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(Lp, ‖.‖p), 207

Gδ set, 22, 38, 210

L1(X, �, μ), 198

M(X, �), 196

N-function, 203

complementary, 203

TV , 257

T1 − T4 spaces, 12

W1 compact, 318

Wp compact, 320

Wp-complete, 322

�2 condition, 205

α-measurable, 221

σ -additive, 182

σ -compact, 17, 34, 48

σ -field, 179

generated by F , 180

σ -ring, 179

c-concave, 318

p-adic metric, 21

β metric, 266

ǫ-net, 39

minimal, 40

ǫ-subdifferential, 149

σ -additive, 212

abelian, 62

absolutely continuous, 201, 206,

251

absolutely convex, 84, 88

absorbent, 116

accumulation point, 10, 11

action, 66

continuous, 66, 237

left, 66

right, 66

transitive, 66, 237

additive, 212

adjoint, 108, 109

affine, 85, 128

affine homeomorphism, 155

Alexandroff’s theorem, 32

almost everywhere, 184

almost surely, 184

almost uniformly, 184

analytic set, 180

annihilator, 100

antilinear, 100, 108

Archimedean, 191

Arzelà–Ascoli theorem, 46, 63, 267

atom, 243

Baire σ -field, 210

Baire space, 33

Baire’s category theorem, 33, 34, 39, 80, 91,

132, 142, 160

Banach limits, 114

Banach sequence space, 94

Banach space, 79, 128

Banach’s theorem, 124, 141, 156, 259,

268

Banach–Alaoglu theorem, 125

barycentre, 167

barycentric co-ordinates, 167

base

for a uniformity, 56

Bernoulli sequence space, 23, 38, 43, 44, 62,
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Bessel’s inequality, 106

bidual, 115

bilinear, 91, 118

bilinearity, 97

bimonotone basis, 94

bipolar, 120

Birkhoff’s theorem, 160

Bishop–Phelps theorem, 149

Borel σ -field, 180

Borel measurable, 180, 293

Borel measure, 210

boundary, 10, 150, 167, 285, 287

bounded, 19, 80

σ(E, F), 122

bounded convergence, 232, 255

bounded Lipschitz, 82

bounded variation, 245

Brézis–Browder Lemma, 53

càdlàg function, 71

Cantor set, 24

Cauchy sequence, 24, 39, 77, 106

σ(E, F), 122

Cauchy–Schwarz inequality, 98,

200

central limit theorem, 271, 324

Choquet boundary, 288

Choquet ordering, 291

Choquet’s theorem, 284, 292

closed, 10

closed ǫ-neighbourhood, 19

closed graph theorem, 93

closed unit ball, 80

closed-regular, 211

closure, 10

co-ordinate projection, 10, 11, 28

compact, 41, 48, 59, 125, 155

countably, 41

Hausdorff, 54

sequentially, 41

compactification, 17

one-point, 17

complete, 24, 32, 74, 75, 77, 80

completely labelled, 169

completely regular, 13, 59, 64,

258

completion, 29, 80

concave, 27, 85

conditional expectation, 234

conditional probability, 234

continued fraction, 38

continuity

downwards, 182

upwards, 182

continuity set, 261, 270

continuous, 11, 88

sequentially, 11

uniformly, 57

continuous linear functional, 119

continuous on the right, 71

contraction mapping, 162

convergence, 11

convergence in law, 258

convex, 84, 86, 119

body, 88

cover, 84

function, 83

strictly, 141

convex envelope, 128

convex cover

closed, 86

convex function, 128, 130, 151, 152

regular, 129

convexity, 83

countably additive, 182

countably compact, 16

countably inductive, 53

counting measure, 208

cross-section mapping, 11, 28

cumulative distribution function, 244, 251

cyclically monotone, 152

cyclically monotone operator, 152

cylinder set, 218

rank, 23

Daneš’s drop theorem, 95

dense Gδ , 142, 146

dentability, 160

diameter, 19, 44, 158, 161, 168, 176

Dieudonné, 70

differentiable

almost everywhere, 252

differential, 133

differential equation, 164

dilation, 293

Dini’s theorem, 19

Dirac measure, 257

directional derivative, 133, 254

disintegration, 231

disintegration theorem, 294

dissection, 71, 243

distance, 22
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distribution, 183

dominated convergence theorem, 201

doubly stochatic matrices, 160

drop, 95

dual pair, 118

dual space, 91, 115

dyadic martingale, 218

effective domain, 50, 85

Egorov’s theorem, 184, 217

Ekeland’s variational principle, 149, 166

entourages, 56

envelope

convex, 128

epigraph, 50, 151

strict, 50

episum, 96, 139, 142

equicontinuous, 46, 63

essentially bounded, 198

Euclidean space, 38, 101, 243, 327, 328

extend, 112–114

extension, 89

extension theorem

lower semi-continuous functions, 53

extreme point, 157, 283, 284, 287

face, 157, 167

facet, 167

Fatou’s lemma, 204

Fenchel–Rockafeller duality, 148

Fenchel–Rockafeller theorem, 154

filter, 15, 56

finite intersection property, 15, 60

first Borel–Cantelli lemma, 182, 250

first category, 34

first countable, 12, 19

fixed point, 162, 170

fixed point theorem

Brouwer’s, 170

Caristi’s, 166

Clarke’s, 166

Kakutani’s, 174, 236

Markov–Kakutani, 173

Ryll–Nardzewski, 175

Schauder’s, 171

Fourier transform, 271, 272

Fréchet differentiable, 143, 330

Fréchet–Riesz representation theorem, 108

Fréchet–Riesz theorem, 200

frontier, 10

Fréchet smooth, 144

Fubini’s theorem, 230, 241, 254

fundamental theorem of calculus, 164

Gâteaux derivative, 133

Gâteaux differentiable, 133

Gâteaux smooth, 144

gauge, 86, 137, 204, 207

Gaussian random variable, 272

general principle of convergence, 24

gluing lemma, 234, 316

grad, 143

gradient, 143

Gram–Schmidt orthonormalization, 105

graph, 11, 93

greedy algorithm, 248

group

compact Hausdorff, 66

orthogonal, 62

unitary, 62

group action, 66

group-norm, 68

growth function, 276

Hölder’s inequality, 209, 317

Haar measure, 40, 176, 236, 244

left, 175

locally compact, 238

right, 175

Hahn–Banach theorem, 140, 223, 227, 235,

282, 286, 287

complex, 125

Hall’s marriage theorem, 40

Hausdorff, 59

uniformity, 64

Hausdorff space, 12

Helly space, 16, 22, 46

Helly–Bray theorem, 262

Hermitian operator, 109

Hermitian space, 38, 101

Hilbert cube, 10, 23, 24, 38, 43, 262

Hilbert space, 101, 116, 122, 207, 327

homeomorphism, 11, 60, 61, 73

uniform, 57

homogeneous space, 237

hypercube, 10

hyperplane, 117
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implicit function theorem

Lipschitz, 165

in measure, 184

in probability, 184

independent copies, 271

indicator function, 22

inf-convolution, 139

inner product, 97

space, 97

usual, 98

inner-product space, 97

integral equation, 164

interior, 10, 88, 167

inversion, 62

inversion invariant, 79

irrational, 38

isolated point, 10

isometrically homogeneous, 238

isometry, 19, 22, 29, 63, 89, 108, 247

isomorphism theorem, 93

Jensen’s inequality, 282

Jordan decomposition, 196, 197

jump, 72

Kantorovich problem, 326

Kantorovich–Rubinstein theorem, 322

Klee’s theorem, 80

Krein–Mil’man theorem, 158, 226, 263

law, 183, 258

Lebesgue decomposition, 251, 266

Lebesgue decomposition theorem, 200

Lebesgue density theorem, 250, 254

Lebesgue differentiation theorem, 249

Lebesgue measure, 219, 222, 229, 244

Lebesgue–Stieltjes, 219

left derivative, 128

Legendre polynomials, 105

Legendre transform, 134

concave, 136, 337

limit on the left, 71

limit point, 10, 11

line segment, 167

linear functional, 85, 91

linear mapping

bounded, 89

continuous, 89

linear operator, 88

Lipschitz, 74, 82, 88, 164

Lipschitz constant, 162

Lipschitz function, 35, 87, 143

Lipschitz mapping, 162

local oscillation, 52

locally bounded, 144

locally compact, 16, 34, 47, 226

locally finite, 214

locally homogeneous, 34

locally in measure, 186

locally Lipschitz, 131, 140, 144, 334

locally semi-concave, 337

lower L-Lipschitz envelope, 36

lower convex envelope, 135, 282

lower semi-continuous, 50, 54, 153, 260, 282

lower semi-continuous envelope, 52

lower semi-continuous function, 96

Lusin’s theorem, 216

Luxemburg norm, 204

Mallows distance, 323

mapping

graph, 11

marginal distribution, 233

maximal, 117

maximal Kantorovich potential, 330, 335

maximal monotone, 153

Mazur’s theorem, 142, 146

McShane–Whitney theorem, 37, 267

meagre, 34

mean-value theorem, 163

measurable, 180

function, 181

measurable space, 180

measure, 182

σ -finite, 183

atomic, 253

continuous singular, 253

image, 183

maximal, 291

positive, 194

signed, 194

measure space, 182

finite, 182

mesh size, 243

metric, 18, 59, 77

associated, 18

Cantor, 24

discrete, 19

equivalent, 21

Euclidean, 19

left-invariant, 67

operator, 21
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metric (cont.)

right-invariant, 67

Skorohod, 73

subspace, 19

uniform, 19

uniform product, 28

usual, 19

metrizable, 21, 60, 123, 124, 143

metrizable topological groups, 67

Mil’man’s theorem, 159, 287, 289

minimal ǫ-net, 236

Minkowski functional, 86

Monge problem, 329, 337

monotone, 151

monotone basis, 94

monotone operator, 152

multilinear, 91

multiplication, 61

nearest point, 101

neighbourhood, 10

base, 10

punctured, 10

Neumann series, 61

non-contracting, 175

non-contraction, 176

norm, 79

dual, 91

equivalent, 89

operator, 90

uniformly equivalent, 89

normal, 13, 60, 67, 109

normed space, 79, 86, 88, 130

nowhere dense, 34

null set, 183

one point compactification, 48

open, 19, 57

open ǫ-neighbourhood, 19

open ǫ-neighbourhood of A, 35

open r-neighbourhood, 22

open cover, 15

open mapping theorem, 92

open sets, 9

open unit ball, 80

operator, 89

orbit, 237

order unit, 193

ordinary differential equation, 163

Orlicz norm, 205

Orlicz space, 203, 278

orthogonal, 100

orthogonal group, 245

orthogonal isometry, 111

orthogonal projection, 110

orthogonal sequence, 104

orthonormal basis, 107

orthonormal sequence, 104

oscillation, 19

local, 20

outer measure, 221

parallelogram law, 99, 101

Parseval’s equation, 106

partial order, 117

partially ordered sets, 53

partition of unity, 42

peak point, 289

period 4, 273

permutation matrices, 160

petal, 95

point measure, 257

pointwise convergence, 124

polarity, 119

polarization formulae, 99

Polish space, 38, 47, 71, 78

portmanteau theorem, 260, 262, 270

positive, 110

positive definite, 97

positive homogeneity, 79

precompact, 42

Principle of Uniform Boundedness, 92, 131

probability, 182

projection, 103

Prokhorov metric, 269

Prokhorov’s theorem, 271

proper, 50, 85

proper function, 50

pseudometric, 18, 30, 58

push-forward, 224, 231

push-forward measure, 183, 244, 262, 276

Pythagoras’ theorem, 100, 103

quadratic cost, 327

quadrilateral inequality, 18, 30

Rüschendorf’s theorem, 318

Rademacher’s theorem, 254, 328

radially open, 116

Radon action, 242

Radon measure, 214, 226
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Radon–Nikodym theorem, 199, 201, 203, 206,

241, 252

random variable, 182

rational, 39

reflexive, 56, 116, 125, 206

regular, 24

regular conditional probability, 234

regular space, 13

regularity, 210

relation, 56

relative boundary, 171

represent, 281

representation

left regular, 66, 236

right regular, 66

retract, 43, 171, 173

retraction, 43, 101

Riemann–Stieltjes integral, 244

Riesz representation theorem, 222, 226, 235,

244, 259, 282, 285, 293

locally compact, 225, 241

Riesz space, 226

Riesz–Fischer theorem, 106

right derivative, 128

scaling homogeneous, 79

Schauder basis, 93

Schwartz space, 272

second category, 34

second countable, 12, 21, 24, 48, 211

self-adjoint, 109

semigroup, 175

seminorm, 79

separable, 12, 21, 48, 74, 94, 107, 124, 128

separating subspace, 285

separation, 116

separation theorem, 116, 117, 148, 288, 294

complex, 126

sequentially compact, 16

Shilov boundary, 288

simple function, 183

simplex, 167

fundamental n-, 167

singleton, 161, 167

singular measure, 250

skew-symmetric, 109

skew-symmetric bilinear form, 97

skew-symmetry, 97

Skorohod function, 71

Skorohod metric, 73

Skorohod topology, 73

slice, 161, 176

sliding hump, 290

smooth, 145

smoothness, 143

space

metric, 18

Sperner mapping, 169

Sperner’s lemma, 168

spherical derivative, 247, 250

standard orthonormal basis, 172

state space, 286

step function, 43, 73

stochastic process, 71

Stone–Weierstrass theorem, 226, 268

strictly concave, 336

strictly convex, 141, 283, 284, 331

strictly non-negative, 195

strictly subadditive, 27, 325

strongly c-monotone, 335

subadditivity, 79

subcover, 15

subdifferential, 133, 140

sublinear functional, 85

extended, 85

support, 210, 225

support functional, 150

support point, 150

supremum, 85

surjective, 63

symmetric, 56, 61, 64, 88

symmetric operator, 109

symmetry, 79, 237

tail distribution function, 244

tangent, 332

tempered distribution, 272, 273

tetrahedron, 167

theorem of bipolars, 120, 223, 259

theorem of bounded convergence, 278

theorem of monotone convergence, 279

Tietze’s extension theorem, 25, 277

tight, 212

tightness, 210

Tonelli’s theorem, 229

topological group, 61

topological space, 9

topological vector space, 119

topologically complete, 31, 34
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topology, 9

completely regular, 22

base, 10, 21

coarser, 11

countable product, 23

discrete, 9

finer, 11

metric, 19

normal, 22

product, 10, 118

quotient, 10

right half-open, 10

Skorohod, 73

stronger, 11

subspace, 10

trivial, 9

usual, 9

weak, 118, 120

weak*, 120

weaker, 11

total variation norm, 198

totally bounded, 39, 46, 86

translation invariant, 79, 209

triangle, 167

triangle inequality, 18, 316

triangulation, 167

barycentric, 167

Tychonoff’s theorem, 15, 125

Ulam’s theorem, 215, 264

ultrametric, 21

uniform algebra, 290

uniform homeomorphism, 27, 39

uniform integrability, 276

uniform space, 56

uniformity, 56

left, 64

metric, 57

right, 64

uniformly continuous, 27, 35, 39, 43, 45, 81,

88, 251

uniformly convex, 121, 207

uniformly equicontinuous, 46

uniformly equivalent, 27

uniformly integrable, 319

uniformly tight, 264, 265, 271

unit sphere, 173

unitary, 110

upper L-Lipschitz envelope, 36

upper semi-continuous, 20, 50, 141

upper semi-continuous envelope, 52

Urysohn’s lemma, 13, 291

usual topology, 48

variation

negative, 246

positive, 246

total, 246

variety, 157

proper support, 157

support, 157

vertex, 167

very regular, 130

vicinities, 56

Vitali covering, 249

von Neumann, 201

von Neumann’s theorem, 111

Wasserstein metric, 315

weak topology w, 258

weak type (1, 1), 248

weak* compact, 140, 143

Wiener’s lemma, 248

Young’s inequality, 203

Zorn’s lemma, 54
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