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Fk , 24
L∗, 12
Ai, 70
C, 30
F, 30
L∗, 30
N, 30
N0, 171
Nk-ary, 30
Nε , 24, 30
Nb , 30
Nd , 159
Nu , 30
NPres, 44
NPd, 97
R, 30
B, 9
|X |, 9
cde, 8, 192
⌈x⌉, 7
C, 7
T , 12, 13
T ′, 13
Tu , 13
I , 9
≡, 12
⌊x⌋, 7
�A, 141
�Ac , 141
ϕ, ϕ̂, 27
Z, 7
|=c , 133
N, 7
nil, 12
M , 103
Lind , 159
K, 218
Q, 7
R, 7
>> , 15

L<� , 12
∼∞, 8
Nst, 25
where , 17
where , 49

(U, �x), 34
Bm(�a), 160
D(M ), 104
E(�v), 38
F [�u], F (�u), 209
F p(M ), 121
Gm[X ], 33
K [T ], 191
S(n), 7
X : h, 193
[0, 2N ), 203
em2(x), 30
Expl(A), 39
Gm(�x),G∞(�x), 34
Lp(M ), 108
Ls(M ), 107
om2(x), 30
Rec(A), 52
Rec0(A), 52
Recnd(A), 83
Rec0nd(A), 83
Tailrec(A), 64
Tailrec0(A), 61
arity(φ), 30
�R(�x), 9
Timei(x), 70
eqdiag(A), 32
first(z), 80
head(u), 12
Compi(x), 70
Z[T ], 191
iqm(x), 8
�y, 57
Pd(n), 7
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Lin0[÷], 171
N0[÷], 171
remm(x), 8
second(z), 80
sort(E), 37
sort(u), 21
tail(u), 12
depth(E), 37
tt,ff, 9
dE(�x), 104
v(M ), 119

C (�a; h), 171
O(g(n)), 8
Q(T ; h), 193
Qn(T ; h), 193
Qn(a; h), 196
A ⊆p B, 32
Conv(A, E), 103
C p(Φ0)(M ), 111
C s(Φ0)(M ), 110
denA

E(�x)
(�x, �r), 52

Graphf(x,w), 9
Ω(g(n)), 8
Θ(g(n)), 8
arity(E(�x)), 50
cons(u, v), 12
den(A,M ), 38
gcd(x, y), 8
iq(x, y), 8
�(α, �x), 136
pair(x, y), 80
cp(Φ0)(�x), 111
Lin0[÷, ·], 191
N0[÷, ·], 196
rem(x, y), 8
remm(x, y), 8
cs(Φ0)(�x), 110
callsR(A, 2

N ), 203
depth(U, �x), 34, 136
depthR(A, 2

N ), 203
values(U, �x), 136
valuesR(A, 2

N ), 203
f(x)↓ , f(x) ↑, 9

f(x, �p), 10
f ⊑ g, 9
fx(y, �p), 11
m−· n, 7
o(g(n)), 8
s →∗

i
s ′, 70

u ∗ v, 12
u ⊑ v, 12
x⊥⊥ y, 8
y | x, 8

�(A, f, �x), 144
T (A, E,M ), 105
den(A, E(�x)), 51
den(A, E,M ), 103
i(A, E(�x)), 74
calls(Φ0)(U, �x), 136
depth(Φ0)(U, �x), 139
depth(w;A, �x), 34
f : An ⇀ As , 31
f : X ⇀W , 9
lp(A, E(�x)), 108
l s(A, E(�x)), 107

A ↾ Φ0 ↾ U , 32
Top(z, T1, . . . , Tk), 14
apn(x1, . . . , xn, p), 10
cs(Φ0)(A, E(�x)), 83, 89, 114, 138
A |= E =M , 38
f(x) = g(y), 10

(�x)f(x, y, �p)(x), 11
A |= E(�x) = w, 51

�y[g(y, �x) = 0], 57
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A-recursive functionals, 52
A-terms, 36
abstract model theory, 130
Ackermann-Péter function, 57
adding points to a structure, 64
(A, E)-term, 74
algebraic term, 37
depth, 37

algebraically independent (generic),
209

algorithms
Bezout representation, 28
binary (Stein), 24
Euclidean, 23, 142
lookup, 205
nondeterministic, 129
Pratt’s nuclid, 85
proofs of correctness, 101
sorting
binary-insert-sort, 27
insert-sort, 26
lower bound, 153
merge-sort, 21
nondeterministic, 157
what are they?, 99

algorithms fromspecifiedprimitives,
21, 49, 99, 117

axioms, 129–133
I. Locality, 130
II. Homomorphism, 131
III. Finiteness, 131
nondeterministic, 129

anthyphairesis, 23
arithmetic subtraction, x−· y, 7
arity
of a function symbol, 30
of an extended program, 50
of an extended term, 38
total, 108

Bertrand’s Postulate, 204, 206
best uniform process, 149

Bezout’s Lemma, 28, 51
bounded stacks condition, 94

cardinality, |X |, 9
ceiling, ⌈x⌉, 7
certification, �Ac , 141
certificate, 34, 141
Pratt, for primality, 143

characteristic function, �R(�x), 9
closed term, 37
co-arity, 39, see also arity
Colson’s Corollary, 125
complexity
bounded vs. explicit, 115
depth-of-calls, cp(Φ0)(�x), 111
intrinsic, 144
non-uniform (bit), 203
number-of-calls, cs(Φ0)(�x), 110
of a uniform process, �(α, �x),
136

output, 146
parallel logical, lp(A, E(�x)),
108

parallel splitting, F p(M ), 121
sequential logical, l s(A, E(�x)),
107

sequential splitting,F s(M ), 119
tree-depth, D(M ), 104

complexity inequalities, 115
for uniform processes, 137
intrinsic vs. uniform process,
144

Tserunyan, 124
Tserunyan 1, 121
Tserunyan 2, 123

computation model, see iterator
computation models, 90–93
computation sequences, 91
computation tree, T (A, E,M ), 105
continuous, see functional
coprime, x⊥⊥ y, 8
correct division equation, cde, 8
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correctness of algorithms, 101

decision trees, 91
primitive, 91

defaults
program
deterministic over nd, 82
extended over plain, 50
term
extended over plain, 39

den(A, E(�x)), 51
depth-of-calls complexity,

cp(Φ0)(�x), 111
diagram, see structure
difficult pairs, 181, 182, 189
disjoint union, 31, 70
divides, y | x, 8
Division Theorem
for N, 8
forQ[T ], with height bounds,
194

for K [T ], 192
double recursion, 57

Embedding Test
for logical extensions, 154
for substructure norms, 156

equational logic of partial terms
with conditionals, 36

semantics, 38
syntax, 36–37

explicit definability, 39
explicit iteration, 60
explicit reduction and equivalence,

146
extended term, 38

Fibonacci numbers, Fk , 24
properties, 27, 89, 182, 188

finite registermachines (programs),
90

primitive, 91
finiteness property

for nd programs, 87
for processes, 131

First Recursion Theorem, 52
Fixed Point Lemma, 15
floor, ⌊x⌋, 7
forcing, �A, 141
fresh object, 39
functional, 10
A-recursive, 52
continuous, 10
explicit in A, 39
monotone, 10
multiple valued (pmv), 84
operations, 11

immediate, 41
branching, 11
composition, 12
�-substitution, 11
mangling, 11
substitution, 11
simple fixed point, 63
tail recursive, 63

generic, same as algebraically in-
dependent, 209

golden mean, ϕ, 27, 182
good approximation, 178

height
of X ∈ C (�a; h), 171
of a polynomial in Q[T ], 193

hidden primitives, 131
homomorphism property
for explicit terms, 42
for nd programs, 87
for processes, 131

Homomorphism Test, 145
homomorphisms, embeddings, 33
Horner’s rule, 25, 148
optimality
for {·,÷}, 211
for {·,÷,=}, 216
for {+,−}, 218
for {+,−,=}, 225

imperative vs. functional program-
ming, 101
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implementations, 73, 100
input, output sets, 9
intrinsic complexities, 144
iterator, 69–70
explicit representation, 71
nondeterministic, 82

Kleene strong equality, ≃, 10

�-abstraction, 11
Lamé’s Lemma, 27
Liouville’s Theorem, 180
logic of programs, 97
logical extension, 152
lookup algorithm, 205

Main Conjecture, 2, 151
mangling, see functional
many-sorted structure, see struc-

ture
minimalization, �y, 57
monotone, see functional
Morris example, 20
mutual tail recursion, 61

N -bit numbers, 203
natural numbers, N, 7
nd, same as nondeterministic
nested recursion, 57
non-uniform (bit) complexity, 203
nondeterministic iterator, see iter-

ator
nondeterministic programs, see re-

cursive programs
nondeterministic recursivemachine,

see recursive machine
Normal Form Theorem, 63
nullity, 0-testing, 25, 209
number-of-calls complexity,

cs(Φ0)(�x), 110

obstruction to calls(A, R, �x) = 0,
147

obstruction to depth(A, R, �x) = 0,
148

open problem, 65, 98, 99, 114, 125,
126, 202, 208

operationson functionals, see func-
tional

optimality andweakoptimality, 150–
151

output complexity, 146

pairing scheme, 80
parallel calls complexity,

see depth-of-calls complex-
ity 111

parallel logical complexity, 108
partial function, f : X ⇀ W , 9,

see also functional
finite, 9
RAM computable, 91
register computable, 90
strict composition, 10

partialmultiple valued (pmv) func-
tion, 84, see also func-
tional

partial ring homomorphism, 210
partial structure, see structure
Pell pairs, 177, 181
Pell’s equation, 177
Φ-structure, same as structure, 30
Φ-terms, 36
pointed structure, 59
minimal pointed extension, 60

polynomial evaluation, 25, 209
Pratt certificate, see certificate
Pratt’s nuclid algorithm, 85, 188
predecessor arithmetic, 97
predecessor, Pd(x), 7
Presburger structure NPres, 44
primitive recursion, 56, 68, 125
process, 130, see alsouniformprocess

induced by a program, 130
example of non-uniform, 133

products, 9
programs, see recursive programs
pure term, 37

random access machines, 91
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time complexity, 138, 158
recursion
continuous, 15
double, 57
fixed point property, 16
minimality property, 16
monotone, 19
nested, 57
primitive, 56
recursive equation, 15
canonical solution, 15
system, 15
to solve, 19

recursion rules, 17
recursive machine, 74–75
nondeterministic, 83
symbolic, 78

recursive programs, 49–51
nondeterministic, 82
semantics, 84
optimal, weakly optimal, 150
semantics, 51
syntax, 49
extended, 50

reduction
explicit, of one structure to
another, 146

of iteration to tail recursion,
70

of recursion to iteration, 78
relabelling isomorphism, 210
relatively prime, 8
relativization, 63

schematology, 58
Scott domain, 14
section (of a functional), 11
sequential calls complexity, seenumber-

of-calls complexity
sequential logical complexity (time),

107
sequential machine, see iterator
sequential splitting complexity, 119
simple fixed points, 58

sort
of an explicit term, 37

splitting, see trees
splitting term, 119
Stirling’s formula, 9
straight line programs, 91
strings, 12
structure, 30
diagram, 32
disjoint union, 31
expansions and reducts, 31
explicitly equivalent with an-
other, 146

explicitly reducible to another,
146

many-sorted, 30
as one-sorted, 31
pointed, 59
restrictions, 31
substructure, A ⊆p B, 32
certificate, 34
generated,Gm[X ],Gm(�x), 33
strong (induced), 32
total, 30

substructure norm, 136
bounded by Kcalls, 140

symbolic computation, 78, 88
syntactic (word) equality, ≡, 12

Tailrec(A), 64
closure properties, 69

Tailrec0(A), 61
tail recursion, 60
mutual, 61
vs. full recursion, 94, 97–99,
124, 126

vs. nd tail recursion, 98
tail recursive
equation, 61
function, 61
bounded stacks characteri-
zation, 94

functional, 63
program, 61
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extended, 61
terms, 36
the binary (Stein) algorithm, 24
thebinary-insert-sort algorithm, 27
the Euclidean algorithm, 23
coprimeness by theEuclidean,
24

the insert-sort algorithm, 26
the merge-sort algorithm, 21
tree-depth complexity, D(M ), 104
trees, 12
v below u, u ⊑ v, 13
children, 13
degree, 13
depth, 13
splitting depth, 13

leaf, 13
nodes, 12
root, 12
size, 13
splitting, 13
subtree, 13

Tserunyan’s first theorem, 121
Tserunyan’s second theorem, 123

unified notation for functions and
relations, f : An ⇀ As ,
31

uniform process, 132
best, 149
complexity, 136
deterministic, 158
inducedbyanndprogram, 133
optimal, weaklyoptimal, 150–

151
Uniformity Thesis, 132

vocabulary, 29
infinite, 31

weakly optimal , see optimality
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