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This text is intended for students who have an undergraduate degree or extensive coursework in

engineering or the physical sciences and who wish to develop their understanding of the essen-

tial topics of applied mathematics. The methods covered in these chapters form the core of

analysis in engineering and the physical sciences. Readers will learn the solutions, techniques,

and approaches that they will use as academic researchers or industrial R&D specialists. For

example, they will be able to understand the fundamentals behind the various scientific soft-

ware packages that are used to solve technical problems (such as the equations describing the

solid mechanics of complex structures or the fluid mechanics of short-term weather predic-

tion and long-term climate change), which is crucial to working with such codes successfully.

Detailed and numerous worked problems help to ensure a clear and well-paced introduction

to applied mathematics. Computational challenge problems at the end of each chapter pro-

vide students with the opportunity for hands-on learning and help to ensure mastery of the

concepts. Adaptable to one- and two-semester courses.
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PREFACE

The title of this book states that the mathematical subject matter covered herein is “essen-

tial.” This assertion itself requires clarification. For what is the mathematics discussed here

essential? Why is the mathematics discussed here essential? For whom is the mathematics

discussed here essential (engineers and scientists, clearly, but that must also be explained)?

To begin answering these complicated questions it is necessary to discuss how and why

they first arose.

The fact is that in the four decades between approximately 1980 and 2020 there has been

an explosion in the uses of computers for the solution of engineering and scientific prob-

lems using techniques of computational modeling and simulation. Computers are also

used for other purposes ranging from entertainment (videos, cell phones, etc.) to the appre-

hension of fugitives and for espionage (facial recognition), to large scale data processing

in health care and social statistics, to the increased financialization and economization of

daily life. Simply put, the computer is now ubiquitous.

One of the downsides of increased sophistication is the associated loss of contact with

fundamentals. In everyday life this is observed as the inability to make repairs on ones’s

car or to replace a “heating, ventilation and air-conditioning system” in one’s home. Once

computers were able to solve long-standing difficult problems of engineering, what was left

for the replaceable, interchangeable engineer? The computer made it all so easy. It never

asked for vacations, bonuses or raises, and, best of all, unlike real-life engineers it never

made any mistakes. Furthermore, if engineers and scientists are not needed, why should

engineering and science even be taught?

We were led in the face of such circumstances to ask a more immediately relevant set

of questions: What level of mathematical sophistication is necessary for our engineers and

scientists (assuming they are still necessary) in an era where machine computation occupies

the prominent place? A slightly different version of the same question is: How grounded

should our students be in the fundamentals of mathematics? One cannot help but notice

that the need to write one’s own code has seemingly withered away as pre-packaged and

commercial software programs became universally available. And so it became legitimate

to ask even more questions: If a solution of some kind is always computable is there

any longer a need to worry whether the mathematical algorithms and modeling assump-

tions are consistent? Is it worth one’s time to ask whether the mathematical problem is

well posed? Is there still a need on the part of the engineer or scientist to deploy strict
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xiv Preface

algorithmic thinking during the problem-solving process or should his or her role end

with the problem statement?

We learned by subsequent experience through many exaggerations, misstatements and

mishaps that the consequences of shorting human technical ability and expertise can

range from the comical to the harmful. Bridges collapsed, airplanes crashed, wind tunnels

and other large-scale experimental facilities were still needed, and experimental diagnos-

tics became even more sophisticated and accurate. Hence there arose a distinct need for

oversight in the form of practicing engineers and scientists able to provide a competent

technical scrutiny of proposed “solutions” to difficult technical problems. By necessity we

were returned to asking modern variants of age-old questions: what is a problem, and

what does it mean to solve it? We were forced to acknowledge that though we lived in

an era technologically far superior to that in which much of our mathematics was devel-

oped, we had not yet outgrown the constraints it has imposed on us: everyday life requires

mathematics as much, or more than it ever did.

With the change of scope and emphasis in modern engineering practice — our nearly

ubiquitous dependence on machine computation — new and different ways were needed

to present essential mathematical knowledge to students of engineering and the sciences.

Even so, the path forward begins by casting a long glance over one’s shoulder toward the

solved problems from the venerable past. How did these problems arise? What questions

did they seek to answer? How were the solutions generated? These questions provide valu-

able clues to the construction and solution of modern mathematical models. Although

computers have altered the way we do our mathematics, and how we construct solu-

tions, and how we consider the parts of a given problem in relation to the whole, it was a

change in form, not content. As one simple example, the reader may reflect on the fact that

though we are not about to discard our software codes we can nevertheless be more vigi-

lant about testing them against established mathematical solutions. This goes from being

merely important to crucial when we extend these codes and programs past the simpler

problems for which they were initially designed. Man’s reach exceeding his grasp, we seek

the means for closing that gap whenever and however possible.

The preceding discussion, of course, was centered on the two questions, “why and for

what is technical competence in advanced mathematics essential?”

Concerning “essential for whom?”, the aim of this introductory graduate-level book

is to visit, with sharpened tools and perspective honed by precedent and experience, a

subset of the most important — essential — topics of mathematics that the aspiring

graduate level engineer or scientist should know. Since this knowledge is foundational,

it builds upward and outward. Each new subject matter, however, has a partial foundation

of its own so the entire assembly might be taken by analogy to resemble a Roman aque-

duct: a superstructure resting on separate but strongly linked segments, or foundations.

The mathematics of engineering science builds upward firstly from a knowledge of exact

mathematics unencumbered (except for the occasional example) by approximation, esti-

mation and asymptotization. We believe that although there is available an assortment of
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Preface xv

approximate and asymptotic solution techniques for various classes of engineering and

applied science problems, extended coverage of them in the first year of graduate study

would amount to putting the cart before the horse.

Key Features
Key features of this book include the following

• The presumed background for this book is the equivalent of an undergraduate (B.S.)

degree in engineering or in physical science. This implies a grounding in calculus

through partial differential equations, and also familiarity with matrix theory includ-

ing a basic understanding of eigenvalues and eigenvectors. It is also presumed that

the reader has grappled with ODEs, PDEs, and eigenvalues in a first treatment. These

subjects implicitly suggest that the student is familiar with introductory Fourier series,

Laplace transforms, and vector analysis and notation. All of these topics are covered

in “advanced” undergraduate textbooks as well as in several introductory graduate level

texts. In a typical undergraduate technical major in mechanical engineering, for example,

the student at the junior/senior level would have been exposed to treatments of heat con-

duction (for PDEs), vibrations (for ODEs and eigenvalues), and control theory (linear

systems, Laplace transforms). In other areas of undergraduate study in different techni-

cal areas such as physics or chemistry, the student will have encountered junior/senior

level courses in classical mechanics, statistical thermodynamics, electromagnetic theory

and physical chemistry. Courses such as these inevitably cover many of the mathematical

procedures with which we expect the reader to have background operational facility.

• The subject matter is divided into three major parts, each with at least four chapters.

The three parts focus on Linear Algebra, Complex Variables, and Ordinary and Partial

Differential Equations. The foundations of these topics are different but the connections

and interrelations tying them together are numerous and deep. In order to solve prob-

lems numerically it is imperative to have a strong foundation in Linear Algebra. What

are the objects of numerical solutions? Usually, ordinary differential equations (ODEs)

and partial differential equations (PDEs). Complex Variables might be thought to stand

outside these two areas, but the light shed on differential equations, integration, the sig-

nificance of the derivative as well as the foundational notions of the Riemann sphere,

the Cauchy-Riemann equations, and all of the techniques and skills learned in the act

of evaluating integrals and assessing singularities (and noting their behavior) makes its’

study extremely valuable. The basic concepts introduced in Complex Variables carry

over into topics as concrete as geometric considerations for PDEs, and as abstract as the

meaning of infinity or the notion of
√

−1.

• A major point of emphasis has been to discuss the Fredholm Alternative Theorem (FAT)

and its implications for solving linear systems of equations (in Part I) and ordinary dif-

ferential equations (in Part III). These two areas of emphasis are closely related because

ODEs can be recast using finite differences as a system of linear algebraic equations.
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xvi Preface

Nevertheless, the FAT provides an excellent graduate level opportunity to discover the

deeper connections between these topics. In addition, the limitations on the existence of

solutions indicated by the FAT lead to new and broader insights, such as the concept

of a modified Green’s function described in Part III. Here the student will learn that

an apparent limitation of a prior, perhaps more straightforward approach is a not-so-

subtle manifestation of the need for a more fundamental principle (such as the modified

Green’s function). What first appear to be roadblocks often mark the entryway to a more

foundational theory.

• The order of the material is not “random” (to use the current jargon) or arbitrary. Lin-

ear Algebra should be studied first followed by Complex Variables, and then ODEs and

PDEs. There is a constant “build” as these topics are gradually developed, until, at the

end of Chapter 13, much of the intellectual content of the previous twelve chapters is

represented in the form of a final example in Chapter 13, Section 13.6. Indeed, detailed

worked examples serve as a vehicle for introducing and advancing the theory. While cer-

tain of these may seem discipline specific by virtue of their particular formulation, they

are in fact general with respect to the presentation of the underlying key mathematical

concept. This is made clear in the narrative discussion. In addition to demonstrating

procedures and treating previously raised issues, these examples serve to pose new ques-

tions. A version of this is the introduction of the pseudo-inverse in Section 3.5 which

fulfills a specific need that, at first glance, appears to be a loose end but is then revealed

to be a concept of fundamental importance. The continued follow-up on issues raised by

prior examples is a key feature of the text.

• We seek to reinforce the essential concepts by circling back as the book evolves to recon-

sider important topics and methods in a new light or in a greater degree of generality.

This is also part of the “build” that we have employed in the writing. For example, the

Fredholm Alternative Theorem is first considered in the context of linear algebra with

the same number of equations as unknowns (Chapter 3), then reconsidered in the con-

text of linear algebra with an unequal number of equations and unknowns (Chapter

4), and then later in the context of ODE theory (Chapter 11). Education research has

shown that students understand better both the logic and the necessity of the material

under such an arrangement. This type of learning is called “active retrieval” [1]. The

active retrieval of prior notions, examples and knowledge is also the central compo-

nent of what these authors call “interleaved and varied practice.” This approach fosters

appreciation, assimilation and application of principles learned.

• This book might ideally be used as a graduate level text for an introductory full year

course. However, it can also serve as a text in a one semester setting with a sampling of

material from each of the three parts. At our institution we have used it in a semester

course by covering the first two, or in some cases three, chapters of each part. The

remaining material is more than sufficient for a schedule of personal study or for a sec-

ond course, after which the student/reader will have acquired a strong foundation in the

methods of exact analysis in engineering and applied science. After that, they will be
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ready to study, if they wish, the full spectrum of asymptotic methods (series, integrals,

WKB theory, steepest descent, etc.) as well as the classic techniques of approximate engi-

neering analysis represented in Bender and Orszag’s excellent and by no means dated

book [58]. Topics such as the structure of phase space, solutions for nonlinear ODEs and

PDEs, the influence of very large or very small parameters, are left for more advanced

treatments, as are studies of the particulars of numerical methods.

• The authors believe that an important part of learning consists of the student’s own

engagement with the material, in quiet privacy, under a circle of light, phone and elec-

tronic gadgetry turned off. Some of this engagement comes from reading, which we

could call philosophical engagement. A more active form of engagement amounts to

working through the examples. And the most active and productive form of engagement,

where learning truly occurs, comes by solving exercises. Exercises are provided for each

section of each chapter. Some of the exercises reinforce standard learning whereas oth-

ers require considerable effort. The reward is a leap of understanding with a heightened

appreciation for the presented material. We have written a “computational challenge

exercise” at the end of each chapter, which typically requires not only a thorough grasp

of the material, but also the ability to treat amplified versions of previous problems in

an algorithmic way. The resulting computational challenge provides a hands-on way

to master the theory and it connects the essential mathematics presented herein to the

computationally intensive era in which we live.

• Finally, there are several topics of exact engineering analysis that are not addressed, first

because they are well covered in other, more introductory texts, and second because the

level and depth and the large number of examples we use to cover topics here would

make our book unwieldy. Thus, for example, we do not examine in detail variational

methods, although they appear in Part III in our discussion of PDEs. Variational cal-

culus leads often to nonlinear ODEs, which is another topic that is not represented

herein. Choices were made, and topics were chosen to emphasize the essential nature

of the subjects covered, the almost universal emphasis being on the exact solution of

linear problems of applied mathematics. Once these subjects are understood the student

or researcher can learn how to treat nonlinear equations, often by linearizing them(!)

and almost as often by seeking a parameter around which to construct an asymptotic

solution. In an age of computation, the predominant approach is a resort to numerical

simulation, which inevitably involves linearization.
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