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The Harmonic Oscillator: Classical versus
Quantum

It seems to me that there are deep philosophical lessons to be
learned in the way in which the practicing theoretical physicist
thinks about the foundations of the subject, i.e., the manner in
which he approaches the problems, the general criteria he brings
to bear on what is a reasonable solution. So, the important thing
then is to display the general world view, the world picture that
the theoretical physicist has.

This is particularly significant in connection with the philo-
sophical implications of quantum physics, because quantum
physics or quantum mechanics — by which I think we mean
finally the rational mode of understanding of microscopic or
atomic phenomena — has perhaps had the greatest impact of
any of the developments of physics upon the mode of thinking
or the world picture of the physicist and thereby, indirectly, of
the general citizen.

Julian Schwinger
in the Prologue to Quantum Mechanics: Symbolism of Atomic
Measurement, 2001

“Quantum mechanics — by which I think we mean finally the rational
mode of understanding of microscopic or atomic phenomena,” this, in
a nutshell, is the topic of this book. We seek to present a calculus that
encodes this rational understanding. This is not an easy task. It is in no
way straightforward, and a cursory reading of the history of the devel-
opment of the subject illustrates nothing if not how very difficult it was
to discover the right calculus. It does not help that the right calculus is
written in the language of some rather esoteric and sophisticated math-
ematics, and necessarily so, it seems, and that there are competing ways
to interpret the resulting abstract formalism. Rather than repeat the his-
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2 The Harmonic Oscillator: Classical versus Quantum

tory of the founding of the subject, which covers a period from roughly
1900 until the mid-1930s and involves the work of scores of physicists and
even a few mathematicians, which involves many experiments and ob-
servations as well as many false starts and stops, we present the calculus
as a fait accompli and then back track to fill in our understanding. The
reader should understand at the outset, though, that there is a wealth
of experimental justification for this calculus.

In this opening lecture, we present a contrast between classical me-
chanics and quantum mechanics through the lens of a single example.
This example illustrates in stark relief the differences between the clas-
sical view of the world as articulated by Newton’s laws and the modern
view as articulated by the rules of quantum mechanics. The harmonic
oscillator is the quintessential physical system and, as such, its analysis,
whether classical or quantum, serves as an archetype of the discipline. In
this lecture we review the classical treatment of the harmonic oscillator
and outline the quantum treatment. The quantum treatment will seem
ad hoc and unmotivated and should elicit some unease and, perhaps,
even perplexity. The reader will see that the utter simplicity of both the
methodology and results of the classical treatment stands in sharp con-
trast to the sophistication of the quantum treatment. Indeed, whereas
both the application and meaning of the classical treatment are appar-
ent from the mathematics itself, the methods and results of the quan-
tum treatment cry out for explanation and interpretation. We present a
standard interpretation of the quantum treatment here, but the reader
should find our explanations, though internally coherent, nonetheless
unmotivated. This interpretation was developed over a period of years
concurrent with the development of the machinery of quantum mechan-
ics itself, but the reader is warned that other interpretations are possible.

At the end of this lecture, we delve into some foundational issues sur-
rounding the interpretation of quantum mechanics. This is something
of a departure from our practice throughout the remainder of the book,
where the development of the formalism takes precedence over philo-
sophical issues.! Nonetheless, we want the reader to be aware at the
outset that the quantum mechanical world view is a drastic departure
from that of the classical and leaves open many deep philosophical issues.

Welcome to the world of the quantum!

1 The exception is Lecture 22, where a precise discussion of nonlocality in real
systems is presented, along with its accommodation by the quantum formalism
and its implications for hidden variables theories.
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1.1 The Classical Harmonic Oscillator 3
1.1 The Classical Harmonic Oscillator

Consider a particle moving in a one-dimensional quadratic potential well

Viz) = %ka, where the spring constant k is positive and z rep-
resents position along a line. The force experienced by the particle is
F = —VV = —kxz, and serves to restore the particle to its equilibrium

position & = 0. The force on the particle diminishes as it moves toward
equilibrium but, since the particle has positive speed as it reaches the
equilibrium point, it overshoots past equilibrium and begins to feel the
restorative force again. Eventually the force slows the particle to rest
at some maximum displacement from equilibrium, at which point the
particle begins its journey back toward the equilibrium position, over-
shooting again, and reaching a maximum displacement opposite to that
of its previous maximum displacement. And so it goes ad infinitum. This
is the classical harmonic oscillator, the quintessential physical system of
classical mechanics.

The newtonian analysis of the harmonic oscillator is straightforward.
From Newton’s second law, the equation of motion of the harmonic
oscillator is

mix + kx =0,

where m is the positive mass of the particle and = = z(t) is position at
time t. Here we are using Newton’s notation, where the derivative of a
function of the time variable is indicated by a dot above the function.
The solution to the equation of motion, equally transparent, is

x(t) = acoswt + bsinwt,
where the natural or characteristic frequency is

k

w=1] =

m
and the initial conditions are 2(0) = a and #(0) = wb. For simplicity,
take 2(0) = X > 0 and #(0) = 0, so that z(t) = X coswt. Of course X
is the magnitude of the maximum displacement. The kinetic energy of
the system is K = %mﬁcQ = %msz2 sin? wt and the potential energy
isV = %kxz = %k‘X2 cos? wt, so that, using k = mw?, the total energy

E = K +V is a constant of the motion:

E = %k:XQ = %mszQ.

The picture presented by classical mechanics is clear and compelling.
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4 The Harmonic Oscillator: Classical versus Quantum

The equation of motion involves the particle position x = z(t) as a
function of time and its solution provides a complete description of the
location of the particle at all times. The motion, described precisely by
sinusoidal terms, is periodic, oscillating between extremes —X and X
with a natural frequency determined by the mass of the particle and the
spring constant, a characteristic of the potential well. The total energy is
a constant of the motion with well-defined contributions at each instant
in time, the kinetic energy from the particle’s speed and the potential
energy from the particle’s position in the potential well. We now examine
how the quantum mechanical rules treat the harmonic oscillator.

1.2 The Quantum Mechanical Treatment

The quantum mechanical analysis of the harmonic oscillator begins with
the classical Hamiltonian H (z, p) for the system, the total energy written
in terms of the position z and its conjugate momentum p = mi. The
momentum conjugate to the position variable x is by definition p =
OL/0i, where the Lagrangian is L(z,4) = K —V = imi® — 1ka?.
The Lagrangian and Hamiltonian formulations of classical mechanics
are reviewed in Lectures 6 and 7. The energy E of the system is given
in Hamiltonian form by

P’ L 5 o
H(z,p) = —+ -mw 'z =F.
(z,p) =5~ +3
We now perform a surprising procedure that will yield the quantum
mechanical equation of motion for the harmonic oscillator. To quantize
the Hamiltonian equation, we replace the three dynamical variables, or
observables — the position z, the momentum p, and the energy E — by
differential operators according to the following prescription:

z ~ X

pwP:—ihV:—ihﬁ
ox

EwE:ih%.

Here X is the operator that multiplies by z, i.e., for a function f, Xf(z) =
xf(x) and K is the reduced Planck constant, the proportionality
constant relating the energy of a photon to its angular frequency. These
operators act linearly on a suitable class of functions. Upon replacing x,
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1.2 The Quantum Mechanical Treatment 5

p, and F in the Hamiltonian equation by these operators, we obtain the
operator equation
h? 02 1 0

+ -mw?X® = ih— = E,

HXP) =552 T3 o

which operates on a suitable function ¥(z,t) to give the quantum me-
chanical equation of motion, the Schrédinger equation, for the har-
monic oscillator:
h? o?v 1 .. oV
o a2 + imwsz\I’ = 1715.

At this point the novice might ask why we are transforming a classical
Hamiltonian equation into an operator equation that then produces the
Schrédinger equation. What does this have to do with the simple sys-
tem of a particle in a quadratic potential well? It turns out to be quite
a lot, but the way in which the Schrédinger equation encodes informa-
tion about the physical oscillator is quite sophisticated. Some textbooks
give plausibility arguments to “derive” the Schrodinger equation that,
ultimately, in our opinion, offer little insight or comfort. Others proceed
along the historical path, easing us into the quantum world view gently,
and keeping the uncomfortable “why” questions at bay by recording the
struggle to understand experimental results that, ultimately, led to the
creation of the machinery. Still others report such results and then show
how simple matrix manipulations can be used to predict the observed
outcomes. This then is developed and generalized rapidly to arrive at
the Schrodinger equation and the rest of the machinery. The real an-
swer as to why we are performing this procedure is that it works to
give accurate statistical predictions and does so in the face of
the failure of classical mechanics. It is our view that there is no
way to make quantum mechanics palatable to minds informed at every
level of experience by the classical world. It is something we must get
used to, and we must get used to it because it works. Our tactic then
is to present the formalism for this simple physical system in this first
lecture, without candy-coating, and then to jump into the formal math-
ematical structure immediately in the next lecture. So, read on and see
this quantum mechanical calculation to its end, and then we will ask
what happened and try to understand how to become comfortable with
what we have done.

To solve the Schrodinger equation we separate variables by writing
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6 The Harmonic Oscillator: Classical versus Quantum
U(x,t) =(x)f(t), which gives the eigenvalue equations
inf(t) = Ef (1),
I pa) + Emta(a) = Bula)
2m 2 ’

where E is an unknown constant. Our use of the symbol E for the
constant arising from the separation of variables anticipates its eventual
interpretation as something to do with the energy of the system. The
first equation has the solution

- o (152)

so that
(z,t) = Ce 1B M (a).

Here C' may be taken to be an arbitrary complex constant, and the
—iBt/I ig called a phase factor of .
We are left with the second eigenvalue equation, known as the time-
independent Schrédinger equation:
h2

f%lb”(x) + %mw%%(l’) = Ey().

This may be written succinctly as HyY = Ev, where H is the linear
differential operator given by

unimodular term e

[ S B
H= o e + 5w X=.
The boundary condition imposed on this equation is that i and its
derivatives must decrease to 0 sufficiently rapidly as x — too, for ex-
ample, by requiring that all the functional terms of the equation — v,
221, 9" — be functions in L?(R), the Hilbert space of square-integrable
complex-valued functions on the real line. This requirement forces the
eigenvalue E to take on only certain restricted values, namely, values in
the discrete sequence

1
Ey = (N+2)m, N=0,1,2,...

The eigenfunction ¢y corresponding to the eigenvalue Fj, normalized
to the unit L2-norm, is

2
oo = ) (550 e (5 ) v (1f57).

© in this web service Cambridge University Press www.cambridge.org



www.cambridge.org/9781108429764
www.cambridge.org

Cambridge University Press
978-1-108-42976-4 — Lectures on Quantum Mechanics

Philip L. Bowers
Excerpt
More Information

1.3 What Does It All Mean? 7

where Hpy is the Nth Hermite polynomial. The family {¢n : N =
0,1,2,...} forms a complete orthonormal (Schauder) basis of the Hilbert
space L?(R). One can solve the time-independent Schrédinger equation
and arrive at Ey and ¥y via infinite series methods or via a beautifully
elegant algebraic method using annihilation and creation operators.
We present the details of the algebraic method in Lecture 11.

At this point we have applied the initial rules of quantum mechan-
ics to the harmonic oscillator and have solved its quantum mechanical
equation of motion, but we do not seem to have any information about
the usual objects of interest for an understanding of the motion of the
oscillator. We do not have a position function, we cannot calculate the
momentum or the energy; we cannot even tell that the oscillator oscil-
lates from the mathematics of this section. What we have done is to use
rather unintuitive rules to quantize a classical Hamiltonian equation.
This leads to the Schrédinger equation and, upon solving this resulting
partial differential equation, a discrete sequence of numbers Exn with
corresponding eigenfunctions 1. The question before us serves as the
title of the next section, where we present a standard, orthodox answer
to the titled question.

1.3 What Does It All Mean?

The meaning given here of the calculations of the previous section is the
result of a quantum world view that developed concurrently with the de-
velopment of the machinery of quantum mechanics and was in place as
the standard interpretation of quantum mechanics emerged by the nine-
teen thirties. The very fact that the machinery needed an interpretation,
and that there are even today various competing interpretations, is part
of what makes quantum mechanics a truly revolutionary break with
the past. Indeed, the meaning or interpretation of classical mechanics is
transparent in the mathematics of the discipline. After all, the primary
physical attributes of a system are the particle positions. If appropriate
initial or boundary conditions and the forces are known, then Newton’s
laws provide equations of motion from which the positions as functions
of time can be derived, at least in principle. From these functions, var-
ious subsidiary physical attributes, like momentum and energy, can be
calculated in a straightforward way. The classical world view provides a
strongly intuitive mathematical model of the physical world where the
correspondence between the mathematical objects and the physical at-
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8 The Harmonic Oscillator: Classical versus Quantum

tributes they represent is thought to accurately reflect the reality of the
physical world. Nonetheless, as successful as classical mechanics is in its
domain, it breaks down at the micro-level of the atom. The quantum
world view offers a sophisticated calculus that works to describe the
outcomes of experiments at the micro-level accurately. Indeed, it is pri-
marily in the predictions of the outcomes of experiments that quantum
mechanics derives its standard meaning.

We begin with an explanation of the eigenvalues Fy of the energy
equation Hy = Ei. These eigenvalues are, in fact, the possible values
of the energy of the oscillator that are obtained upon measurement.
This means that, if one performs an experiment to measure the energy
of the oscillator, the value measured will, with certainty, be En for
some value of N = 0,1,2,... Quantum mechanics thus predicts two
surprising, nonclassical results: first, the energy of the system, rather
than the continuously variable quantity E = %mwQX 2. X >0, as derived
in the classical analysis of the oscillator, is quantized into discrete units
FEy, E1, Es, ...; second, the minimum possible energy of the oscillator
is not zero, as in the classical case when the oscillator is at rest at
equilibrium, but Ey = %hw, a positive quantity. This behavior is typical
of micro-systems.

In the standard interpretation, the energy eigenfunctions, vy, con-
tain all the information that can be mined concerning the usual at-
tributes we assign to physical systems, attributes such as the positions
and momenta of particles and the energy of the system. We use these
eigenfunctions to predict the outcomes of experimental measurements
of these classical attributes by interpreting a general solution ¥ of the
Schréodinger equation, expanded in terms of the eigenfunctions, as a
probability amplitude that can be used to give probabilities for the
various possible numerical values of these experimental measurements.
A description of how these probabilities are determined from solutions
to the Schrodinger equation will occupy the remainder of this section.

The full Schrodinger equation,

H(X,P)T = EV,

is a linear homogeneous equation, so that the complex linear combination
a¥ +b® is a solution whenever ¥ and @ are solutions. The most general
solution to the Schrédinger equation for the quadratic potential well is
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1.3 What Does It All Mean? 9
the wave function
U(x,t) = Z chN(x)e*iENt/h,
N=0

for complex constants ¢y restricted only to ensure L2-convergence of the
infinite sum. The initial-value problem, solving the Schrédinger equation
subject to W(z,0) = 1 (z), where v € L?(R), has the solution W¥(x,t)
given above when the coefficients are chosen so that ) = 3 ¢y, which
is possible since the family {t)} forms an orthonormal basis for L?(R).
The immediate implication is that cy is given by the Fourier coefficient

ey = /R Dot da.

As the eigenfunctions ¢y form an orthonormal collection, we may
guarantee that the state vector 1, = ¥(—,t) is normalized in that, for
each value of t,

linll2 = / e ()2 dae = 1,

provided that the coefficients satisfy > |cx|? = 1. Assuming this, the
normalized state vector v, is interpreted as a probability amplitude
for the position of the oscillator at time ¢. This means precisely that,
when the oscillator has initial state vector ¥;—g, at time t its state vector
is 1; and the squared modulus |1;|? = 1,1 is the probability density for
position measurements in the sense that, upon a position measurement
of the oscillator at time ¢, the probability that the measured result is in
the numerical range [a, f] is

/ ()2 d

Another nonclassical result appears here. It turns out that no matter
what values o < 8 are chosen, the probability expressed by this inte-
gral is nonzero and positive when the state vector is one of the energy
eigenfunctions vy, as these eigenfunctions are nonconstant on every
nontrivial interval. In particular, when the state vector of the oscillator
is ¢y with energy Ey, there is a positive probability of measuring the
position of the oscillator outside its classical range of motion, the inter-
val [- Xy, Xn| where Exy = %mwQX?V. Of course, the expected value of
the measured position is

(X) = /R Wy (2)Xapy (z) da = /R () ey () da
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10 The Harmonic Oscillator: Classical versus Quantum

whenever the oscillator is in state ;.

It is in this sense — that the state vector at time ¢ gives probabili-
ties for experimental measurements of position at that time — that the
eigenfunctions contain information about the position of the oscillator
at time t. But there is more, much more. The wave function contains not
only information about the position, but, indeed, about any observable
attribute of the system. For example, the expected value of a momentum
measurement of the oscillator with state vector ¢, is

(P) = /Rmet(x) dx = —ih/Ri/Jt(SE)aif/Jt(x) dzx,

and, it turns out, the probability amplitude for the momentum of the
oscillator is the slightly modified Fourier transform

ZZt(p) = \/% /szt(x)efim/h dz.

In particular, the probability that the result of a momentum measure-
ment at time ¢ is in the numerical range [, 5] is

B
/ 15 (p) 2 dp.

Why the interpretation articulated thus far should hold is still not in
any way clear. Intrepidly, we continue. It is particularly enlightening to
consider, in a bit more detail, energy measurements on the harmonic
oscillator. The expected value of an energy measurement on the system
with state vector 1, is

(E) = /met(a:) dx = iﬁ/th(l‘)aatwt(x) de.

A straightforward calculation using the orthonormality of the sequence
of eigenfunctions ¢y gives

<E> = Z cnEneny = Z EN‘CN‘Q.
N=0 N=0

Now recall that an energy measurement of the system yields one of the
eigenvalues Ey with certainty. In fact, if the state vector is the energy
eigenfunction ¥, then the energy measurement returns the correspond-
ing eigenvalue Ey with certainty. What happens in the general case with
an arbitrary state vector 1,7 Comparing the formula for the expected
value (E) with the usual formula for the expected value of a discrete
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