjugate, 18, 19
dynamics, xii, 12, 379
function, 52, 59
manifold, xii, 12, 379
number, 1–5, 7, 10, 13

as a field, 14
as a plane, 13, 16
construction of, 13
notation for, 15

plane, 35, 37
power, 302

complexity, 365
component, 49, 182
composition, 32, 77
computational fluid dynamics, 283
computer graphics, 318
conformal, 268, 272, 277, 282, 283

function, 272
map, 272, 304, 305
mapping, 272
transformation, 268, 271, 272

congruent modulo 2π , 268, 269
connected, 24, 46, 82, 160, 183, 350, 381
connected component, 49
continuity, 24, 30, 32, 176
continuous, 30, 32–34, 76, 151, 152, 171, 191, 270

at a point, 30
at an isolated point, 31

continuous choice of argument, 155–158, 162
continuous complex function

differentiable nowhere, 91
continuous deformation, 188
continuous real function

differentiable nowhere, 89
contour, 130, 159, 170, 176, 188, 189, 298

closed, 131, 143
contour integral, 131, 305, 308

properties of, 131
contour integration, 130
converge, 63, 65, 225
convergence, 254
convergent, 60, 63, 65
cos + i sin formula, 70, 96
cosine, 59, 69, 99, 150
Cotes, Roger, 4, 7
critical point, 128, 276, 320
cross ratio, 287
cubic equation, 2
curve, 37

regular, 125
cusp, 127, 128
cut, 182, 203, 227, 308
cut plane, 151, 152, 154, 155, 163, 175, 176, 308
cycle, 12, 352, 353, 356

d’Alembert, Jean le Rond, 4, 79
de la Vallée-Poussin, Charles Jean, 376
De Moivre’s Formula, 99
De Moivre’s Theorem, 22, 23
de Moivre, Abraham, 7, 59
definite integral, 111
del Ferro, Scipione, 1
dense, 53
derivative, 75, 171, 316
Descartes, René, 2
differentiable, 75–77, 81, 82, 84, 92, 145, 171,

175–177, 179, 183, 189, 212, 213, 236, 243,
244, 268

at infinity, 237
implies n times differentiable, 75

differential equation
explanation of Euler’s formula, 103

differentiation, 24, 75, 76, 83, 111
rules for, 76
term by term, 84, 85

Diophantus of Alexandria, 1
direction

preserving, 39
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same, 39
Dirichlet series, 374
Dirichlet’s Discontinuous Factor, 266
Dirichlet, Johan Peter Gustav Lejeune, 266, 374
disc, 218, 225, 289, 295
disc of convergence, 67, 84, 86, 292
discovery, 8
discrete, 377
discrete dynamical system, 380
distributive, 14
divergent, 63
division point, 112
Dog Walking Theorem, 371
domain, 24, 51, 52, 75, 82, 152, 169, 170, 177, 179,

183, 218, 244, 297, 350
doubly periodic function, 377
dyadic rational, 91, 124

e, 97
ellipse, 377
elliptic curve, 378
elliptic function, 377
elliptic modular function, 234
end point, 35
epsilon-delta, 91, 315, 316, 333, 342
equation

cubic, 1
quartic, 1

equipotential line, 282
Estimation Lemma, 140, 142, 144, 160, 174, 208,

210, 260
Euclid, 9
Euclidean geometry, 268, 278
Euler’s constant, 139
Euler’s formula, 3, 4, 96, 99, 104
Euler, Leonhard, 3, 5, 7, 9, 15, 59, 103, 137, 139,

260, 297, 341, 375
zeta function formula, 375

exponential function, 11, 20, 59, 69, 96, 104, 149,
153

periodicity of, 104
real, 98

extend, 217
extended complex plane, 234, 236–238
extended number line, 315
extension function, 217, 218

Fatou, Pierre, 380
Felkel, Anton, 374
Fermat’s Last Theorem, 377, 378
Ferrari, Lodovico, 1
field, 14, 16
field of view, 332
final point, 35, 40
finite, 325–327

complex, 331
element, 315

first homology group, 353
first order logic, 334
fluent, 341
fluid dynamics, 282, 304
fluxion, 341
Fontana, Niccolo (‘Tartaglia’), 1, 2
force, 9
fractal, 90, 124, 380
Frankenstein, 88
Frankenstein’s monster, 88
free abelian group, 355
function element, 296
functional equation for the zeta function, 376
fundamental group, 205
Fundamental Theorem of Algebra, 4, 214, 263
Fundamental Theorem of Calculus, 112
Fundamental Theorem of Contour Integration, 133,

134, 138, 169, 212

Galileo, Galilei, 8
gamma function, 137

basic properties, 138
derivative, 139
duplication formula, 139
functional equation, 138
reflection formula, 139

gauge field, 379
Gauss plane, 16
Gauss, Carl Friedrich, 4, 5, 7, 13, 15, 16, 169, 341,

374
gaussian, 257
General Principle of Convergence, 62
Generalised Cauchy Theorem, 208, 245
GeoGebra, 345, 346
ghosts of departed quantities, 317
graph, 128, 319
Grauert, Hans, 379
Greeks, ancient, 124
Gregory’s series, 59, 110
Gregory, James, 211
grid point, 363

Hadamard, Jacques, 376
Hahn, Hans, 55
Hahn–Mazurkiewicz Theorem, 55
halo, 330
Hamilton, William Rowan, 5, 7, 13
Hardy, Godfrey Harold, 89
harmonic

conjugate, 282
function, 282
series, 118, 130

Hartogs phenomenon, 378
Hartogs’ extension theorem, 378
Hartogs, Friedrich, 378, 379
Hausdorff topological space, 55
higher derivative, 213
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higher homology group, 353
higher order, 329

complex, 331
Hilbert, David, 52, 377
hole, 187
holomorphic, 378
homologous, 352, 360
homologous to zero, 352
homology, xi, xii, 12, 187, 204, 310, 350–353, 357,

360, 361, 364, 366
class, 353
group, 12, 360

homotopic to zero, 200–203
homotopy, xii, 187, 188, 195, 196, 201–203, 350

closed path, 196, 198, 200
fixed end point, 196–198, 201

Hopf, Heinz, 353
horse joke, 64
human eye, 315, 344
Hurwitz, Adolf, 376
hybrid function, 75, 83, 128
hyperbolic function, 106
hypercomplex numbers, 337
hyperreal numbers, 333–335, 337

construction of, 336

ideal, 328, 331
identity

additive, 14
multiplicative, 14

Identity Theorem, 216, 217
image

of cycle, 355
imaginary axis, 16
imaginary number, 2, 5
imaginary part, 2, 17, 29, 30, 65, 75, 133
indentation, 254
Indian mathematics, 59
infinite, 326, 327

complex, 331
infinite element, 316
infinite of order k, 325
infinite series, 258
infinitely differentiable function

not equal to Taylor series, 88
infinitesimal, xi, 6, 12, 315–318, 322–324, 326–333,

337–339, 341–344
complex, 331, 332
how to visualise, 328, 329
in education, 342
of first order, 316
of order n, 325
of second order, 316
ridiculed, 317

infinitesimal δ-shape, 337, 338
infinity, 235

behaviour of differentiable function at, 236

initial point, 35, 40
inside, 182, 183, 243, 244
integers

made by God, 1
integral, 122, 169, 176, 189, 298

additivity of, 355
along arbitrary path, 189
calculation of, 180, 246, 248
Cauchy principal value of, 249, 251, 252, 254
depending on path, 136
evaluation of, 3, 11
over a chain, 352, 355

integration, 24, 111, 112, 243
by parts, 147

integration by parts, 138
Intermediate Value Theorem, 98, 100
In the Neolithic Age of Kipling, 202
invention, 8
inverse

additive, 14
cosine, 153
function, 149
multiplicative, 14
sine, 152
trigonometric function, 152

inversion, 280
isolated essential singularity, 231, 234, 298

at infinity, 236, 237
isolated point, 27, 31
isolated singularity, 230–232, 236, 238, 243, 244
iteration, 379

Jordan contour, 181–183, 243
Jordan Contour Theorem, 183, 371

for step path, 185
Jordan’s inequality, 265
Joukowski

aerofoil, 283
transformation, 283

Julia set, xii, 12, 380, 381
Julia, Gaston, 380
Jupiter, 8
Jyesthadeva, 59

Karmann–Trefftz transform, 283
Keisler, Howard Jerome, 343
Kerala school of mathematics, 59
Kipling, Joseph Rudyard, 202, 203
Klein, Felix, 381
Kline, Morris, 7
Kronecker, Leopold, 1

La Géometrie of Descartes, 2
Lagrange, Joseph-Louis, 211
Laplace equation, 281–283
Laplace transform, 265
Laurent expansion, 229, 231, 232, 243, 245
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uniqueness of, 229
Laurent series, 6, 11, 229, 231, 234, 245, 247, 291
Laurent’s Theorem, 226
Laurent, Pierre-Alphonse, 6, 225
left derivative, 88
Legendre, Adrien-Marie, 374
Leibniz, Gottfried Wilhelm, xii, 3–5, 13, 297, 316,

322–324, 326, 329, 341
Leibniz–Bernoulli controversy, 3–5
length, 39, 117, 123
lens, 328–330, 344

complex, 332
limit, 24, 27, 28, 30, 60, 75, 77

reduction to real case, 61
limit point, 27, 31, 215, 217
line, 125
line segment, 35, 36, 42
Liouville’s Theorem, 213, 214
Liouville, Joseph, 213
local maximum, 219, 221

on subset, 220
strict, 219

local minimum, 219–221
strict, 219, 220

logarithm, 3, 4, 11, 96, 137, 149, 175, 176, 298, 299,
303

complex, 4, 153
derivative of, 154
of complex number, 149
of negative number, 149
principal value of, 154, 175, 298
real, 98

logarithmic integral, 374
loop

simple, 243
lower order, 329

complex, 331

Mathematica, 345
Möbius map, 268, 278–281, 377

composing, 278
maps circles to circles, 279, 280

Madhava of Sangamagra, 59
magnification, 315, 318
magnify, 327
Mandelbrot set, xii, 12, 381
manifold, 378–380
mathematical logic, 333
Maximum Modulus Theorem, 220, 221
Mayer, Walther, 353
Mazurkiewicz, Stefan, 55
Mean Value Theorem, 39, 80
meromorphic, 237–239
microscope, 328–330, 332, 343
Minimum Modulus Theorem, 221
modular

form, 378

function, xii, 12, 377, 378
group, 377

moduli space, 379
modulus, 17, 65, 219
monad, 330, 334, 337, 341

complex, 332
Moore, Eliakim Hastings, 171
Morera’s Theorem, 212
Morera, Giacinto, 212
multiform, 296, 298–300, 302, 304, 305, 308, 310

function, 296, 297
multivalued, 149, 154

natural boundary, 298, 378
natural logarithm, 98
Needham, Tristan, 343
negative infinite, 326
negative infinitesimal, 326
neighbourhood, 26
Netto, Eugen, 52
Newton, Isaac, 2, 9, 59, 211, 316, 341
Noether, Amalie Emmy, 353
non-standard analysis, 326, 333, 335, 342
non-winding condition, 362
North pole, 235
null-homotopic, 200

Oka, Kyoshi, 379
Oldenburg, Henry, 59
one-point-compactification, 235
open, 350
open set, 24, 26, 51, 82
opposite path, 42
optical lens, 332, 337
optical microscope, 333, 337–339
order of infinitesimality, 325, 329, 341
ordered field, 324, 326, 334
ordering

does not exist for complex numbers, 21
of real numbers, 20

Osborne’s rule, 108
outside, 182, 183

parameter, 37
change of, 38, 39

parametric interval, 37, 39, 41
parametrisation, 37

smoothly equivalent, 123
Parseval’s Inequality, 223
partial

derivative, 79, 81
fraction, 3
sum, 63

particle physics, 379
partition, 112, 189, 190
path, 24, 35, 40, 48, 111, 150, 155, 169, 189, 298

complement of, 160
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component of, 160
in a subset, 43
length of, 122
of infinite length, 118
piecewise smooth, 112
regular, 9, 125, 127
smooth, 111, 119, 122, 124, 125

integral along, 113
length of, 117, 119

path-connected, 24, 47–49, 51, 350
component, 49

pavable, 46, 194
Paving Lemma, 24, 43, 45, 46, 49, 156, 170, 189,

190
Peano, Giuseppe, 52
Perelman, Grigori, 377
period, 104
periodicity, 149, 151, 377
pi function, 148
Picard’s Theorem, 234
Picard, Émile, 234
Platonism, 10
Poincaré Conjecture, 377
polar coordinates, 19, 70
pole, 231, 232, 234, 237, 238, 250, 292, 298, 299

at infinity, 237
of order m, 231, 233, 247

at infinity, 236
on real axis, 254
simple, 246, 258

polygon, 54, 189, 190, 316
approximating, 117, 123, 124

polygonal approximation, 190
polynomial, 34, 84, 214, 238, 239

derivative of, 84
positive infinite, 326
positive infinitesimal, 326
potential function, 282
potential theory, 281, 282
power, 155

principal value of, 155
power series, 11, 59, 66, 75, 84, 92, 99, 150, 151,

207, 209, 211, 212, 217, 225, 289, 322, 326,
333, 337, 378

comparing, 291
convergence of, 66
limitations of, 289
manipulation of, 69

prime, 374, 375
prime factorisation

unique, 375
Prime Number Theorem, 375–377
punctuation, xiii
punctured plane, 369

quadratic map, 380
Quantum Field Theory, 379

radian, 146, 150, 151
radius of convergence, 67, 68, 218
ratio test, 66
rational function, 238, 239, 324
ray, 153
real

analysis, 51, 59, 69, 149
number, 2, 13, 315–317, 323, 324, 326–328, 330,

331, 333, 334, 336, 342, 344
real axis, 16
real part, 17, 29, 30, 65, 75, 87, 133
rectangle, 177, 191, 353, 363

in a domain, 352
relevant, 178, 179, 365

rectifiable, 124
regular, 9
regular point, 124, 127, 276, 320, 322
regular polygon, 7
relatively open set, 31
Remmert, Reinhold, 379
removable singularity, 231–234, 298

at infinity, 236, 237
reparametrisation, 39, 126, 200–202, 358, 359

orientation-preserving, 359
residue, 6, 11, 243, 246, 247, 250, 258, 309

calculation of, 246
Riemann Hypothesis, xii, 12, 137, 140, 374, 376,

377
Riemann integral, 112, 113, 189, 333

complex, 114
Riemann sphere, 234, 236, 281
Riemann sum, 111, 112
Riemann surface, 6, 289, 296, 299–305, 308, 310,

340, 341, 346, 379, 381
Riemann, Georg Bernhard, 6, 12, 79, 140, 235, 299,

375, 376
Riemann–Stieltjes integral, 113
right derivative, 88
right triangle, 151
rigid motion, 268
ring, 328, 331
Robinson, Abraham, 333, 334, 342, 343
Rouché’s Theorem, 262, 263, 371

same order, 329
complex, 331

Schoenfeld, Lowell, 377
Schwartz Reflection Principle, 314
second derivative, 75
second order logic, 334
segment, 364
semicubical parabola, 129
sequence, 59
series

involving negative powers, 225
summation of, 258

series involving negative powers, 225
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several complex variables, xii, 12, 378
sheet, 299, 300
simple loop, 243, 244, 246, 261
simply connected, 183
sine, 59, 69, 99, 150
singular point, 124, 127, 276
singularity, 218, 237, 244, 292, 295, 298, 300
smooth, 123
snowflake curve, 124
space-filling curve, 52, 91, 190

construction of, 52
special linear group, 378
spiral, 130
square root, 149
standard part, 327, 330

complex, 331
properties, 331

properties of, 328
star centre, 173
star domain, 170, 173, 175, 176, 193
stationary point, 128
step path, 48, 170, 176, 178–180, 350
step-connected, 48, 49, 51
streamline, 282, 283, 304
strictly increasing, 39, 126
Stroyan, Keith, 343
structure theorem, 315, 323, 343

for ordered extension field of R, 327
for super complex field, 331

subpath, 40
sum

of paths, 40, 41
summation of series, 258
super complex field, 331
super ordered field, 326, 327, 330, 331, 334

not complete, 330, 331
supercomplex

field, 326
number, 333

superreal
field, 324, 326
number, 325, 326, 333

Tall, David, 343
tangent, 124, 316, 318

to curve, 125
Tartaglia, 1
Tartaglia’s formula, 2
Taylor coefficient, 209, 215
Taylor expansion, 211, 217, 218, 225, 228
Taylor series, 87, 88, 91, 92, 207, 209, 211, 212,

214, 218, 225, 228, 231, 238, 290, 291, 338,
342

Taylor’s Theorem, 87, 207
Taylor, Brooke, 211
telescope, 328, 332, 343

tends, 60
term by term differentiation, 84
term of sequence, 60
top right point, 365
topology, 11, 12, 24, 46, 51, 52, 150, 187, 188, 268,

350, 379
transfer principle, 334, 336, 337
Trefftz, Erich, 283
triangle, 170
triangle inequality, 17
trigonometric function, 11, 59, 69, 96, 99–102, 105,

149, 150
periodicity of, 104

trigonometry, 96

ultrafilter, 336, 342
unbounded, 50
uniform, 296, 299
unit circle, 36
unpavable, 46, 194
upper half-plane, 378

Vandermonde, Alexandre-Théophile, 7
Vega, Jurij, 374
Vietoris, Leopold, 353
visual cortex, 9
von Kármán, Theodore, 283
von Koch, Niels Helge, 377

Wallis, John, 2, 7, 13
wedge, 304
Weierstrass, Karl, 6, 35, 59, 89, 139, 225, 289, 291,

315
Weierstrass–Casorati Theorem, 234
weight, 378
Wessel, Caspar, 4, 7, 13, 16, 341
Wiles, Andrew, 377, 378
winding number, 149, 150, 155, 158–160, 163, 169,

179, 180, 182, 187, 188, 353, 356, 360, 361
additivity of, 158, 159, 356
as homology invariant, 362
as integral, 159
computation by eye, 161
of a chain, 353, 355
to define homology, 361

Yuktibhasa of Jyesthadeva, 59

zero, 214
counting, 261
isolated, 215
of finite order, 215
of order m, 215, 273

at infinity, 237
zeta function, 375
Zhukovsky, Nikolai, 283
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