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The fluid dynamical equa-
tions of motion determine
the evolution of a fluid. The
equations are based on New-
ton’s laws of motion and the
laws of thermodynamics, and
embody the principles of
conservation of momentum,
energy and mass. Initial con-
ditions and boundary condi-
tions are needed to solve the
equations.

Chapter

1
Fluid Fundamentals

F
luids, like solids, move if they are pushed and they warm if they
are heated. But, unlike solids, they flow and deform. In this chapter
we establish the governing equations ofmotion for a fluid, with par-

ticular attention to air and seawater — the fluids of the atmosphere and
ocean, respectively. Readers who already have knowledge of fluid dynam-
ics may skim this chapter and begin reading more seriously at Chapter 2,
where we begin to look at the effects of rotation and stratification.

1.1 Time Derivatives for Fluids

1.1.1 Field and Material Viewpoints

In solid-bodymechanics one is normally concernedwith the position and
momentum of an identifiable object, such as a football or a planet, as it
moves through space. In principle we could treat fluids the same way
and try to follow the properties of individual fluid parcels as they flow
along, perhaps getting hotter or colder as they move. This perspective
is known as the material or Lagrangian viewpoint. However, in fluid dy-
namical problems we generally would like to know what the values of
velocity, density and so on are at fixed points in space as time passes. A
weather forecast we care about tells us howwarm it will be where we live
and, if we are given that, we may not care where a particular fluid parcel
comes from orwhere it subsequently goes. Since the fluid is a continuum,
this knowledge is equivalent to knowing how the fields of the dynamical
variables evolve in space and time. This viewpoint is known as the field
or Eulerian viewpoint.

Although the field viewpoint will often turn out to be the most prac-
tically useful, the material description is invaluable both in deriving the
equations and in the subsequent insight it frequently provides. This is
because the important quantities from a fundamental point of view are
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Chapter 1. Fluid Fundamentals 4

The Lagrangian viewpoint is
named for the Franco-Italian

J. L. Lagrange (1736–1813), one
of the most renowned mathe-
maticians of his time. The Eu-
lerian point of view is named

for Leonhard Euler (1707–
1783), the great Swiss mathe-
matician. In fact, Euler is also
largely responsible for the La-
grangian view, but the attribu-
tion became tangled over time.

often those which are associated with a given fluid element: it is these
which directly enter Newton’s laws of motion and the thermodynamic
equations. It is thus important to have a relationship between the rate
of change of quantities associated with a given fluid element and the local
rate of change of a field. Thematerial derivative (also called the advective
derivative or Lagrangian derivative) provides this relationship.

1.1.2 TheMaterial Derivative of a Fluid Property

A fluid element is an infinitesimal, indivisible, piece of fluid — effectively
a very small fluid parcel of fixed mass. The material derivative, or the La-
grangian derivative, is the rate of change of a property (such as temperature
or momentum) of a particular fluid element or finite mass of fluid; that is,
it is the total time derivative of a property of a piece of fluid.

Let us suppose that a fluid is characterized by a given velocity field
𝒗(𝒙, 𝑡), which determines its velocity throughout. Let us also suppose that
the fluid has another property 𝜑, and let us seek an expression for the rate
of change of 𝜑 of a fluid element. Since 𝜑 is changing in time and in space
we use the chain rule,

𝛿𝜑 = ∂𝜑∂𝑡 𝛿𝑡 +
∂𝜑
∂𝑥 𝛿𝑥 +

∂𝜑
∂𝑦 𝛿𝑦 +

∂𝜑
∂𝑧 𝛿𝑧 =

∂𝜑
∂𝑡 𝛿𝑡 + 𝛿𝒙 ⋅ ∇𝜑. (1.1)

This is true in general for any 𝛿𝑡, 𝛿𝑥, etc. The total time derivative is then

d𝜑
d𝑡 =
∂𝜑
∂𝑡 +

d𝒙
d𝑡 ⋅ ∇𝜑. (1.2)

If this equation is to provide a material derivative we must identify the
time derivative in the second term on the right-hand side with the rate
of change of position of a fluid element, namely its velocity. Hence, the
material derivative of the property 𝜑 is

d𝜑
d𝑡 =
∂𝜑
∂𝑡 + 𝒗 ⋅ ∇𝜑. (1.3)

The right-hand side expresses thematerial derivative in terms of the local
rate of change of 𝜑 plus a contribution arising from the spatial variation
of 𝜑, experienced only as the fluid parcel moves. Because the material
derivative is so common, and to distinguish it from other derivatives, we
denote it by the operator D/D𝑡. Thus, the material derivative of the field
𝜑 is

D𝜑
D𝑡 =
∂𝜑
∂𝑡 + (𝒗 ⋅ ∇)𝜑. (1.4)

The brackets in the last term of this equation are helpful in reminding us
that (𝒗 ⋅ ∇) is an operator acting on 𝜑. The operator ∂/∂𝑡 + (𝒗 ⋅ ∇) is the
Eulerian representation of the Lagrangian derivative as applied to a field.
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5 1.1 Time Derivatives for Fluids

The Eulerian derivative is the
rate of change of a property
at a fixed location in space.
The material derivative is
the rate of change of a prop-
erty of a given piece of fluid,
which may be moving and so
changing its position.

Material derivative of vector field

The material derivative may act on a vector field 𝒃, in which case
D𝒃
D𝑡 =
∂𝒃
∂𝑡 + (𝒗 ⋅ ∇)𝒃. (1.5)

In Cartesian coordinates this is

D𝒃
D𝑡 =
∂𝒃
∂𝑡 + 𝑢
∂𝒃
∂𝑥 + 𝑣
∂𝒃
∂𝑦 + 𝑤
∂𝒃
∂𝑧 , (1.6)

and for a particular component of 𝒃, 𝑏𝑥 say,
D𝑏𝑥
D𝑡 =
∂𝑏𝑥
∂𝑡 + 𝑢
∂𝑏𝑥
∂𝑥 + 𝑣
∂𝑏𝑥
∂𝑦 + 𝑤

∂𝑏𝑥
∂𝑧 , (1.7)

and similarly for 𝑏𝑦 and 𝑏𝑧. In coordinate systems other than Cartesian
the advective derivative of a vector is not simply the sum of the advective
derivatives of its components, because the coordinate vectors themselves
change direction with position; this will be important when we deal with
spherical coordinates.

1.1.3 Material Derivative of a Volume

The volume that a given, unchanging, mass of fluid occupies is deformed
and advected by the fluid motion, and there is no reason why it should
remain constant. Rather, the volume will change as a result of the move-
ment of each element of its bounding material surface, and in particular
it will change if there is a non-zero normal component of the velocity at
the fluid surface. That is, if the volume of some fluid is ∫ d𝑉, then

D

D𝑡 ∫𝑉 d𝑉 = ∫𝑆 𝒗 ⋅ d𝑺, (1.8)

where the subscript𝑉 indicates that the integral is a definite integral over
some finite volume 𝑉, and the limits of the integral are functions of time
since the volume is changing. The integral on the right-hand side is over
the closed surface, 𝑆, bounding the volume. Although intuitively apparent
(to some), this expression may be derived more formally using Leibniz’s
formula for the rate of change of an integral whose limits are changing.
Using the divergence theorem on the right-hand side, (1.8) becomes

D

D𝑡 ∫𝑉 d𝑉 = ∫𝑉 ∇ ⋅ 𝒗 d𝑉. (1.9)

The rate of change of the volume of an infinitesimal fluid element of vol-
ume 𝛥𝑉 is obtained by taking the limit of this expression as the volume
tends to zero, giving

lim
𝛥𝑉→0
1
𝛥𝑉

D𝛥𝑉
D𝑡 = ∇ ⋅ 𝒗. (1.10)
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Chapter 1. Fluid Fundamentals 6

We will often write such expressions informally as

D𝛥𝑉
D𝑡 = 𝛥𝑉∇ ⋅ 𝒗, (1.11)

with the limit implied.
Consider now the material derivative of some fluid property, 𝜉 say,

multiplied by the volume of a fluid element, 𝛥𝑉. Such a derivative arises
when 𝜉 is the amount per unit volume of 𝜉-substance — the mass density
or the amount of a dye per unit volume, for example. Then we have

D

D𝑡 (𝜉𝛥𝑉) = 𝜉
D𝛥𝑉
D𝑡 + 𝛥𝑉

D𝜉
D𝑡 . (1.12)

Using (1.11) this becomes

D

D𝑡 (𝜉𝛥𝑉) = 𝛥𝑉(𝜉∇ ⋅ 𝒗 +
D𝜉
D𝑡) , (1.13)

and the analogous result for a finite fluid volume is just

D

D𝑡 ∫𝑉 𝜉 d𝑉 = ∫𝑉 (𝜉∇ ⋅ 𝒗 +
D𝜉
D𝑡) d𝑉. (1.14)

This expression is to be contrasted with the Eulerian derivative for which
the volume, and so the limits of integration, are fixed and we have

d

d𝑡 ∫𝑉 𝜉 d𝑉 = ∫𝑉
∂𝜉
∂𝑡 d𝑉. (1.15)

Now consider the material derivative of a fluid property 𝜑multiplied
by the mass of a fluid element, 𝜌𝛥𝑉, where 𝜌 is the fluid density. Such
a derivative arises when 𝜑 is the amount of 𝜑-substance per unit mass
(note, for example, that the momentum of a fluid element is 𝜌𝒗𝛥𝑉). The
material derivative of 𝜑𝜌𝛥𝑉 is given by

D

D𝑡 (𝜑𝜌𝛥𝑉) = 𝜌𝛥𝑉
D𝜑
D𝑡 + 𝜑

D

D𝑡 (𝜌𝛥𝑉). (1.16)

But 𝜌𝛥𝑉 is just the mass of the fluid element, and that is constant — that
is how a fluid element is defined. Thus the second term on the right-hand
side vanishes and

D

D𝑡 (𝜑𝜌𝛥𝑉) = 𝜌𝛥𝑉
D𝜑
D𝑡 and

D

D𝑡 ∫𝑉 𝜑𝜌 d𝑉 = ∫𝑉 𝜌
D𝜑
D𝑡 d𝑉,

(1.17a,b)
where (1.17b) applies to a finite volume. That expression may also be de-
rived more formally using Leibniz’s formula for the material derivative
of an integral, and the result also holds when 𝜑 is a vector. The result is
quite different from the corresponding Eulerian derivative, in which the
volume is kept fixed; in that case we have:

d

d𝑡 ∫𝑉 𝜑𝜌 d𝑉 = ∫𝑉
∂
∂𝑡 (𝜑𝜌) d𝑉. (1.18)

Various material and Eulerian derivatives are summarized in the shaded
box on the facing page.
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7 1.2 The Mass Continuity Equation

Material and Eulerian Derivatives

The material derivatives of a scalar (𝜑) and a vector (𝒃) field are
given by:

D𝜑
D𝑡 =
∂𝜑
∂𝑡 + 𝒗 ⋅ ∇𝜑,

D𝒃
D𝑡 =
∂𝒃
∂𝑡 + (𝒗 ⋅ ∇)𝒃. (D.1)

Various material derivatives of integrals are:

D

D𝑡 ∫𝑉 𝜑 d𝑉 = ∫𝑉 (
D𝜑
D𝑡 + 𝜑∇ ⋅ 𝒗) d𝑉 = ∫𝑉 (

∂𝜑
∂𝑡 + ∇ ⋅ (𝜑𝒗)) d𝑉,

(D.2)

D

D𝑡 ∫𝑉 d𝑉 = ∫𝑉 ∇ ⋅ 𝒗 d𝑉, (D.3)

D

D𝑡 ∫𝑉 𝜌𝜑 d𝑉 = ∫𝑉 𝜌
D𝜑
D𝑡 d𝑉. (D.4)

These formulae also hold if 𝜑 is a vector. The Eulerian derivative
of an integral is:

d

d𝑡 ∫𝑉 𝜑 d𝑉 = ∫𝑉
∂𝜑
∂𝑡 d𝑉, (D.5)

so that

d

d𝑡 ∫𝑉 d𝑉 = 0 and
d

d𝑡 ∫𝑉 𝜌𝜑 d𝑉 = ∫𝑉
∂𝜌𝜑
∂𝑡 d𝑉. (D.6)

1.2 The Mass Continuity Equation

In classical mechanicsmass is absolutely conserved and in solid-bodyme-
chanics we normally do not need an explicit equation of mass conserva-
tion. However, in fluid mechanics a fluid may flow into and away from a
particular location, and fluid density may change, and we need an equa-
tion to describe that change.

1.2.1 An Eulerian Derivation

We first derive the mass conservation equation from an Eulerian point
of view; that is, our reference frame is fixed in space and the fluid flows
through it. Consider an infinitesimal, rectangular cuboid, control volume,
𝛥𝑉 = 𝛥𝑥𝛥𝑦𝛥𝑧 that is fixed in space, as in Fig. 1.1. Fluid moves into or out
of the volume through its surface, including through its faces in the 𝑦–𝑧
plane of area 𝛥𝐴 = 𝛥𝑦𝛥𝑧 at coordinates 𝑥 and 𝑥 + 𝛥𝑥. The accumulation
of fluid within the control volume due to motion in the 𝑥-direction is
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Chapter 1. Fluid Fundamentals 8

Fig. 1.1: Mass conservation
in an Eulerian cuboid con-
trol volume. The mass con-
vergence, −∂(𝜌𝑢)/∂𝑥 (plus
contributions from the 𝑦
and 𝑧 directions), must

be balanced by a density
increase equal to ∂𝜌/∂𝑡.

evidently

𝛥𝑦𝛥𝑧[(𝜌𝑢)(𝑥, 𝑦, 𝑧) − (𝜌𝑢)(𝑥 + 𝛥𝑥, 𝑦, 𝑧)] = −∂(𝜌𝑢)∂𝑥 |𝑥,𝑦,𝑧 𝛥𝑥𝛥𝑦𝛥𝑧. (1.19)
To this must be added the effects of motion in the 𝑦- and 𝑧-directions,
namely

− [∂(𝜌𝑣)∂𝑦 +
∂(𝜌𝑤)
∂𝑧 ]𝛥𝑥𝛥𝑦𝛥𝑧. (1.20)

This net accumulation of fluid must be accompanied by a corresponding
increase of fluid mass within the control volume. This is

∂
∂𝑡 (density × volume) = 𝛥𝑥𝛥𝑦𝛥𝑧∂𝜌∂𝑡 , (1.21)

because the volume is constant. Thus, because mass is conserved, (1.19),
(1.20) and (1.21) give

𝛥𝑥𝛥𝑦𝛥𝑧 [∂𝜌∂𝑡 +
∂(𝜌𝑢)
∂𝑥 +
∂(𝜌𝑣)
∂𝑦 +
∂(𝜌𝑤)
∂𝑧 ] = 0. (1.22)

The quantity in square brackets must be zero and we therefore have

∂𝜌
∂𝑡 + ∇ ⋅ (𝜌𝒗) = 0. (1.23)

This is called themass continuity equation for it recognizes the continuous
nature of the mass field in a fluid. There is no diffusion term in (1.23), no
term like 𝜅∇2𝜌. This is because mass is transported by the macroscopic
movement of molecules; even if this motion appears diffusion-like, any
net macroscopic molecular motion constitutes, by definition, a velocity
field.

Neither (1.23) nor the derivation that leads to it depends in anyway on
Cartesian geometry; a more general vector derivation using an arbitrary
control volume is left as an easy exercise for the reader.

1.2.2 Mass Continuity via the Material Derivative

We now derive the mass continuity equation (1.23) from a material per-
spective. This is the most fundamental approach of all since the princi-
ple of mass conservation states simply that the mass of a given element
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9 1.2 The Mass Continuity Equation

An incompressible fluid is
sometimes defined as one
whose density is not affected
by pressure. This definition
may usefully be generalized
to mean a fluid whose den-
sity is very nearly constant
(and so also not affected by
temperature or composition)
such that the mass continu-
ity equation takes the form
(1.30). That equation is nor-
mally a very good approxima-
tion for seawater, less so for
air.

of fluid is, by definition of the element, constant. Thus, consider a small
mass of fluid of density 𝜌 and volume𝛥𝑉.Then conservation ofmassmay
be represented by

D

D𝑡 (𝜌𝛥𝑉) = 0. (1.24)

Both the density and the volume of the parcel may change, so

𝛥𝑉D𝜌
D𝑡 + 𝜌

D𝛥𝑉
D𝑡 = 𝛥𝑉(

D𝜌
D𝑡 + 𝜌∇ ⋅ 𝒗) = 0, (1.25)

where the second expression follows using (1.11). Since the volume ele-
ment is non-zero the term in brackets must vanish and

D𝜌
D𝑡 + 𝜌∇ ⋅ 𝒗 = 0. (1.26)

After expansion of the first term this becomes identical to (1.23). (A
slightly more formal way to derive this result uses (1.14) with 𝜉 replaced
by 𝜌.) Summarizing, equivalent partial differential equations represent-
ing conservation of mass are

D𝜌
D𝑡 + 𝜌∇ ⋅ 𝒗 = 0,

∂𝜌
∂𝑡 + ∇ ⋅ (𝜌𝒗) = 0. (1.27a,b)

1.2.3 Incompressible Fluids

A near-universal property of liquids is that their density is nearly con-
stant; that is, they are essentially incompressible. If we write the density
as

𝜌(𝑥, 𝑦, 𝑧, 𝑡) = 𝜌0 + 𝛿𝜌(𝑥, 𝑦, 𝑧, 𝑡), (1.28)

where 𝜌0 is a constant, then a truly incompressible fluid has 𝛿𝜌 = 0. No
fluid is incompressible in this strict sense sowe relax themeaning slightly
and simply require |𝛿𝜌| ≪ 𝜌0. When this is satisfied the mass continuity
equation, (1.27a) takes on a different form. Equation (1.27a) may be writ-
ten, without approximation, as

D𝛿𝜌
D𝑡 + (𝜌0 + 𝛿𝜌)∇ ⋅ 𝒗 = 0. (1.29)

If the fluid is incompressible then the terms involving𝛿𝜌 aremuch smaller
than those involving 𝜌0 and hence may be neglected, giving

∇ ⋅ 𝒗 = 0. (1.30)

This is the mass continuity equation for an incompressible fluid, and its
satisfaction may be taken as the defining quality of an incompressible
fluid. The prognostic equation, (1.27) has become a diagnostic equation.
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Chapter 1. Fluid Fundamentals 10

The viscous form of the fluid
dynamical equations of

motion was established by
Claude-Louis-Marie-Henri

Navier (1785–1836) a French
civil engineer, and George

Stokes (1819–1903), an Anglo-
Irish applied mathematician,
who further elucidated vis-
cous effects. Prior to their

work the great Swiss math-
ematician Leonard Euler
(1707–1783) had estab-

lished the general form of
the fluid equations for an in-
viscid incompressible flow,

namely the Euler equations.

The forces due to pressure
and viscosity are ‘contact
forces’ arising because of
the inter-molecular forces
and/or collisions in a fluid.
The net pressure force on a

fluid element is proportional
to the gradient of pressure.

1.3 The Momentum Equation

The momentum equation is a partial differential equation that describes
how the velocity or momentum of a fluid responds to internal and im-
posed forces. Wederive it here usingmaterialmethods, with a very heuris-
tic treatment of the terms representing pressure and viscous forces.

1.3.1 Advection

Let𝒎(𝑥, 𝑦, 𝑧, 𝑡) be the momentum-density field (momentum per unit vol-
ume) of the fluid. Thus,𝒎 = 𝜌𝒗 and the total momentum of a volume of
fluid is given by the volume integral ∫𝑉𝒎 d𝑉. Now, for a fluid the rate of
change ofmomentumof an identifiable fluidmass is given by thematerial
derivative, and byNewton’s second law this is equal to the force acting on
it. Thus,

D

D𝑡 ∫𝑉 𝜌𝒗 d𝑉 = ∫𝑉 𝑭 d𝑉, (1.31)

where 𝑭 is the force per unit volume. Now, using (1.17b) (with 𝜑 replaced
by 𝒗) to transform the left-hand side of (1.31), we obtain

∫
𝑉
(𝜌D𝒗

D𝑡 − 𝑭) d𝑉 = 0. (1.32)

Because the volume is arbitrary the integrand itself must vanish and we
obtain

𝜌D𝒗
D𝑡 = 𝑭 or

∂𝒗
∂𝑡 + (𝒗 ⋅ ∇)𝒗 =

𝑭
𝜌 , (1.33a,b)

having used (1.5) to expand the material derivative. We have thus ob-
tained an expression for how a fluid accelerates if subject to known forces.
As well as external forces (like gravity), a stress arises from the direct con-
tact between one fluid parcel and another, giving rise to pressure and vis-
cous forces, sometimes referred to as contact forces.

1.3.2 Pressure and Viscous Forces

Pressure

Within or at the boundary of a fluid the pressure is the normal force per
unit area due to the collective action of molecular motion. Thus

d𝑭𝑝 = −𝑝 d𝑺, (1.34)

where 𝑝 is the pressure, 𝑭𝑝 is the pressure force and d𝑺 an infinitesimal
surface element. If we grant ourselves this intuitive notion, it is a simple
matter to assess the influence of pressure on a fluid, for the pressure force
on a volume of fluid is the integral of the pressure over the its boundary
and so

𝑭𝑝 = −∫
𝑆
𝑝 d𝑺. (1.35)
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11 1.3 The Momentum Equation

Equation (1.37) is sometimes
called the Navier–Stokes equa-
tion. If viscosity is absent the
equation is the Euler equa-
tion. Sometimes these names
are taken as applying to the
complete set of equations of
motion.

Hydrostatic balance is an ap-
proximation to the vertical
momentum equation, valid
for large-scale motion in both
atmosphere and ocean and
normally very well satisfied
for flows of horizontal scales
greater than a few tens of kilo-
metres. It is one of the most
fundamental and useful ap-
proximations in atmospheric
and oceanic dynamics.

The minus sign arises because the pressure force is directed inwards,
whereas 𝑺 is a vector normal to the surface and directed outwards. Ap-
plying a form of the divergence theorem to the right-hand side gives

𝑭𝑝 = −∫
𝑉
∇𝑝 d𝑉, (1.36)

where the volume 𝑉 is bounded by the surface 𝑆. The pressure gradient
force per unit volume, 𝑭𝑝, is therefore just −∇𝑝.
Viscosity

The effects of viscosity are apparent inmany situations— the flow of trea-
cle or volcanic lava are obvious examples. The viscous force per unit vol-
ume is approximately equal to 𝜇∇2𝒗, where 𝜇 is the coefficient of viscosity.
With the pressure and viscous terms the momentum equation becomes,

∂𝒗
∂𝑡 + (𝒗 ⋅ ∇)𝒗 = −

1
𝜌∇𝑝 + 𝜈∇2𝒗 + 𝑭𝑏, (1.37)

where 𝜈 = 𝜇/𝜌 is the kinematic viscosity and 𝑭𝑏 represents body forces (per
unitmass) such as gravity,𝒈. Formost large-scale flows in the atmosphere
and ocean the viscous term is, in fact, neglibly small.

1.3.3 The Hydrostatic Approximation

Neglecting viscocity, the vertical component (the component parallel to
the gravitational force, 𝒈) of the momentum equation is

D𝑤
D𝑡 = −

1
𝜌
∂𝑝
∂𝑧 − 𝑔, (1.38)

where 𝑤 is the vertical component of the velocity and 𝒈 = −𝑔�̂�. If the
fluid is static the gravitational term is balanced by the pressure term and
we have

∂𝑝
∂𝑧 = −𝜌𝑔, (1.39)

and this relation is known as hydrostatic balance, or hydrostasy. It is clear
in this case that the pressure at a point is given by the weight of the fluid
above it, provided that 𝑝 = 0 at the top of the fluid. The flow need not be
static for hydrostasy to hold — equation (1.39) is a good approximation to
(1.38) provided that the vertical acceleration, D𝑤/D𝑡, is sufficiently small
compared to gravity, which is nearly always the case in both atmosphere
and ocean except in intense storms. However, because the pressure also
appears in the horizontalmomentumequations, hydrostatic balancemust
be very well satisfied to ensure that (1.39) provides an accurate enough
pressure to determine the horizontal pressure gradients, a point we re-
turn to in Section 3.2.
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Symbol Description Value

𝑘𝐵 Boltzmann constant 1.38 ×10−23 J K−1
𝑁A Avogadro constant 6.02214076 × 1023mol–1

𝑅∗ universal gas constant (= 𝑘𝐵𝑁𝐴) 8.31 J K−1mol–1

𝜇 molar mass of dry air 29 ×10−3 kgmol-1

𝑅 specific gas constant (= 𝑅∗/𝜇) 287 J kg-1 K-1

𝑐𝑣 specific heat capacity at const. volume 717 J kg
−1
K-1

𝑐𝑝 specific heat capacity at const. pressure 1004 J kg-1 K-1

𝑐𝑠 sound speed at 𝑇 = 273K 331m s-1

Table 1.1: Various ther-
modynamic parameters
used in ideal gas theory,
with the specific values
being those for dry air.

Amole is the amount of sub-
stance that contains exactly
Avogadro’s number,𝑁𝐴𝑁, of
elementary entities (usually
atoms or molecules), and
𝑁𝐴𝑁 ≡ 6.02214076 × 1023,
by definition. The (quasi-
dimensional) Avogadro

constant,𝑁𝐴, is the num-
ber of elementary units

per mole, that number be-
ing Avogadro’s number. A
mole is almost the same
as the atomic or molecu-
lar weight, or molar mass,
in grams. Thus, a mole of

molecular oxygen (O2) has a
mass of very nearly 32 grams.

1.4 The Equation of State

In three dimensions the momentum and continuity equations provide
four equations, but contain five unknowns — three components of ve-
locity, density and pressure. Obviously other equations are needed, and
an equation of state is an expression that diagnostically relates the various
thermodynamic variables to each other. Most commonly the equation of
state is written in a form that relates temperature, density, pressure and
composition, and such an equation is known as the thermal equation of

state, and it differs from fluid to fluid. In this book we will mainly be deal-
ing with an ideal gas (for the atmosphere) or with seawater (for the ocean).
The composition of air varies slightly with water vapour content and the
composition of seawater varies slightly with salinity.

1.4.1 Ideal Gas

For an ideal gas of constant composition the equation of state is com-
monly written as

𝑝𝑉 = 𝑁𝑘𝐵𝑇 = 𝑛𝑅∗𝑇, (1.40)

where 𝑘𝐵 is Boltzmann’s constant, 𝑁 is the total number of molecules
in the volume 𝑉, 𝑅∗ is the universal gas constant and 𝑛 is the number
of moles in that volume, where a mole is the amount of substance that
contains Avogadro’s number, 𝑁AN, of elementary units. The two expres-
sions on the right-hand side of (1.40) are equivalent because𝑁 = 𝑛𝑁𝐴 and𝑅∗ = 𝑘𝐵𝑁𝐴, where 𝑁𝐴 is the Avogadro constant (see Table 1.1 and mar-
gin note). For fluid dynamical purposes we divide (1.40) by the total mass,
𝑀 = 𝑛𝜇, where 𝜇 is the molar mass (the mass per mole, often referred to
as the molecular weight) of the gas, and obtain

𝑝 = 𝜌𝑅𝑇, (1.41)

where 𝑅 = 𝑅∗/𝜇 is the specific gas constant, which varies from substance

to substance. For dry air 𝑅 = 287 J kg−1 K−1. Air has virtually constant
composition except for variations in water vapour; these variations make
𝑅 a weak function of the water vapour content but we regard 𝑅 as a con-
stant. Finally, it is common in fluid dynamics to work with the inverse of
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