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A Short Course in Differential Topology

Manifolds abound in mathematics and physics, and increasingly in cybernetics and visu-

alization, where they often reflect properties of complex systems and their configurations.

Differential topology gives us tools to study these spaces and extract information about the

underlying systems.

This book offers a concise and modern introduction to the core topics of differential

topology for advanced undergraduates and beginning graduate students. It covers the basics

on smooth manifolds and their tangent spaces before moving on to regular values and

transversality, smooth flows and differential equations on manifolds, and the theory of

vector bundles and locally trivial fibrations. The final chapter gives examples of local-to-

global properties, a short introduction to Morse theory and a proof of Ehresmann’s fibration

theorem.

The treatment is hands-on, including many concrete examples and exercises woven into

the text, with hints provided to guide the student.

Bjørn Ian Dundas is Professor in the Mathematics Department at the University of

Bergen. Besides his research and teaching he is the author of three books. When not doing

mathematics he enjoys hiking and fishing from his rowboat in northern Norway.

www.cambridge.org/9781108425797
www.cambridge.org


Cambridge University Press & Assessment
978-1-108-42579-7 — A Short Course in Differential Topology
Bjørn Ian Dundas
Frontmatter
More Information

www.cambridge.org© in this web service Cambridge University Press & Assessment

CAMBRIDGE MATHEMATICAL TEXTBOOKS

Cambridge Mathematical Textbooks is a program of undergraduate and beginning

graduate-level textbooks for core courses, new courses, and interdisciplinary courses in

pure and applied mathematics. These texts provide motivation with plenty of exercises of

varying difficulty, interesting examples, modern applications, and unique approaches to the

material.

Advisory Board

John B. Conway, George Washington University

Gregory F. Lawler, University of Chicago

John M. Lee, University of Washington

John Meier, Lafayette College

Lawrence C. Washington, University of Maryland, College Park

A complete list of books in the series can be found at www.cambridge.org/mathematics.

Recent titles include the following:

Chance, Strategy, and Choice: An Introduction to the Mathematics of Games and

Elections, S. B. Smith

Set Theory: A First Course, D. W. Cunningham

Chaotic Dynamics: Fractals, Tilings, and Substitutions, G. R. Goodson

A Second Course in Linear Algebra, S. R. Garcia & R. A. Horn

Introduction to Experimental Mathematics, S. Eilers & R. Johansen

Exploring Mathematics: An Engaging Introduction to Proof, J. Meier & D. Smith

A First Course in Analysis, J. B. Conway

Introduction to Probability, D. F. Anderson, T. Seppäläinen & B. Valkó

Linear Algebra, E. S. Meckes & M. W. Meckes

www.cambridge.org/9781108425797
www.cambridge.org


Cambridge University Press & Assessment
978-1-108-42579-7 — A Short Course in Differential Topology
Bjørn Ian Dundas
Frontmatter
More Information

www.cambridge.org© in this web service Cambridge University Press & Assessment

www.cambridge.org/9781108425797
www.cambridge.org


Cambridge University Press & Assessment
978-1-108-42579-7 — A Short Course in Differential Topology
Bjørn Ian Dundas
Frontmatter
More Information

www.cambridge.org© in this web service Cambridge University Press & Assessment

A Short Course in
Differential Topology

Bjørn Ian Dundas
Universitetet i Bergen, Norway

www.cambridge.org/9781108425797
www.cambridge.org


Cambridge University Press & Assessment
978-1-108-42579-7 — A Short Course in Differential Topology
Bjørn Ian Dundas
Frontmatter
More Information

www.cambridge.org© in this web service Cambridge University Press & Assessment

University Printing House, Cambridge CB2 8BS, United Kingdom

One Liberty Plaza, 20th Floor, New York, NY 10006, USA

477 Williamstown Road, Port Melbourne, VIC 3207, Australia

314-321, 3rd Floor, Plot 3, Splendor Forum, Jasola District Centre, New Delhi - 110025, India

103 Penang Road, #05-06/07, Visioncrest Commercial, Singapore 238467

Cambridge University Press is part of the University of Cambridge. 

It furthers the University’s mission by disseminating knowledge in the pursuit of  

education, learning and research at the highest international levels of excellence.

www.cambridge.org  

Information on this title: www.cambridge.org/9781108425797

DOI: 10.1017/9781108349130

© Bjørn Ian Dundas 2018

This publication is in copyright. Subject to statutory exception  

and to the provisions of relevant collective licensing agreements,  

no reproduction of any part may take place without the written  

permission of Cambridge University Press.

First published 2018

A catalogue record for this publication is available from the British Library

Library of Congress Cataloging in Publication data

Names: Dundas, B. I. (Bjorn Ian), author.

Title: A short course in differential topology / Bjorn Ian Dundas

 (Universitetet i Bergen, Norway).

Other titles: Cambridge mathematical textbooks.

Description: Cambridge, United Kingdom ; New York, NY :

 Cambridge University Press, 2018. | Series: Cambridge mathematical textbooks

Identifiers: LCCN 2017061465| ISBN 9781108425797 (hardback ; alk. paper) |

 ISBN 1108425798 (hardback ; alk. paper)

Subjects: LCSH: Differential topology.

Classification: LCC QA613.6 .D86 2018 | DDC 514/.72–dc23

LC record available at https://lccn.loc.gov/2017061465

ISBN  978-1-108-42579-7  Hardback

Cambridge University Press has no responsibility for the persistence or  

accuracy of URLs for external or third-party internet websites referred to in  

this publication, and does not guarantee that any content on such websites is,  

or will remain, accurate or appropriate. 

www.cambridge.org/9781108425797
www.cambridge.org


Cambridge University Press & Assessment
978-1-108-42579-7 — A Short Course in Differential Topology
Bjørn Ian Dundas
Frontmatter
More Information

www.cambridge.org© in this web service Cambridge University Press & Assessment

Contents

Preface page ix

1 Introduction 1
1.1 A Robot’s Arm 1

1.2 The Configuration Space of Two Electrons 6

1.3 State Spaces and Fiber Bundles 7

1.4 Further Examples 9

1.5 Compact Surfaces 11

1.6 Higher Dimensions 16

2 Smooth Manifolds 18
2.1 Topological Manifolds 18

2.2 Smooth Structures 22

2.3 Maximal Atlases 27

2.4 Smooth Maps 32

2.5 Submanifolds 37

2.6 Products and Sums 42

3 The Tangent Space 47
3.1 Germs 50

3.2 Smooth Bump Functions 53

3.3 The Tangent Space 55

3.4 The Cotangent Space 60

3.5 Derivations 68

4 Regular Values 73
4.1 The Rank 73

4.2 The Inverse Function Theorem 76

4.3 The Rank Theorem 78

4.4 Regular Values 83

4.5 Transversality 89

4.6 Sard’s Theorem 92

4.7 Immersions and Imbeddings 93

5 Vector Bundles 98
5.1 Topological Vector Bundles 99

5.2 Transition Functions 105

www.cambridge.org/9781108425797
www.cambridge.org


Cambridge University Press & Assessment
978-1-108-42579-7 — A Short Course in Differential Topology
Bjørn Ian Dundas
Frontmatter
More Information

www.cambridge.org© in this web service Cambridge University Press & Assessment

viii Contents

5.3 Smooth Vector Bundles 108

5.4 Pre-vector Bundles 111

5.5 The Tangent Bundle 113

5.6 The Cotangent Bundle 120

6 Constructions on Vector Bundles 123
6.1 Subbundles and Restrictions 123

6.2 The Induced Bundle 128

6.3 Whitney Sum of Bundles 131

6.4 Linear Algebra on Bundles 133

6.5 Normal Bundles 139

6.6 Riemannian Metrics 141

6.7 Orientations 145

6.8 The Generalized Gauss Map 146

7 Integrability 148
7.1 Flows and Velocity Fields 148

7.2 Integrability: Compact Case 154

7.3 Local Flows and Integrability 157

7.4 Second-Order Differential Equations 161

8 Local Phenomena that Go Global 164
8.1 Refinements of Covers 164

8.2 Partition of Unity 166

8.3 Global Properties of Smooth Vector Bundles 170

8.4 An Introduction to Morse Theory 173

8.5 Ehresmann’s Fibration Theorem 182

Appendix A Point Set Topology 191
A.1 Topologies: Open and Closed Sets 192

A.2 Continuous Maps 193

A.3 Bases for Topologies 194

A.4 Separation 195

A.5 Subspaces 195

A.6 Quotient Spaces 196

A.7 Compact Spaces 198

A.8 Product Spaces 199

A.9 Connected Spaces 199

A.10 Set-Theoretical Stuff 200

Appendix B Hints or Solutions to the Exercises 202

References 244

Index 246

www.cambridge.org/9781108425797
www.cambridge.org


Cambridge University Press & Assessment
978-1-108-42579-7 — A Short Course in Differential Topology
Bjørn Ian Dundas
Frontmatter
More Information

www.cambridge.org© in this web service Cambridge University Press & Assessment

Preface

In his inaugural lecture in 18541, Riemann introduced the concept of an “n-fach

ausgedehnte Grösse” – roughly something that has “n degrees of freedom” and

which we now would call an n-dimensional manifold.

Examples of manifolds are all around us and arise in many applications, but

formulating the ideas in a satisfying way proved to be a challenge inspiring the

creation of beautiful mathematics. As a matter of fact, much of the mathematical

language of the twentieth century was created with manifolds in mind.

Modern texts often leave readers with the feeling that they are getting the answer

before they know there is a problem. Taking the historical approach to this didactic

problem has several disadvantages. The pioneers were brilliant mathematicians,

but still they struggled for decades getting the concepts right. We must accept that

we are standing on the shoulders of giants.

The only remedy I see is to give carefully chosen examples to guide the mind

to ponder over the questions that you would actually end up wondering about even

after spending a disproportionate amount of time. In this way I hope to encourage

readers to appreciate and internalize the solutions when they are offered.

These examples should be concrete. On the other end of the scale, proofs should

also be considered as examples: they are examples of successful reasoning. “Here

is a way of handling such situations!” However, no amount of reading can replace

doing, so there should be many opportunities for trying your hand.

In this book I have done something almost unheard of: I provide (sometimes

quite lengthy) hints for all the exercises. This requires quite a lot of self-discipline

from the reader: it is very hard not to peek at the solution too early. There are

several reasons for including hints. First and foremost, the exercises are meant to be

an integral part of class life. The exercises can be assigned to students who present

their solutions in problem sessions, in which case the students must internalize

their solution, but at the same time should be offered some moral support to lessen

the social stress. Secondly, the book was designed for students who – even if eager

to learn – are in need of more support with respect to how one can reason about

the material. Trying your hand on the problem, getting stuck, taking a peek to see

whether you glimpse an idea, trying again . . . and eventually getting a solution that

you believe in and which you can discuss in class is way preferable to not having

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
1 https://en.wikipedia.org/wiki/Bernhard_Riemann
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x Preface

anything to bring to class. A side effect is that this way makes it permissible to

let the students develop parts of the text themselves without losing accountability.

Lastly, though this was not a motivation for me, providing hints makes the text

better suited for self-study.

Why This Book?

The year I followed the manifold course (as a student), we used Spivak [20], and I

came to love the “Great American Differential Geometry book”. At the same time,

I discovered a little gem by Bröker and Jänich [4] in the library that saved me on

some of the occasions when I got totally befuddled. I spent an inordinate amount

of time on that class.

Truth be told, there are many excellent books on manifolds out there; to name

just three, Lee’s book [13] is beautiful; in a macho way so is Kosinski’s [11]; and

Milnor’s pearl [15] will take you all the way from zero to framed cobordisms in 50

pages. Why write one more?

Cambridge University Press wanted “A Short Introduction” to precede my orig-

inal title “Differential Topology”. They were right: this is a far less ambitious text

than the ones I have mentioned, and was designed for the students who took my

classes. As a student I probably could provide a proof for all the theorems, but if

someone asked me to check a very basic fact like “Is this map smooth?” I would

feel that it was so for “obvious reasons” and hope for the life of me that no one

would ask “why?” The book offers a modern framework while not reducing every-

thing to some sort of magic. This allows us to take a hands-on approach; we are less

inclined to identify objects without being specific about how they should be iden-

tified, removing some of the anxiety about “variables” and “coordinates changing”

this or that way.

Spending time on the basics but still aiming at a one-semester course forces some

compromises on this fairly short book. Sadly, topics like Sard’s theorem, Stokes’

theorem, differential forms, de Rham cohomology, differential equations, Rieman-

nian geometry and surfaces, imbedding theory, K-theory, singularities, foliations

and analysis on manifolds are barely touched upon.

At the end of the term, I hope that the reader will have internalized the fun-

damental ideas and will be able to use the basic language and tools with enough

confidence to apply them in other fields, and to embark on more ambitious texts.

Also, I wanted to prove Ehresmann’s fibration theorem because I think it is cool.

How to Start Reading

The core curriculum consists of Chapters 2–8. The introduction in Chapter 1 is not

strictly necessary for highly motivated readers who cannot wait to get to the theory,

but provides some informal examples and discussions meant to put the later mate-

rial into some perspective. If you are weak on point set topology, you will probably

want to read Appendix A in parallel with Chapter 2. You should also be aware
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Preface xi

of the fact that Chapters 4 and 5 are largely independent, and, apart from a few

exercises, can be read in any order. Also, at the cost of removing some exercises

and examples, the sections on derivations (Section 3.5), orientations (Section 6.7),

the generalized Gauss map (Section 6.8), second-order differential equations (Sec-

tion 7.4), the exponential map (Section 8.2.7) and Morse theory (Section 8.4) can

be removed from the curriculum without disrupting the logical development of

ideas. The cotangent space/bundle material (Sections 3.4 and 5.6) can be omitted

at the cost of using the dual tangent bundle from Chapter 6 onward.

Do the exercises, and only peek(!) at the hints if you really need to.

Prerequisites

Apart from relying on standard courses in multivariable analysis and linear algebra,

this book is designed for readers who have already completed either a course in

analysis that covers the basics of metric spaces or a first course in general topology.

Most students will feel that their background in linear algebra could have been

stronger, but it is to be hoped that seeing it used will increase their appreciation of

things beyond Gaussian elimination.
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Notation

We let N = {0, 1, 2, . . . }, Z = {. . . ,−1, 0, 1, . . . }, Q, R and C be the sets of

natural numbers, integers, rational numbers, real numbers and complex numbers.

If X and Y are two sets, X × Y is the set of ordered pairs (x, y) with x an element

in X and y an element in Y . If n is a natural number, we let Rn and Cn be the

vector spaces of ordered n-tuples of real and complex numbers. Occasionally we
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may identify C
n with R

2n . If p = (p1, . . . , pn) ∈ R
n , we let |p| be the norm

√

p2
1 + · · · + p2

n . The sphere of dimension n is the subset Sn ⊆ R
n+1 of all p =

(p0, . . . , pn) ∈ R
n+1 with |p| = 1 (so that S0 = {−1, 1} ⊆ R, and S1 can be

viewed as all the complex numbers eiθ of unit length).

Given functions f : X → Y and g : Y → Z , we write g f for the composite,

and g ◦ f only if the notation is cluttered and the ◦ improves readability. The

constellation g · f will occur in the situation where f and g are functions with the

same source and target, and where multiplication makes sense in the target. If X

and Y are topological spaces, a continuous function f : X → Y is simply referred

to as a map.
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