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GENERAL NOTATION.

THE axes of &, y are taken in the ecliptic of 1850'0 and the centre of mass
of the earth and the moon is supposed to describe a fixed ellipse around the sun
in this plane. As it is more convenient to use the motion of the centre of
the earth than of this centre of mass, a slight well-known change, noted
below, is necessary in the disturbing function.

The axts of x is parallel to the line joining the earth and the sun.

In the scheme of notation which follows, two sets of constants are given
for the mean distance, eccentricity and sine of half the inclination of the
moon’s orbit. The first set is that which I have used in the expressions for
the rectangular coordinates of the moon ; the second set is that of Delaunay
in the final form which he gives to the expressions for the longitude, latitude
and parallax. The longitudes of a planet, of its perigee and of its node
are as usual reckoned along the ecliptic to its node and then along the

orbit,
Moon Earth Planet
True long. V v’ v
Mean long. w=l+g+h T P
Mean anom. wy—wy =1 UV'=T-% U'=P—-a"
Mean long. of node wy=h 0 R’
3 , dr
Mean motion n n —
dt
Mean distance a, & a a”’
Eccentricity e e ¢ e’
Sine half ineclin. k, y 0 v’
Coors., origin earth Y, 2T & 6 A
s ” Sun ml’ yl’ z/, 1'/ xl/’ yl’, z'l’ r”
n = mean motion of the moon = —du%,
. . w
by= »  itsperigee= T{t—g ,
dw,
63: 1 ) 3 node :W‘Z’
BR. 1
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2 GENERAL NOTATION

61, €., C; are the canonical constants complementary to w,, w,, w; after the
problem of the moon’s motion as disturbed by the sun, supposed to move in
a fixed elliptic orbit, has been solved.

R = the disturbing function of this problem, arising from the direct
attraction of a planet.

The symbols for the mean longitudes of the planets are: Mercury, Q;
Venus*, V; Mars, M; Jupiter, J; Saturn, S.

* No confusion will be caused by the use of the same symbol for the true longitude of the
moon and the mean longitude of Venus. The notation of Radau has been adopted with a few
changes.
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SECTION I

THE EQUATIONS OF VARIATIONS.

Lt w,, w,, w, represent the mean longitudes of the moon, of its perigee
and of its node, and suppose the problem of the moon as disturbed by the
sun, has been solved. Then it is well known that if a disturbing function R
be added to the force function of the moon’s motion, the change in the latter
due to R can be obtained by solving the equations

de; 9R dwi 3R

(1) & dw @ "—55‘.+b1: (*=1,2,38),

where b;, b,, b, are the mean motions of the moon, of its perigee and of its
node, and ¢,, ¢;, ¢; are the canonical constants corresponding to wy, w,, ws;
the ¢; are functions of the arbitrary constants =, e, k of the moon’s motion,
and they also contain the constants ', ¢/, depending on the sun’s motion.
The substitution of the new values of ¢;, w;, thus found, in the expressions
for the coordinates will give the disturbed position of the moon at any
time.

The constant part of B only gives constant additions to the b;, ie., to
the mean motions*: this part will be neglected, since it has no effect on
the new terms to be found. Hence b, = n.

Change to the semi-canonical system #, ¢, ¢, retaining the w; un-

changed. Putting

de,
% == a'ZB)

and remembering that

QG _db dn__db, db_db,
de, dn’ de,  dn’ de, de’

* I have found these changes in an earlier paper: Trans. Amer. Math. Soc., Vol. v. pp. 279—
284. A fresh computation just made gives 2”769, — 1”42, for the mean motions of the perigee
and node respectively. The former is 0°08 more than the value given in the paper.

1—2
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4 THE EQUATIONS OF VARIATIONS [SECT.

we obtain equations (1) in the semi-canonical form

d"_L(_ﬁ@_@ de, _ db, ‘&) dw,_ 1 0R_,

dt @B\ ow, dn dt dn  dt)’ dt a*Bom "
de, 0R dw, 0R dw, db,

@ & =5, Gt (G
de;, OR dw, oR dw, )%
&~ ow, = it () G

in these equations b,, b;, ¢, are supposed to be expressed in terms of n, ¢, ¢;
and R in terms of n, ¢,, ¢;, w,, W, W;.
Consider any periodic term of R:

R =n"a?4 cos (gt + ') =n"a?4 cos (1, w, + Lw, + t,ws + ¢t +q"),
where a is the linear constant of Hill's variational orbit and of my lunar
theory and 4 is a numerical coefficient (that is, its dimensions with respect
to time, space and mass are zero); ¢t + ¢’ is a combination of the solar and
planetary arguments. Then since g¢+ ¢’ is independent of the c; and 4 of
the w;, the first three of equations (2) become

dn _ n® a* dq . /
Fl R 22A E%s1n(qt+q),
%‘?: —1,n%a24 sin (¢t + q'),
‘%’ = —1;n"a?4 sin (¢t + ¢').

It will now be supposed that R contains a small factor whose square may
be neglected. The coefficients in the right-hand members of the last set will

then be constants and we can integrate. Put m= %, and let &n, &c,, dc,

denote the increments of n, ¢,, ¢;, due to R. Then

%n=_7_g . Z—:. %%IAcos(qt+ql),
3) %:i,m.—?;%,fl cos (gt + q'),
%:iam.g;%,fl cos (gt +¢').
Again, if we put
=2 ),
A2=—a2nz—i~,
A3=—-a2nfl—i,
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1] THE SEMI-CANONICAL FORM 5

the other three of equations (2) become

dw, n* a? ,
7 =@.@A100s(qt+q)+bl,

dw, n” a? A, db, ,

(33:) W—? . E2<.Az+ 1—8_ . (77;) COS(qt+q)+bg,
d 2 g? A, db ,
o, 12 %<A3+§1 : ﬁ) cos (gt +¢') + bs.

Let 6b,, 8b,, 8b,, Sw,, dw,, dw, denote increments due to R. Then

o atdg o ,
8b1—87l——"—8—. a?%. ’é“ACOS(qt‘*'q),
8b— 28 n+ 282+Zb28cs
az n 1 db2 dg = ,db, db,
—nEé'EA< R dn—i—a—2 1, + a? do.’ zz)cos(qt+q),
by equations (1a).
Puttin Q2= —na? dq Qs =—na? 9
g 2 de,” *° de,’
and using the last of equations (1a), we find
. ,ar o /1 db, dg ) ",
8[)2——1’10/—2.64‘1</—9‘.%.d—n+q2 COS(qt-l‘-q),

2 ’
similarly, 3by =—n' 25 . % A (,1§ . % . g%+ q3> cos (gt + ¢').

The undisturbed values of b,, b,, b, are of course equal to those of

%%, (—id—@z?, %ﬁ, respectively. To obtain 8w,, dw,, dw, (the increments of
wy, W, W), it is necessary to replace w; by w;+ dw;, and b; by b;+ 8b; in
(8a), to substitute for &b; the values just obtained, and then to integrate.

These operations give

( 1 d . ,
Sw, = Bz;(m;izll E%q )sm(qt—i-q),
n’ 4, db\ n* /g, 1 db, dq) . ,
@ prE e S
A, dby\ n?  /q; 1 dbsdg
{ <A3+_§Eﬁ>~FA< +Bdnd)jsm(qt+9)

The equations (3), (4) constitute the solution of the problem.

The form in which a periodic term of R arises (see Section IL) is

R--1 )7)72 n%a*4 cos (¢t + ¢’).
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6 THE EQUATIONS OF VARIATIONS [SECT.

It is therefore necessary to multiply the right-hand members of (3), (4)
by m”/4m’.
Next, let
§'=no. of seconds in the daily mean motion of the sun = 854819,
argument gt + ¢’

s = 3 » » ’

w | %,

Then %=
q
Also, put for brevity

1 m” a s
=2 206265,
[7=5was

a? ms’

(3)
’ lf im, "5 206265,

The coeflicients of the right-hand members being thus expressed in seconds
of arc, equations (3), (4) become

on_ ,dg A p
== g S cos(@+q)

Y. | ,
2B L cos (gt +q),
8 . /A ’
n—(iﬁ: 81 < cos (gt + ¢'),

6) <
8w1=<f’— fﬁ Zq)sm(th)

s B Lo o
8“’3={%(3‘43+g)‘4) L4 (B% d,f Z-Z)}sin(qwq’);

where, to recall certain definitions,

1 d . . . "
,3=——a—2. E%, q="un+ b+ 10+ ¢”,
dq dg

_ 9 —_ 2 1
q2_ new d02 q3 na dcs.

Numerical form of the equations of variations.

It remains to be seen how these quantities may be put into numerical

2
In f, f’ the factor —ai2 is immediately obtained from Hill’s results* for
a
"7
the variational orbit; m is a well known quantity ; e is known as soon as

form.

* Amer. Jour. Math., Vol. 1. p. 249.
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I] NUMERICAL FORM OF THE EQUATIONS OF VARTATIONS 7

the particular planet is chosen; thus f, f’ remain the same for a given
planet and f/f’ for all planets. The coefficients 4, A4,, 4,, 4, will be
found later on, while s is known as soon as the particular term of R has been
chosen.

There remain for calculation
oy da db b b, db_db b
dn’ dn’ dn’ de,’ decy, dc,’ decs’
which, depending only on the orbit of the moon as attracted by the sun and
earth, are the same for every perturbation of the moon’s motion, and there-
fore apply not only to the present investigation but also to all investigations
where a disturbing function R is added to the moon’s force function.

Some idea of the degree of accuracy required is desirable. The largest
known inequality is that with the argument !+ 167 —18V, which has a
coefficient of about 15”. Forthis¢, =1,4,=—1,4,=0. The principal part
is given by

Adq__ .4 <l_db2

A
—fEd=-r5 %)=—f§(1+ 01486).

There is no other coefficient which is so great as 2”. Since the degree of
accuracy aimed at is 0”01, it will be sufficient to use four place logarithms
and four significant figures for the functions (7) so that the final results
will be accurate to at least three significant figures. But certain of the
functions are only needed to one or two significant figures, as will appear
immediately.

The functions ¢, ¢, ¢; are the same as Delaunay’s L, G — L, H — G after
the final transformations and the changes to his final system of arbitraries,
n, ¢, v have been made. As my results will be used for the calculation of
the moon functions, it will be more convenient to transfer A4,, 4; to my
constants e, k.

Let dq denote the derivative of a function € with respect to n when it is

dn
. d .. .
expressed in terms of n, c;, ¢;, and < dg) when it is expressed in terms of

n, ¢, 4. Then the following equations serve for the transformation of the
derivatives of @ from one set to the other*:

0-(09-10. (8- (2).

- Adn " \dn/ " de, " \dn/ " de; \dn
(8) dQ _ [dQ _dQde,| dc
de, de*  de;der| " de?’

aQ _ @_@ de, | _ de,
de;  |dyr de,” dy*| ™ dy?’

* The functions considered here involve e, vy only in the even powers.
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8 THE EQUATIONS OF VARIATIONS [SECT.

the same equations will serve for the transformation from the set n, c,, ¢; to
the set n, €2, k? if we replace €2, 4* by €7 k? respectively.
It is first to be noticed that

.. a\?
Cy, = na’e? {—5 + power series 1n m, €%, % e?, (Z’) } ,

cs=na*y? {— 2+ » » » » b
a=na* { 1+ » » ” » o b
by=nm* { £+ » » » » b
by=nm* {—§+ 1 » » » b

the power series in each case vanishing with m. Hence when for @ in
equations (8) is put ¢, b, or b;, the principal part of the first term in each
equation will have a portion independent of €2, 4?2, while the other terms will
have one of these quantities as a factor. Since e= {5, v = 3%; approximately,

two significant figures will be fully sufficient for the values of do, doy . Itis

dn’ dn
to be noted that the second and third of equations (8) do not depend on
derivatives with respect to n, and therefore that we may change to the variables

e, y or to e, k, from c¢,, ¢; without reference to the first equation.

From Newcomb’s transformation* of Delaunay’s values for L, G, H,

we have
. c 1 /d . I 1 /d
Terms in 1?22?2 ae? (71%) Terms in E_;ﬁ aly? (:Tif)
m? —+50015 + 1667 m° —1-99704 | "+°:665H7
m? +°01686 --0393 m? — 00322 +-0075
m? + 00644 —-0215 m? + 00049 —-0016
mé +°00170 —-0074 mt + 00005 —+0002
rem. + 00032 —+0020 rem. — 00022 ++0010
Sum — 47483 +°0965 Sum —1-99994 +°6724

The remainders in the first and third columns are obtained from the
values of c,, ¢, (calculated by processes independent of the nature of con-
vergence along powers of m) given by myselft; those in the second and
fourth columns are estimated from them. In any case the results for

(%) R (((jll—cr:) are correct within two per cent. and this is all the accuracy

necessary for our purpose.

In a similar manner the values of (‘;—%), (fl—b;) can be obtained with

* “Action of the Planets on the Moon,” 4dmer. Eph. Papers, Vol. v. Pt 3, pp. 201, 202.
1 ¢ Theory of the Motion of the Moon,” Trans. R. 4. S., Vol. Lvi1, pp. 64, 65.
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I] NUMERICAL FORM OF THE EQUATIONS OF VARIATIONS 9

more than needful accuracy from the series in powers of m given by
Delaunay*, Hillt, and Adams} with my numerical values§. The deri-
vatives with respect to e? v? are obtained immediately from the last named
reference. The derivatives with respect to €2 k? can be immediately derived
by inserting the values of Z, ¥ which I have also given§: the change in the

derivatives with respect to n is insensible.

I find the following results to four places in the logarithms, to each of
which 10 has been added:

dc de, de.
( ;) +[64637] a2, 92 = [90775] nat, 5% =~ [7:5002] na,
deg\ . de, de, )
<%/ = +[71318] a2, S8 =+ [675TT na, S5 = [103039] nat
b\ oo by _ o by _ o
(%) = - [81709], G=—[73974]n,  G=-[87004]n,
db, db; by | o
(dn> +[75136],  G=—[T4731n, 3=+ [T8692]n.
Whence, accurately to four figures,
db, . db,
= [81720), @ Zo =+ [83175], @ o, =+ [8:3960],
dbs = +[75733], a5 _ 1 [8:3060), @ P _ _[7-5698).
d de,
We have also
a? .
= = +[999921], m = + [$:87391], B =+ [951801],
poaral ™ e m’ L s
F=12220358]0,, ' =[1761748] -, = [532390],

B being found accurately in Section 11I. From these quantities the terms

depending on 812 in (4) can be found.

Further, by substituting 4,, 4, successively for @ in the second and third
of equations (8), and putting e for e, and k for ¢, we find

d4 . dA d4
Ay=—an G- =[115819] = — [8:4242]

dA
dy=~ain G = [107440] dE—[87782]d .

* Comptes Rendus, Vol. Lxx1v. pp. 19 et sqq.

+ Acta Math., Vol. vur. pp. 1—386. Annals of Math., Vol. 1x. pp. 31—41.
+ Monthly Notices, R. 4. S., Vol. xxxvnir. pp. 43—49.

§ Loc. cit., Vol. Lx1v. p. 532,
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10 THE EQUATIONS OF VARIATIONS [sECT.

Finally, making these various substitutions in (8), (4), the equations of
variations become

8 . . . ’
~n =(—1,+ 014867, — 0037 444;) é cos (gt +q'),

%—4-[9 51801] % f’ —cos(qt+q)

803 =t [951801] 'Lsf —cos(qt+q);

ow, = {(— 1, + 014867, — '003744i3)f§ +f %} sin (gt + ¢),
) +
Sw, = {(+ ‘014867, — "0070667, — ‘00814‘8'53)f‘-g

_ . 4 dd\ f . ,
+ (— [81720] 4, + [110999] 5= — [7:9422] Ek’) ?} sin (gt + ¢'),

S, — {(_ 0037444, — 0081484, + -0012104,) f‘s%

+(+ [7-5733]Al+[10~2620}‘§k [82962] )f }sin (¢t +9),

where Al 8.2 dn (A 2)

A being expressed in terms of n, ¢,, ¢;; the figures enclosed in square brackets
being, as elsewhere, logarithms with 10 added.

These equations replace the equations of variations for &I, &g, &k, da, 8e, &y
first given by G. W. Hill* and calculated also by Radaut. To reduce the
above system to theirs it is necessary to find &c,, 8¢c; in terms of on, de, dy.
But it is simple to compare the first terms of 8w, on which the principal part
of each long-period inequality depends. Radau finds

= {(— 805767 + ‘056012" — -01124") p + ...} Psin (¢t + ¢'),
where n=1+7+14", G=9+7", 4=, pP= ,Bff;2
This reduction gives
Sw, = {(— ‘98944, + 014767, — '0037051'3)f;i2 + } sin (gt + q'),

which is about {35 less than my value. But I have been unable to find the
coefficient — 3:0576¢ in dw,, which Radau gives: from his data I make this
coefficient — 30791} which, reduced to my form, becomes — ‘9964. The

* American Eph. Papers, Vol. 1. p. 390.

1 Loc. cit., pp. 35, 36.

4 This apparent error seems to be due to some confusion in the substitution of the numerieal
values for n before and after the final Delaunay transformation.
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