Cambridge University Press

978-1-107-65468-6 - Mathematical Modelling in One Dimension: An Introduction
via Difference and Differential Equations

Jacek Banasiak

Frontmatter

More information

MATHEMATICAL MODELLING
IN ONE DIMENSION

© in this web service Cambridge University Press www.cambridge.org



http://www.cambridge.org/9781107654686
http://www.cambridge.org
http://www.cambridge.org

Cambridge University Press

978-1-107-65468-6 - Mathematical Modelling in One Dimension: An Introduction
via Difference and Differential Equations

Jacek Banasiak

Frontmatter

More information

African Institute of Mathematics Library Series

The African Institute of Mathematical Sciences (AIMS), founded in
2003 in Muizenberg, South Africa, provides a one-year postgraduate
course in mathematical sciences for students throughout the
continent of Africa. The AIMS LIBRARY SERIES is a series of short
innovative texts, suitable for self-study, on the mathematical sciences
and their applications in the broadest sense.

Editorial Board

Professor J. Banasiak (University of KwaZulu-Natal)

Professor A.F. Beardon (University of Cambridge)

Professor P. Deift (Courant Institute of Mathematical Sciences

Professor P.E. Dorey (Durham University)

Professor B. W. Green (Director, AIMS)

Professor F. W. Hahne (AIMS and STIAS)

Professor A. Iserles (University of Cambridge)

Professor P. E. Kopp (University of Hull)

Professor J. W. Sanders (Academic Director, AIMS)

Professor P. Sarnak (Institute for Advanced Study Princeton)

Dr. T. Tokieda (University of Cambridge)

Professor N. G. Turok (University of Cambridge and Perimeter
Institute, Ontario)

© in this web service Cambridge University Press www.cambridge.org



http://www.cambridge.org/9781107654686
http://www.cambridge.org
http://www.cambridge.org

Cambridge University Press

978-1-107-65468-6 - Mathematical Modelling in One Dimension: An Introduction
via Difference and Differential Equations

Jacek Banasiak

Frontmatter

More information

AIMS Library Series

MATHEMATICAL
MODELLING IN ONE
DIMENSION

An Introduction via Difference and
Differential Equations

JACEK BANASIAK

University of KwaZulu-Natal, South Africa
Technical University of todz

5 5B CAMBRIDGE
;I; UNIVERSITY PRESS

© in this web service Cambridge University Press www.cambridge.org



http://www.cambridge.org/9781107654686
http://www.cambridge.org
http://www.cambridge.org

Cambridge University Press

978-1-107-65468-6 - Mathematical Modelling in One Dimension: An Introduction
via Difference and Differential Equations

Jacek Banasiak

Frontmatter

More information

CAMBRIDGE UNIVERSITY PRESS
Cambridge, New York, Melbourne, Madrid, Cape Town,
Singapore, Sao Paulo, Delhi, Mexico City

Cambridge University Press
The Edinburgh Building, Cambridge CB2 8RU, UK

Published in the United States of America by Cambridge University Press,
New York

www.cambridge.org
Information on this title: www.cambridge.org/9781107654686

© Jacek Banasiak 2013

This publication is in copyright. Subject to statutory exception

and to the provisions of relevant collective licensing agreements,

no reproduction of any part may take place without the written
permission of Cambridge University Press.

First published 2013

Printed and bound in the United Kingdom by the MPG Books Group

A catalogue record for this publication is available from the British Library
ISBN 978-1-107-65468-6 Paperback

Cambridge University Press has no responsibility for the persistence or
accuracy of URLs for external or third-party internet websites referred to

in this publication, and does not guarantee that any content on such
websites is, or will remain, accurate or appropriate.

© in this web service Cambridge University Press www.cambridge.org



http://www.cambridge.org/9781107654686
http://www.cambridge.org
http://www.cambridge.org

Cambridge University Press

978-1-107-65468-6 - Mathematical Modelling in One Dimension: An Introduction

via Difference and Differential Equations

Jacek Banasiak
Frontmatter
More information

Contents

Preface page vii
1 Mathematical toolbox 1
1.1  Difference equations 1
1.2 Differential equations — an introduction b)
1.3 Some equations admitting closed form
solutions 7
1.4 The Cauchy problem — existence and unique-
ness 11
2 Basic difference equations models and their
analysis 18
2.1 Difference equations of financial mathematics 19
2.2 Difference equations of population theory 23
2.3 Some applications of discrete population
models 31
2.4 Some explicitly solvable nonlinear models 34
3 Basic differential equations models 37
3.1  Equations related to financial mathematics 38
3.2 Radiocarbon dating 41
3.3  Differential equations for population models 42
3.4 Equations of motion: second-order equations 50
3.5  Equations arising from geometrical modelling 58
4 Qualitative theory for a single equation 66
4.1  Equilibria of first-order equations 66
4.2 Equilibrium points of difference equations 75

© in this web service Cambridge University Press

www.cambridge.org



http://www.cambridge.org/9781107654686
http://www.cambridge.org
http://www.cambridge.org

Cambridge University Press

978-1-107-65468-6 - Mathematical Modelling in One Dimension: An Introduction
via Difference and Differential Equations

Jacek Banasiak

Frontmatter
More information
vi Contents
5 From discrete to continuous models and back 92
5.1  Discretizing differential equations 92
5.2 Discrete equations in continuous time models 98
5.3  Stability of differential and difference equations 105
References 109
Index 110

© in this web service Cambridge University Press www.cambridge.org



http://www.cambridge.org/9781107654686
http://www.cambridge.org
http://www.cambridge.org

Cambridge University Press

978-1-107-65468-6 - Mathematical Modelling in One Dimension: An Introduction
via Difference and Differential Equations

Jacek Banasiak

Frontmatter

More information

Preface

Engineers, natural scientists and, increasingly, researchers and
practitioners working in economics and other social sciences, use
mathematical modelling to solve problems arising in their disci-
plines. There are at least two identifiable kinds of mathematical
modelling. One involves translating the rules of nature or society
into mathematical formulae, applying mathematical methods to
analyse them and then trying to understand the implications of
the obtained results for the original disciplines. The other kind is
to use mathematical reasoning to solve practical industrial or en-
gineering problems without necessarily building a mathematical
theory for them.

This book is predominantly concerned with the first kind of
modelling: that is, with the analysis and interpretation of mod-
els of phenomena and processes occurring in the real world. It is
important to understand, however, that models only give simpli-
fied descriptions of real-life problems but, nevertheless, they can
be expressed in terms of mathematical equations and thus can be
solved in one way or another.

Mathematical modelling is a difficult subject to teach but it
is what applied mathematics is all about. The difficulty is that
there are no set rules and the understanding of the ‘right’ way to
model can be only reached by familiarity with a number of ex-
amples. Therefore in this book we shall discuss a wide range of
mathematical models referring to real life phenomena and intro-
duce basic techniques for solving and interpreting the solutions of
the resulting equations. It is, however, fair to emphasize that this

vii
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viii Preface

is not a conventional textbook on mathematical modelling. We do
not spend too much time on building the models but a central role
is played by difference and differential equations and their analy-
sis. However, within the space limitations, we try to describe the
origin of the models and interpret the results of analysing them.

Nevertheless, let us briefly describe the full process of mathe-
matical modelling. First, there must be a phenomenon of inter-
est that one wants to describe or, more importantly, explain and
make predictions about. Observation of this phenomenon allows
one to make hypotheses about those quantities that are most rel-
evant to the problem and what the relations between them are
so that one can devise a hypothetical mechanism that describes
the phenomenon. At this stage one has to decide how to quantify,
or assign numbers to, the observations, e.g. whether the problem
is to be set in absolute space-time or in relativistic setting, or
whether time should be continuous or discrete, etc. The choice is
not always obvious or unique but one needs to decide on a par-
ticular approach before one begins to build a model. The purpose
of building the model is to formulate a description of the mech-
anism driving the phenomenon of interest in quantitative terms:
that is, as mathematical equations which can be mathematically
analysed. After that, it is necessary to interpret the solution, or
any other information extracted from the equations, as statements
about the original problem so that they can be tested against ob-
servations. Ideally, the model also leads to predictions which, if
verified, serve as a further validation of the model. It is important
to realize that modelling is usually an iterative procedure as it is
very difficult to achieve a proper balance between the simplicity
and meaningfulness of the model. Often the model turns out to be
too complicated to yield itself to analysis or it is over-simplified
so that there is insufficient agreement between actual experiment
and the results predicted from the model. In both these cases one
has to return to the first step of the modelling process to try to
remedy the problem.

This first step in modelling is the most creative but also the
most difficult, often involving a concerted effort of specialists in
many diverse fields. Hence, as we said earlier, though we describe
a number of models in detail, starting from first principles, the
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Preface ix

main emphasis of the course is on the later stages of the mod-
elling process; that is, on analysing and solving the equations, in-
terpreting their solutions in the language of the original problem
and reflecting on whether the answers seem reasonable.

In most cases discussed here the model is a representation of a
process; that is, it describes a change in the states of some system
in time. This description could be discrete and continuous. The
former corresponds to the situation in which we observe a system
at regular finite time intervals, say, every second or every year,
and relate the observed state of the system to the states at the
previous instants. Such a system can be modelled by difference
equations. In the continuous cases we treat time as a continuum
allowing for observations of the system at any time. In such a
case the model can express relations between the rates of change
of various quantities rather than between the states at various
times and, since the rates of change are given by derivatives, the
model is represented by differential equations.

Furthermore, models can describe the evolution of a given sys-
tem either in a non-interacting environment, such as a popula-
tion of bacteria in a Petri dish, or else engaged in interactions
with other systems. In the first case the model consists of a single
equation and we say that the model is one-dimensional, while in
the second case we have to deal with several (sometimes infinitely
many) equations describing the interactions; then the model is
said to be multi-dimensional.

In this book we only discuss one-dimensional models. Multi-
dimensional models are planned to be the subject of a companion
volume.

This book has been inspired and heavily draws on several excel-
lent textbooks such as (Braun, 1983; Elaydi, 2005; Friedman and
Littman, 1994; Glendinning, 1994; Strogatz, 1994), to mention but
a few. However, I believe that the presented blend of discrete and
continuous models and the combination of a detailed description
of the modelling process with mathematical analysis of the result-
ing equations makes it different from any of them. I hope that the
readers will find it fills a gap in the existing literature.

This book is based on lectures given, at various levels and for
various courses, at the University of KwaZulu-Natal in Durban,
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X Preface

at the African Institute of Mathematical Sciences in Muizenberg,
South Africa, and at the Technical University of Ldédz, Poland.
My thanks go to several generations of students on whom I tested
continually changing ideas of the course. Working with students
allowed me to clarify many presentations and correct numerous
mistakes. Finally, I am very grateful to our School Secretary, Dale
Haslop, and my PhD student, Eddy Kimba Phongi, who, by comb-
ing through the final version of the book, helped to substantially
reduce the number of remaining errors and thus to make the book
more readable.

Jacek Banasiak
Durban, South Africa
October 2012
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