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Introduction to Probability

This classroom-tested textbook is an introduction to probability theory, with the
right balance between mathematical precision, probabilistic intuition, and con-
crete applications. Introduction to Probability covers the material precisely, while
avoiding excessive technical details. After introducing the basic vocabulary of
randomness, including events, probabilities, and random variables, the text offers
the reader a first glimpse of the major theorems of the subject: the law of large
numbers and the central limit theorem. The important probability distributions
are introduced organically as they arise from applications. The discrete and con-
tinuous sides of probability are treated together to emphasize their similarities.
Intended for students with a calculus background, the text teaches not only the
nuts and bolts of probability theory and how to solve specific problems, but also
why the methods of solution work.
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Preface

This text is an introduction to the theory of probability with a calculus back-
ground. It is intended for classroom use as well as for independent learners and
readers. We think of the level of our book as “intermediate” in the following
sense. The mathematics is covered as precisely and faithfully as is reasonable and
valuable, while avoiding excessive technical details. Two examples of this are as
follows.

® The probability model is anchored securely in a sample space and a probability
(measure) on it, but recedes to the background after the foundations have been
established.

e Random variables are defined precisely as functions on the sample space. This
is important to avoid the feeling that a random variable is a vague notion. Once
absorbed, this point is not needed for doing calculations.

Short, illuminating proofs are given for many statements but are not emphasized.
The main focus of the book is on applying the mathematics to model simple set-
tings with random outcomes and on calculating probabilities and expectations.
Introductory probability is a blend of mathematical abstraction and hands-
on computation where the mathematical concepts and examples have concrete
real-world meaning.

The principles that have guided us in the organization of the book include the
following.

(i) We found that the traditional initial segment of a probability course devoted to
counting techniques is not the most auspicious beginning. Hence we start with
the probability model itself, and counting comes in conjunction with sam-
pling. A systematic treatment of counting techniques is given in an appendix.
The instructor can present this in class or assign it to the students.

(ii) Most events are naturally expressed in terms of random variables. Hence we
bring the language of random variables into the discussion as quickly as
possible.

(iii) One of our goals was an early introduction of the major results of the subject,
namely the central limit theorem and the law of large numbers. These are
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Xii Preface

covered for independent Bernoulli random variables in Chapter 4. Preparation
for this influenced the selection of topics of the earlier chapters.

(iv) As a unifying feature, we derive the most basic probability distributions from
independent trials, either directly or via a limit. This covers the binomial,
geometric, normal, Poisson, and exponential distributions.

Many students reading this text will have already been introduced to parts of
the material. They might be tempted to solve some of the problems using compu-
tational tricks picked up elsewhere. We warn against doing so. The purpose of this
text is not just to teach the nuts and bolts of probability theory and how to solve
specific problems, but also to teach you why the methods of solution work. Only
armed with the knowledge of the “why” can you use the theory provided here as
a tool that will be amenable to a myriad of applications and situations.

The sections marked with a diamond ¢ are optional topics that can be included
in an introductory probability course as time permits and depending on the inter-
ests of the instructor and the audience. They can be omitted without loss of
continuity.

At the end of most chapters is a section titled Finer points on mathematical
issues that are usually beyond the scope of an introductory probability book. In
the main text the symbol & marks statements that are elaborated in the Finer
points section of the chapter. In particular, we do not mention measure-theoretic
issues in the main text, but explain some of these in the Finer points sections.
Other topics in the Finer points sections include the lack of uniqueness of a den-
sity function, the Berry-Esséen error bounds for normal approximation, the weak
versus the strong law of large numbers, and the use of matrices in multivariate
normal densities. These sections are intended for the interested reader as starting
points for further exploration. They can also be helpful to the instructor who does
not possess an advanced probability background.

The symbol A is used to mark the end of numbered examples, the end of
remarks, and the end of proofs.

There is an exercise section at the end of each chapter. The exercises begin
with a small number of warm-up exercises explicitly organized by sections of the
chapter. Their purpose is to offer the reader immediate and basic practice after
a section has been covered. The subsequent exercises under the heading Further
exercises contain problems of varying levels of difficulty, including routine ones,
but some of these exercises use material from more than one section. Under the
heading Challenging problems towards the end of the exercise section we have
collected problems that may require some creativity or lengthier calculations. But
these exercises are still fully accessible with the tools at the student’s disposal.

The concrete mathematical prerequisites for reading this book consist of basic
set theory and some calculus, namely, a solid foundation in single variable cal-
culus, including sequences and series, and multivariable integration. Appendix A
gives a short list of the particular calculus topics used in the text. Appendix B
reviews set theory, and Appendix D reviews some infinite series.
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Preface xiii

Sets are used from the get-go to set up probability models. Both finite and infi-
nite geometric series are used extensively beginning already in Chapter 1. Single
variable integration and differentiation are used from Chapter 3 onwards to work
with continuous random variables. Computations with the Poisson distribution
from Section 4.4 onwards require facility with the Taylor series of e*. Multiple inte-
grals arrive in Section 6.2 as we begin to compute probabilities and expectations
under jointly continuous distributions.

The authors welcome feedback and will maintain a publicly available list of
corrections.

We thank numerous anonymous reviewers whose comments made a real differ-
ence to the book, students who went through successive versions of the text, and
colleagues who used the text and gave us invaluable feedback. Illustrations were
produced with Wolfram Mathematica 11.

The authors gratefully acknowledge support from the National Science Founda-
tion, the Simons Foundation, the Army Research Office, and the Wisconsin Alumni
Research Foundation.

Madison, Wisconsin July, 2017

David F. Anderson
Timo Seppéldinen
Benedek Valko
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To the instructor

There is more material in the book than can be comfortably covered in one
semester at a pace that is accessible to students with varying backgrounds. Hence
there is room for choice by the instructor.

The list below includes all sections not marked with a ¢ or a &. It outlines one
possible 15-week schedule with 150 minutes of class time per week.

Week 1. Axioms of probability, sampling, review of counting, infinitely many
outcomes, review of the geometric series (Sections 1.1-1.3).

Week 2. Rules of probability, random variables, conditional probability (Sec-
tions 1.4-1.5, 2.1).

Week 3. Bayes’ formula, independence, independent trials (Sections 2.2-2.4).

Week 4. Independent trials, birthday problem, conditional independence, prob-
ability distribution of a random variable (Sections 2.4-2.5, 3.1).

Week 5. Cumulative distribution function, expectation and variance (Sec-
tions 3.2-3.4).

Week 6. Gaussian distribution, normal approximation and law of large numbers
for the binomial distribution (Sections 3.5 and 4.1-4.2).

Week 7.  Applications of normal approximation, Poisson approximation, expo-
nential distribution (Sections 4.3-4.5).

Week 8. Moment generating function, distribution of a function of a random
variable (Sections 5.1-5.2).

Week 9. Joint distributions (Sections 6.1-6.2).

Week 10. Joint distributions and independence, sums of independent random
variables, exchangeability (Sections 6.3 and 7.1-7.2).

Week 11. Expectations of sums and products, variance of sums (Sections 8.1-8.2).

Week 12. Sums and moment generating functions, covariance and correlation
(Sections 8.3-8.4).

Week 13. Markov’s and Chebyshev’s inequalities, law of large numbers, central
limit theorem (Sections 9.1-9.3).

Week 14. Conditional distributions (Sections 10.1-10.3).

Week 15. Conditional distributions, review (Sections 10.1-10.3).
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To the instructor XV

The authors invest time in the computations with multivariate distributions in
the last four chapters. The reason is twofold: this is where the material becomes
more interesting and this is preparation for subsequent courses in probability and
stochastic processes. The more challenging examples of Chapter 10 in particular
require the students to marshal material from almost the entire course. The exer-
cises under Challenging problems have been used for bonus problems and honors
credit.

Often the Poisson process is not covered in an introductory probability course,
and it is left to a subsequent course on stochastic processes. Hence the Poisson
process (Sections 4.6 and 7.3) does not appear in the schedule above. One could
make the opposite choice of treating the Poisson process thoroughly, with cor-
respondingly less emphasis, for example, on exchangeability (Section 7.2) or on
computing expectations with indicator random variables (Section 8.1). Note that
the gamma distribution is introduced in Section 4.6 where it elegantly arises from
the Poisson process. If Section 4.6 is skipped then Section 7.1 is a natural place to
introduce the gamma distribution.

Other optional items include the transformation of a multivariate density func-
tion (Section 6.4), the bivariate normal distribution (Section 8.5), and the Monte
Carlo method (Section 9.4).

This book can also accommodate instructors who wish to present the material
at either a lighter or a more demanding level than what is outlined in the sample
schedule above.

For a lighter course the multivariate topics can be de-emphasized with more
attention paid to sets, counting, calculus details, and simple probability models.

For a more demanding course, for example for an audience of mathematics
majors, the entire book can be covered with emphasis on proofs and the more
challenging multistage examples from the second half of the book. These are the
kinds of examples where probabilistic reasoning is beautifully on display. Some
topics from the Finer points sections could also be included.
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