Cambridge University Press

978-1-107-62083-4 - Matrices and Determinoids: Volume II
C. E. Cullis

Index

More information

INDEX

The references are to pages. The following is a list of the abbreyiations used.

alg. =algebraic, equiv. =equivalent, parat. =paratomy,
arb. =arbitrary, extrav. =extravagant, rat. =rational,
compl. =complementary, homog. =homogeneous, recip. =reciprocal,
conj.  =conjugate, horiz. =horizontal, reg. =regular,
corresp. =correspondent, ine. =incident, sim.  =similar,
corresp. = corresponding, int. =intersecting, 8p. =spacelet,
degen. =degenerate, intersec. =intersection, 8q. =square,
detant =determinant, inv. =inverse, sym. =symmetric,
detoid =determinoid, non-int. =non-intersecting, transfn, =transformation,
diag.  =diagonal, mut. =mutually, vert.  =vertical,

el. =element, orthog. =orthogonal, uncon. =unconnected,
equigr. =equigradent, orthot. =orthotomy, undeg. =undegenerate.

Absolute quadric, 434-5.
Affected :

minor detants of [1, a]::’" and [a, 1]

395-7;
simple minor detants of two mut. normal
undeg. matrices, 403-6;
Pfaffian compl. to any el. of a skew-sym.
matrix of even order, 524 ;
compl. to any diag. el. of a skew-sym.
matrix of odd order, 527-8.
Affects: formulae involving, 43, 57, 97, 101,
131.
Algebraic equations: Equiv. systems of linear
alg. equations, 80-4, 207-8.
Uncon. mut, orthog. solutions of any system
of homog. linear alg. equations, 440-6.
Algebraic expressions or forms: Linear transfns.
of bilinear and quadratic forms, 234-5.
Real roots of a real and definite quadratic
form ; positive and negative real quad-
ratic forms, 300-1.
Reduction of a quadratic form to a sum of
squares of linear expressions, 290.
Anti-cores of a spacelet: defined, 440;
join of the core to an anti-core is real, 437-8.
Anti-correspondent matrices of the minor
detants :
of two co-joint complete matrices of the
minor detants of a sq. matrix,
defined, 115 ; relation between, 116-7;
of a sq. matrix and its recip., 117-8, 129.
Anti-correspondent minor detants:
of two co-joint complete matrices of the
minor detants of a sq. matrix,
defined, 115 ; relation between, 118-9;
of a sq. matrix and its recip., 119, 128.

7, M
'm ?

Anti-correspondent simple minor detants of
two mut. normal undeg. matrices,
defined, 402; relations between, 403.
Arbitrary spacelets : see Extravagance, Ortho.
tomy.
Arbitrary values :
of any reg. minor detant of a wmatrix and
its els., primaries and primary super-
detants, 516;
of any reg. simple minor detant and its els.
and primaries, 518;
of any reg. minor detant of order » of a
matrix of rank r and its els, and
primaries, 519.

Bilinear forms: Linear transfns. of, 234.
Bordered determinants: formed by
bordering any sq. matrix, 123-7;
bordering a skew-sym. matrix, 525 ;
symmetriecally, 529.

Co-factors :
of minor detants, 97, 108-9, 111, 157;
see Co-joint complete matrices ;
Pfaffian, of the els. of a skew-sym. matrix
of even order, 524.
Co-incident spacelets, 219.
Co-joint complete matrices of the minor detants
of a sq. matrix:
defined, 108; fundamental property,
109;
determinants, 112-3; ranks, 122-3;
reciprocals, 113-4.
A 8q. matrix and its recip. are two co-joint
matrices of the minor detants of the
sq. matrix, 111.
Definitions of corrésponding and anti-cor-
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Co-joint complete matrices (cont.):
respondent minor detants and matrices
of minor detants, 115.
Relations between two:
anti-corresp. minor detants, 108-9;
matrices of minor detants, 117;
corresp. complete matrices of minor detants,
Co-joint matrix of a complete matrix of the
minor detants of a rectangular matrix,
111-2.
Common core and plenum of two mut. normal
spacelets, 432-3.
Compartite matrix: defined, parts, standard
form, successive parts, 6-7;
with quasi-scalar parts, 8;
reciprocals and inverses, 11.
Rank, is sum of ranks of parts, 7-8.
Signants of one which is sym. and real,
are sums of signants of parts, 299.
Compartite matrix:
Equigr. transfns. of one and its parts,
233-4, i
Reduction of a matrix in Q@ by equigr.
transfns. in @ to a compartite matrix
whose non-zero parts are undeg. sq.
matrices :
any matrix with constant els., 252-9, 262-3;
sym. matrix, 259, 263; 269-71;
real, 298 ;
skew-sym. matrix, 260, 264 ; 269-71; 307-8.
Complementary spacelets : defined, 219, 423 ;
extravagances of two, are independent, 505;
normals to two, are non-int., 433;
orthotomy (or cross rank) of two, 478-80 ;
when real, 480.
Two real sps. which necessarily intersect
and have the greatest orthot. con-
sistent with their ranks are compl., 509.
Spacelets which lie in a given sp. and
are mut. compl. in it, 480, 505.
Complementary theorems concerning spacelets,
Complete intersection :
of two sps., 210-19, 422-3;
of any number of sps., 219-20, 423 ;
is the normal to join of the normal sps.,
434;
is real when the sps. are real, 505;
of two mut. normal sps., is their common
core, 432;
of mut. orthog. sps., 509-14;
see Intersection.
Complete matrix of the minor detants:
of a rectangular matrix, rank, 122-3;
of a square matrix, determinant, 112;
of a definite matrix, 303 ;
of a skew-sym. matrix, 141-2;
sce Co-joint complete matrices.
Completely extravagant matrices: defined, 381;
general formulae for, 381-3, 349 ;
normal matrices, 408, 419.
Cores of an undeg. matrix, 417.
Completely extravagant spacelet :
defined, 426, 381; interpreted, 435;
is core of itself, is contained in its normal
which is its plenum, 432, 434.
Every contained sp. is completely ex-
trav., 459.

Completely extravagant spacelet (cont.):
Standard representation, 435-9.

(See Core.)

Completely extravagant spacelets :
containing a given sp., 459;
lying in a given sp., 453.

Completion of two mutually inverse matrices,

235.
Composition of equigradent transformations,

9
of derangements, of unitary and quasi-scalar
transfns., 233.
Compound matrices :
defined, constituent matrices, 1-5;
quasi-scalar, 4 ;
multiplication, 5-6 ;
notation for scalar constituents, 4.

Compound sq. semi-unit matrix with
four real or purely imaginary con-
stituents, 327, 362.

Conditions for the equivalence of

two sim. undeg. matrices, 76;

two systems of linear alg. equations, 81,
207-8;

for the horiz. or vert. equivalence of

any two matrices, 205,

Conditions that a matrix may have rank »:

any, matrix, 93, 516 ;

sym. matrix, 136;

skew-sym. matrix, 142.

Conditions that two matrices may have same
rank :

any two matrices, 272-3, 229;

two sym. matrices, 294 ;

two skew-sym. matrices, 308;

that two real sym. matrices may be equi-
signant, 298.

Conditions that two matrices may have the
same rank and the same (horiz. or
vert.) extravagance :

any two matrices, 391;

two sim. matrices, 390;

two sim. undeg. matrices, 380 ;

that two spacelets may have the same rank
and the same extravagance, 426.

Conditions that two spacelets or matrices may
be:

mut. compl., 219, 423;

mut. inc., 219, 422;

mut. orthog., 84, 398, 423;

mut. normal, 85, 398, 423-4;

non-int., 210-11, 423;

that any number of them may be

uncon., 220, 224, 225-6, 423.

Conditions that two spacelets may have the
greatest possible mutual orthotomy:

two arb. sps. of given ranks, 467-8, 507,

(either their intersec. is completely
extrav., or their join is plenarily
extrav.);

two arb. real sps. of given ranks, 509,
(they are either non-int. or compl.);
two sps. of given ranks having a given
complete intersec. wy, 501-3,

(either they both lie in the plenum of w,,
or tk;eir join contains the plenum
of wy);

two real sf;s. of given ranks having a given
complete intersec. w,, 489,
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Conditions that two spacelets (cont.):

(they are the joins of w, with two mut.
orthog. sps. orthog. with wp).
Conjugate matrices : Expression of a sym. (or

skew-sym.) matrix as a sum (or dif-
ference) of two mut. conj. matrices,
141,
Ranks of the products formed with two mut.
conj. matrices, 194, 387-8, 407, 411.
(See Extravagance.)
Conjugate of & semi-unit matrix: isitsinv., 321.
Conjugate reciprocals of :
& matrix with one el., 89;
a product of sq. matrices, 107;
some special matrices, 8-13, 240-1;
two co-joint matrices, 112;
see Inverse, Reciprocal.
Connections between matrices: defined, 223-5.
Condition that matrices may be uncon., 225.
Distinction between connected rows and
connected one-rowed matrices, 224.

Equivalent matrices, 75, 205.

Intersecs. and joins of matrices, 222-3.

Matrices connected with a given matrix,
their ranks and extravagances, 384.

Uncon. mut. orthog. one-rowed matrices
connected with a given matrix, 412-5,
440-6.

Connections between the short rows of an

undeg. matrix, 41-6;

between the rows of a degen. matrix, 46, 86,

Connections between spacelets : defined, 225-7.

Condition that sps. may be uncon., 220,
225-6, 423.
Incidences of sps.,.79, 219, 422, 466.
Intersecs. and joins, 209-11, 219-20, 422-3.
Zero sps., have no connections, 211, 225.
(See Spacelets and sub-heads.)
Constituents of a compound matrix:
are the matrices by the juxtaposition of
which it is formed, xxiv, 1-6;
of a compound sq. semi-unit matrix when
egch is real or purely imaginary, 327,
362.
Conversion of any equigr. transfn. and its inv.
into two mut. inv. equigr. transfns.
of sim. matrices, 236.
Conversion of any matrix into a standard form
by derangements of its rows, 94, 140,
145;
compartite matrix, 7;
of any sym. matrix into a standard form by
sym. derangements and additions of
rows, 291.

Conversion of a matrix with constant elements:

into a bipartite or compartite matrix by
equigr. transfns,, 241-71;

into a quasi-scalar matrix or a standard
form by equigr. transfns., 272-308;

into a standard form by a semi-unit and a
general equigr. transfn., 378-94, 401;

into a standard form by two semi-unit
transfns., 389, 394;

into an equiv. matrix whose long rows are
mut. orthog., 412-5;

see Reduction.

Core of a spacelet:
of any sp. (of extravagance p), is a sp. (of

rank p) which is the locus of all points

Core of a spacelet (cont.):
which lie in the sp. and are orthog.
with it, 427;
of completely and plenarily extrav. sps., 432
of the join of mut. orthog. sps., 437, 509-14;
of two mut. normal sps., 432.
‘General formulae for:
a sp. and its core, 427, 428;
a sp. having a given core, 427;
two mut. normal sps., their common core
and common plenum, 431, 433.
Real or non extrav. sp. has no core, 432,
Semi-unit transfns. of a sp. and its core, 428.
(See Anti-core.)
Core of a spacelet which:
contains a given sp. and lies in its plenum,
85 ;
contains a given plenum, 491;
contains a given sp., 496.
Cores of an undeg. matrix (of extravagance p):
417-22;
are the completely extrav. matrices of rank p
connected with the given matrix, are
all mut. equiv., 417.
Determination of the cores, 421.
Two mut. normal matrices. have the same
extravagance and the same cores, 407,
418;
their common cores are their complete
intersecs., 418.
Correction to Ex. vi of § 83, 24.
Correspondences between all sps. of a certain
complete homog. space and all those
sps. of a given homog. space which:
contain a given non-extrav. sp., 471;
lie in a given nou-extrav. sp., 469, 217;
lie in one and contain another given non-
extrav. sp., 473.
Corresponding matrices of the minor detants:
of two co-joint complete matrices of the
minor detants of a sq. matrix;
defined, 115; relation between them,
120-2;
of a sq. matrix and its recip., 121, 129.
Criteria for the equivalence of two systems of
linear alg. equations, 80-2, 207-8.
Cross rank of two matrices:
is that of the sps. which they represent;
of two special matrices, 471.
Cross rank of two spacelets:
defined, relation to orthotomy, 464;
interpreted, 465;
of the normals to two sps., 466;
of special sps., 480, 490;
of two sps. having a given intersec., 485, 495.
Cross rank, possible values for two spacelets of
given ranks which:
are arb., 464;
contain a given sp., 470;
lie in a given sp., 468;
are non-intersecting, 475, 477;
one being given, 474, 477;
both being real, 478;
are mut. complementary, 478, 480;
one being given, 478;
both being real, 480;
lie in or contain a given non-extrav. sp., or
lie in one and contain another given
non-extrav.sp., 469, 471, 473; 477, 480.
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Cross rank, possible values for two sps. of given
ranks which:
have a given complete intersec., 492,
(one sp. being given, 500);
and lie in its plenum, 482,
(one sp. being given, 486);
have a given non-extrav. intersec., 489;
are real and have a given intersec., 489;
have a given join, 505;
are real and have a given join, 506.
Cross rank and paratomy: Possible simul-
taneous values of these for
two arb. sps. of given ranks, 506;
two arb. real sps. of given ranks, 508.
Cross rank, paratomy and orthotomy: Possible
simultaneous values of these or any
two of them for
two entirely arb. sps., 508;
two entirely arb. real sps., 509.

Definite (real sym.) matrix: 300-3;
general formula, 302; semi-definite, 303.
Diag. detants of order s (and diag. els.)
all have same sign, 303.
Sym. matrices of minor detants are
definite, 303.
Definite real quadratic forms:

are essentially positive or negative, 301;

real roots, 300.

Degeneracy of a matrix: defined, 378;
possible degeneracies of special products,
387, 407, 411.

Extravagance is a degeneracy, 379, 385, 425.

Orthotomy is a degeneracy, 464

(See Extravagance, Orthotomy, Rank.)

Degree: Matrix equations of

first degree, 168-77;

second degree, 309-77; 179-85, 194-6;

third degree, 185-9, 196-9;

any degree, 189-94, 199-205.

Derangements (transfns. of a matrix):

defined, resultant of, 232-3.

Formulae involving derangements, 314, 339,
341, 346, 360, 379, 381-3, 388, 399-400.

Inverse of a derangement, 233.

Reduction of a matrix to a standard form
by derangements:

any matrix, 94;
compartite matrix, 7;

sym. matrix, 140;

skew-sym. matrix, 145.

Solutions of the sym. equation X’X=4'4
derivable from one another by de-
rangements, 336.

Derangements (transformed matrices):

of semi-unit and unit matrices, are all semi-
unit matrices, 321;

inverse of a derangement of a unit matrix,
is its conjugate, 233.

Inverses of the derangements of special sq.
matrices, 240-1.

Recip. of any derangement of a sq. matrix,
131

Determinant :
of a complete matrix of the minor detants
of a sq. matrix, 112
of the primaries of one simple minor detant
A formed with the rows of another D,
48, 51, 55; 57, 59, 61; 63, 65; 519;

Determinant (cont.) :

of the primary subdetants of a detant A
which contain a given minor detant D,
70, 71, 519-20;

of the primary superdetants of a minor
detant A which lie in a given detant
D, 66, 67, 519-20;

of a skew-sym. matrix, 142, 521, 525-6;

of a special sq. matrix, 437;

of a sq. compound matrix, notation, 1-3.

Sq. matrix whose detant is +=1, 280.

(See Standard identities.)

Determinant, minor (or simple minor):
primaries (defined, notation), 13-17;
primary subdetants (defined), 18;
primary superdetants (defined), 17.

Arb. values of the els., primaries and
primary superdetants of a reg. minor
detant, 516.

(See sub-heads; see also Relations.)
Determinants, anti-correspondent minor:
of two co-joint matrices of the minor
detants of a sq. matrix,
defined, 115; relative between, 118-9;
of a sq. matrix and its recip., 119, 128-9,
70-2.
(See Anti-correspondent matrices.

Determinants, anti-corresp. simple minor:
of two mut. normal undeg. matrices, 403.

Determinants, bordered: formed by
bordering any sq. matrix, 123-7;
bordering a skew-sym. matrix, 525;

% symmetrically, 529.

Determinants, diagonal:

see Diagonal minor determinants.
Determinants: Equigr. transfns. between two
sim.undeg. quasi-scalar or sq. matrices
whose detants are equal, 278-9.
Determinants, minor:
n, M

of [1, a]Z'" and [a, 11", 395-7;

simple, 895-6; of order s, 396-7;
of a sym. matrix of order 3, 145-6;
of order 4, 147-56.
Relations between the minor detants of
order r of a matrix of rank », 98-106,
519-20;
see Relations, Standard equations.
Determinants, non-vanishing or regular:
see Regular minor determinants.
Determinants, simple minor:
of two equiv. undeg. matrices, 76-8;
of two mut. normal undeg. matrices, 403.
Relations between the simple minor detants
of any matrix, 46-66, 73-5, 518-20;
see Relations (identical), Standard iden-
tities.
Determinoid :
of a compound matrix (notation), 1-3;
of the primaries of a simple minor detant A
formed with the rows of a superior
simple minor detoid D, 65;
of the primary superdetants of a minor
detant A which lies in a minor detoid
D, 69.
Diagonal elements:
of a definite matrix, have same sign, 302;
of a sym. matrix, 133, 137, 139;
of rank 1, 133;
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Diagonal elements (cont.):
of a skew-sym. matrix, are all 0’s, 241;
their compl. Pfaffians, 524, 527-8.
Diagonal minor determinants:
defined, 107-8;
of a definite matrix, 302-3;
all of order s have same sign; 303;
of a sym. matrix, 135-41;
every sym. matrix of order r has a non-
vanishing diag. detant of order r, 135;
of a skew-sym. matrix, 142-5;
every diag. detant of odd order vanishes,
142;
every skew-sym. matrix of order r has a
non-vanishing diag. detant of order r,
142,
Successive reg. leading diag. detants:
in an arranged matrix, 94, 273-7;
sym., 138, 280-92;
skew-sym., 143, 303-7;
in an unarranged matrix, 252-64;
sym. or skew-sym., 269-71.
Diagonal minor matrices: defined, 29, 107-8;
possible ranks of a sym. matrix containing
a given diag. minor, 29-33;
a given zero diag. minor, 32-6;
possible ranks of a diag. minor of a sym.
matrix whose rank is given, 31;
compl. to a given zero diag. minor, 36.
Dimensions of a complete homogeneous space
or a spacelet: are less by 1 than the
rank, 78-80, 422;
see Rank.
Distinet solutions of the sym. equations
X'X=4'4,X'X=0: 336,340, 346, 348.
Domain of rationality: 229, 241-2, 441-2,

Element: Recip. of a matrix having only one
el., 89.

Elements: Fundamental identities satisfied by
the els. of any matrix, 90-3, 515, 157;

special cases, 38-9, 41, 92-3, 518;
derived relations, 46-66, 518, 519.
Relations between the els. of a matrix of
rank r, 85, 518-20;
derived relasions, 98-106, 519-20.
(See Relations.)

Elements: Pfaffian co-factors of the els. of a
skew-sym. matrix of even order or its
Pfaffian, 524.

Pfaffians compl. to the diag. els. of a skew-
sym. matrix of odd order, 527-8.
Elements, diagonal, of a:
definite matrix (all have same sign), 302;
sym. matrix, 133, 137, 139;
of rank 1 (do not all vanish), 133;
skew-sym. matrix, 141;
their compl. Pfaffians, 524, 527-8.

Elimination of a variable from a system of
inequalities, 18.

Equal: Matrices having equal ranks, 229,
272-3, 294, 308.

Matrices having equal ranks and equal ex-
travagances, 380, 890, 391.
Spacelets having equal ranks and equal ex-
travagances, 426.
Undeg. sq. matrices whose detants are equal,
278-9.
(See Conditions, Equi-.)

Equations : satisfied by the els. of a matrix
whose rank does not exceed r, 85-9,
98-106;
see Relations, Standard equations.
Equations, algebraic: Equiv. systems of linear
alg. equations, 80-3, 207-8.
Uncon. mut. orthog. solutions of any system
of homog. linear alg. equations, 442-6.
Equations, identical: satisfied by the els. and
minor detants of any matrix, 37-75,
90-8;
see Relations (identical); sce also Co-joint
complete matrices.
Equations, matrix:
of the first degree, 168-77;
of the second degree, 309-77, 179-85, 194-6;
of the third degree, 185-9, 196-9;
of any degree, 189-94, 199-205, 309;
see Matrix equations.
Equi-extravagant matrices: 380, 390, 391;
(two mut. normal undeg. matrices), 407, 411.
Two horizontally (or vertically) equiv.
or normal matrices have the same
horiz. (or vert.) extravagance, 386, 407.
Equi-extravagant spacelets: 426, 432.
Equigradent matrices: defined, 229;
are matrices of equal rank, 272-3;
symmetrically equigr. matrices, 230; 295,
308; 299,
Equigradent transformations: defined, 228;
between two sim. matrices, 230-1;
in a domain Q, 229; 241-2, 441-2;
of a compartite matrix and its parts, 233-4;
composition, resultant, 231, 232-3;
elementary, 231-2, 258;
inverses of, 229, 230, 232-3;
properties, 237-40;
symmetric, 229-30, 231.
Conversion of an equigr. transfn. and its
inv. into two mut. inv. equigr. transfns.
of sim. matrices, 236.
Correspondences of equigr. transfns. of
matrices whose els. are constants with
linear transfns. of bilinear and quad-
ratic alg. forms, 234-5.
Equigradent transformations (special classes):
derangements, 232-3;
quasi-scalar and scalar transfns., 233;
unitary transfns., 232-3, 278-80.
Equigradent transformations of special form,

’
(occurrence) 257; 242, 278; 281, 286, 305.
Equigradent transformations in @ which con-
vert any matrix in Q with constant els.
into a bipartite matrix one of whose parts
is a given undeg. sq. minor or non-
vanishing el.:
any matrix, 242-52; 934, 248-9, 516-7;
special cases, 247-8, 251-2;
sym. or skew-sym. matrix, 264-9;
special cases, 265-7, 268-9;
into a compartite matrix whose non-zero
parts are all undeg. sq. matrices:
any matrix,
unitary transfns., 252-60;
non-unitary, 260-4;
sym. or skew-sym. matrix,
sym. unitary transfns., 269-70
non-unitary, 271;
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Equigradent transformations (cont.):

specially arranged matrix,
unitary transfns., 273-5;
non-unitary, 276-7;

specially arranged sym. matrix,
sym. unitary transfns., 280-2,283-8;
non-unitary, 282-3, 289;

specially arranged skew-sym. matrix,
sym. unitary transfns., 303-5;
non-unitary, 306-7.

Equigradent transformations: Reduction of a
matrix in @ with constant els. to a
quasi-scalar matrix or a standard form
by equigr. transfns. :

any matrix by equigradent transfns. in ©,

272, 278;
by derangements and unitary transfns.
in Q, 277;
sym. matrix by sym. equigr. transfns. (not
in Q), 293;
by sym. derangements and unitary

transfns. in Q, 292;
real sym. matrix by real sym. equigr.
transins., 298;
by sym. derangements and real sym.
unitary transfns., 296;
skew-sym. matrix by sym. equigr. transfns.
in @, 303;
by sym. derangements and unitary
transfns. in Q, 307.
Derivation of & matrix from a unit matrix
by equigr. transfns., 272, 294,
Equigradent transformations: Reduction of a
matrix with constant els. to a standard
form
by two equigr. transfns. of which one is
semi-unit:
any matrix, 388-9;
undeg. matrix, 379-80;
completely extrav., 381-2, 349, 435;
plenarily extrav., 383, 439;
two mut. normal undeg. matrices, 401 ;
by two semi-unit transformations:
any matrix, 389;
sym. matrix, 393—4.
Reduction to an equiv. matrix whose
long rows are mut. orthog., 412-5,
Equigradent transformations between two
matrices with constant els.
which have the same rank:
any two matrices, 272;
two sim. matrices, 278;
two sym. matrices, 294;
real and equisignant, 298;
two skew-sym. matrices, 308;
two equiv. matrices, 75-6, 205;
which have the same rank and the same
horiz. or vert.) extravagance, 380,
390, 391, 531.
Equigradent transformations:
of a sq. matrix whose detant is =1, 280;
between two sim. undeg. sq. or quasi-scalar
matrices whose detants are equal,
278-9.
Equigradent transformations: see Invariants.
Equisignant (real sym.) matrices, 297, 298-9.
Equivalence of two sim. undeg. matrices;
horiz. and vert. equivalence of two matrices:
defined, 75-6; 205;

Equivalence of two sim. undeg. matrices (cont.):
conditions for equivalence, 75-6, 76-8; 205;
sign of equivalence, 78, 208.

Equivalences of two sim. 8q. matrices, 206.

Equivalence of two systems of linear alg. equa-

tions, 80-3; 207-8.

Equivalent matrices: defined, 75-6, 205.

Cores of an undeg. matrix are mut. equiv.,
417,

Mut. equiv. matrices define a spacelet, 78-9,
208.

Normals to a given matrix are mut. equiv.,
85, 398

Equivalent matrix:

Reduction of a matrix (of extravagance p)
to an equiv. undeg. matrix whose long rows
are mut. orthog., 412-5;
exactly p long rows are extrav., 412;
to one which is the join of a core and a
semi-unit matrix, 413-4.
Reduction of a non-extrav. (or real)
matrix
to an equiv. semi-unit (or real semi-unit)
matrix, 414.

Expansions:

of certain bordered detants in terms of the
simple minor detants of the bordering
rows, 123-7;

of the Pfaftian of a skew-sym. matrix of even
order, 524;

of a symmetrically bordered skew-sym.
detant of odd order, 529.

Extravagance (defined):

of an undeg. matrix, 378;
complete, 381; plenary, 382-3; zero,379;
of any matrix (horiz. or vert.), 385;
of a sym. (or skew-sym.) matrix, 392;
of & spacelet, 425; interpreted, 435;
is its orthot. with itself, 466.
Extravagance: Matrices and spacelets having
the same rank and the same extrava-
gance:
matrices, 380, 390, 391;
equiv. matrices, 381, 386;
spacelets, 426;
baving the same extravagance, mut. normal,
407, 411, 432;
Sfor formulae sce Extravagant.
Extravagance of :
the join of uncon. mut. orthog. sps., 427;
of any mut. orthog. sps., 513;
a sp. containing a given sp., 495, 485, 428;
a sp. lying in a given non-extrav. sp., 469;
containing a given non-extrav. sp., 471;
lying in one and containing another given
non-extrav. sp., 473.

Extravagances, horizontal and vertical:
of any matrix, 385;
of a matrix of rank r expressed as a product

of passivity », 386.

Extravagances, possible, of a:

matrix of given orders, 386-T7;

undeg. matrix, 379;

sym. matrix, 393;
matrix connected with a given matrix, 384;
spacelet of given rank, 425;

containing a given sp., 456;

and lying in its plenum, 487;
lying in a given sp., 450; 430, 384;
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Extravagances, possible, of a (cont.):
and having a given intersec. with its
core, 429;
lying in one and containing another given
8p., (462), 474;
spacelet which does not intersect a given
sp., 448-9;
which has a given complete intersec. with
a given sp., 499-500.
Extravagances, possible, of:
two mut. normal matrices, 379, 401, 408;
two mut. orthog. matrices, 409, 410;
two mut. normal sps., 425, 401; 194, 279,
408;
two mut. orthog. sps., 409;
which satisfy certain conditions, 511-3 ;
two non-int. sps., 446, 511;
two sps. which have a given intersec., 499-
500; )
and lie in its plenum, 487;
two sps. which have a given join, 505-6;
and contain its core, 505 ;
uncon. sps., 449.
Extravagant undeg. matrix: defined, 378;
completely extrav., 381;
cores of a matrix, 415-22;
plenarily extrav., 382;
non-extrav., 379;
see sub-heads.
Extravagant matrices: Formulae for
undeg. matrix of given extravagance, 379-
80, 381;
completely extrav. matrix, 381-2; 349, 351,
408, 437, 439;
plenarily extrav. matrix, 383, 408-9, 439;
two mut. normal undeg. matrices, 401;
matrix of given rank of which
one extravagance is given, 388; 392;
both extravagances are given, 389;
392-3;
sym. matrix, 393—4;
both extravagances are zero, 389.
Extravagant and non-extravagant points:
defined, 425; interpreted, 435.
Extravagant rows: 412, 415, 440-6.
Extravagant solutions of any system of homog.
linear alg. equations, 441-6.
Extravagant spacelet:
defined, 425; interpreted, 435;
completely extrav, sp., 426, 435;
core of a sp., 427, 435;
plenarily extrav. sp., 426;
plenum of a sp., 431-2;
non-extrav. sp., 426, 435;
see sub-heads.
Extravagant spacelets: Formulae for
a sp. of given rank and extravagance, 428;
completely extrav. sp., 435, 437;
plenarily extrav. sp., 439 ;
two mut. normal sps., 433, 431.

Factorisation of a matrix: 93-4, 248-9, 516-7.
(See Matrix equations.)
Factors: Possible ranks of the matrix factors
in any matrix product, 193;
any sym. matrix product, 205.
Restrictions on the ranks of the matrix
factors in any matrix product, 177.
(See Ranks, possible.)
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Factors: of [1 0 and 01

01 10]’ 367;

of any matrix of rank 1, 89, 95, 316;
of any sym. matrix of order 2, 365-9;
of rank 2, 373-7;
of rank 1, 134; 352-3;
of a zero matrix, 344-52, 409-10.
First degree: see Matrix equations.
Flat loci, 78.
Formulae (general) for matrices:
matrix of given orders and rank, 88;
sym., 294, 355; real sym., 298, 361;
real and definite, 302; skew-sym., 308;
matrix equiv. to a given undeg. matrix,
329;
matrix of given orders, given rank, and
given extravagance or extravagances,
379-80, 388-9, (sym.) 393-4.
compartite matrix to which any matrix can
be reduced
by unitary equigr. transfns., 253;
by non-unitary equigr. transfns., 263;
completely extrav. undeg. matrix, 881-2;
plenarily extrav. undeg. matrix, 383;
8q. semi-unit matrix of order 2, 328;
of order 3, 329;
two mut. normal undeg. matrices, 399, 401.
Formulae (general) for spacelets:
sp. containing a given sp., 212, 216, 471;
lying in a given sp., 216, 450, 469;
lying in one and containing another
given sp., 216, 473;
sp. which lies in a given sp. and has a given
complete intersec. with one of its sub-
spaces, 424;
sp. which lies in a given sp. and does not
intersect two of its sub-spaces, 221;
two sps., their intersec. and join, 214-5,
216-7, 423,
join of any number of sps., 219, 423;
sp. of rank r and extravagance p, 428;
sp. having a given core, 427;
completely extrav. sp., 435, 437;
plenarily extrav. sp., 439;
two mut. normal undeg. matrices (or a sp.,
its core and plenum), 431, 433.
Formulae (general) for the solutions of a matrix
equation; see Matrix equations.
Functional matrices: Rank of a matrix product
in which an extreme factor matrix has
rank equal to its passivity, 167.
Fundamental identity satisfied by the els. of
any matrix, 90;
utility of it, 515.

General solutions of matrix equations:
see Matrix equations.
Greatest possible orthotomy of two spacelets
whose ranks are given:
two arb. sps., 467, 507,

(either their intersec. is completely
extrav., or their join is plenarily
extrav.);

two arb. real sps., 467, 509,
(they must be either non-int. or compl.) ;
two non-int. sps., 476;
two mut. compl. sps., 479;
two sps. which have a given intersec. and
lie in its plenum, 487-8;
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Greatest possible orthotomy (cont.):
two sps. having a given intersec. w,, 501-2,
(either they both lie in the plenum of wp,
or their join is a plenarily extrav. sp.
which contains the plenum of wp);
two sps. having a given non-extrav. intersec.,
’
two real sps. having a given intersec., 489.
Greatest possible paratomy of two spacelets
whose ranks are given:
two arb. sps., 464, 507;
two arb. real sps., 464, 509.

Homogeneous linear equations: Uncon. mut.
orthog. solutions of any system, 440-6.
Homogeneous space: dimensions and rank, 78—
80, 422.
Horizontal extravagance of a matrix: 385-93;
see Extravagance, Extravagant.
Horizontal primaries: defined, 13;
see Primaries.
Horizontally:
equivalent matrices, 205-7;
have the same horiz. extravagance, 386;
normal matrices, 398;
have the same horiz. extravagance, 407;
all matrices horizontally normal to a
given matrix are horizontally equiv.,
398;
orthogonal matrices, 398;
see sub-heads.

Identities in the elements of a matrix:
see Relations (identical), Standard iden-
tities;
see also Co-joint matrices.
Identities to which special names are given:
Kronecker’s Identity, 98;
Sylvester’s Identities, 66-70.
Identities which represent equigr. transfns.
converting a matrix into a bipartite
matrix, 93-4, 248-9, 516-7.
Incident spacelets: defined, 219, 422;
normals to two inc. sps. are inc., 432.
Incidence of each of two sps. with the
normal to the other, 466-7.
Two arb. sps. of given ranks have their
greatest orthot. when each is ine. with
the normal to the other, 467-8.
(See Greatest possible orthotomy.)
Indefinite: real sym. matrices, 300 ;
real quadratic forms, 301.
Infinite: Equivalence of two systems of linear
alg. equations which have only in-
finite solutions, 82.
Intensity: Non-extrav. rows at unit intensity,
414-
Interpretation of the terms ‘extravagance,’
¢‘core,” ‘orthogonal’ and °‘normal,’
435.
Intersecting matrices, intersections of matrices,
Intersecting spacelets: defined, condition that
two sps. may be int. or non-int., 210—
11, 422-3;
sp. of rank 0 has no intersecs., 211;
two sps. are non-int. when and only when
their normals are compl., 433.
(See also Incident, Non-intersecting.)

Intersection, complete, of two spacelets:
defined, 210, 422-3;
is the4norma,l to join of the normal sps.,
32
is therefore real when the two sps. are real,
489;
of two mut. normal sps., is their common
core, 427, 432;
of two mut. orthog. sps., 509-10.
Formulae for two sps., their intersec.
and join; relation between the ranks
of the intersec. and join, 215, 216-7,
423.
Possible ranks of the intersec. of two
sps. of given ranks, 215;
lying in or containing a given sp., or
lying in one and containing another
given sp., 217-8.
Ranks of the intersec. and join of the
normals to two given sps., 434.
Intersection, complete, of any number of space-
lets: defined, 219-20, 423;
is the normal to join of the normal sps.,
434,
is therefore real when the sps. are real, 489 ;
of mut. orthog. sps., 509-14.
Intersection : Properties of two spacelets having
a given complete intersection, 480, 506 ;
their extravagances, are independent, 487,
499-500; 485, 495;
their orthotomy, 485, 495; 482, 492; 487-9,
501-4; 511-2;
see Greatest possible orthotomy.
Intersections of spacelets: 209-23, 422-35,
463-5;
of sps. and their normals, 432-4,
Formulae for a sp. lying in or containing
a given sp., or lying in one and con-
taining another given sp., 216-7;
for a sp. which lies in a given sp. and does
not intersect two of its sub-spaces, 221;
for a sp. which lies in the join of two sps.
and has a given intersec. with ome of
them, 424.
Paratomy and orthotomy of two sps.,
463-5.
Possible ranks of a sp. which lies in a
given sp. and:
does not intersect a given sub-space of it,
218;
and has a given intersec. with another,
226-7;
does not intersect two given sub-spaces of
it, 220, 222;
all sps. being real, 221;
has a given intersec. with a given sub-space
of it, 218-9, 429-30.
Invariants of a matrix (with constant els.):
rank of any matrix, is invariant in all
equigr. transfns., 165-7, 228-30;
extravagances of any matrix, are invariant
in all semi-unit transfns., 391, 531-2;
horiz.extravagance inall equigr. transfns.
of horiz. rows, 386, 391;
vert. extravagance in all equigr. transfns.
of vert. rows, 386, 391;
extravagance of an undeg. matrix in all
equigr. transfns. of long rows, 380-1,
386;
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Invariants of a matrix (cont.):
signants and signature of a real sym. matrix
are invariant in all real sym. equigr.
transfns., 396.
Invariants of a spacelet in a given transfn. of
the points of space:
rank of a sp. is invariant in every equigr.
transfn., vii, 165-7, 532;
extravagance of a sp. is invariant in every
semi-unit transfn., vii, 426, 533.

A semi-unit transfn. which converts one
sp. into another also converts the core
of the first into the core of the second,
428-9.

Invariants of two spacelets:
paratomy ig invariant in every equigr.
transfn., vii, 463, 532;
orthotomy or cross rank is invariant in
every semi-unit transfn., vii, 464, 533.

An equigr. transfn. which converts two
sps. into two other sps. also converts
the intersec. and join of the first two
into the intersec. and join of the second
two, 214-5, 532.

A semi-unit transfn. which converts one
sp. into another also converts the
normal to the first sp. into the normal

»t0 the second, 433, 533.
Inverse matrices:
inv. of a semi-unit matrix is its conj., 321;
inverses of special matrices, 8-13, 240.

Completion of two mut. inv. matrices,

235.
Inverse transformations:
inv. of an equigr. transfn., 229;

(sym) 230; (between sim. matrices) 231 ;

(derangement, unitary or quasi-scalar
transfn.) 232-3.

Conversion of an equigr. transfn. and
its inv. into two mut. inv. equigr.
transfns, of sim. matrices, 236.

Join of two or more matrices, 222-3.
Join of two spacelets: 209-19, 422-35, 509-11;
defined, 209, 423; .
is real when the two sps. are real, 505;
is the normal to intersec. of the normal
sps., 432;
of two compl. sps., 219, 423;
two sps. are compl. when and only when
their normals are non-int., 433;
of two mut. normal sps., is their common
plenum, 432;
of two mut. orthog. sps., 427, 509-11;
of two non-extrav. sps., need not be non-
extrav., 505;
of two non-int. sps., 211;
of two sps. of which one is inside and the
other outside a given sp., 211, 424;
218, 425; 429;
of a core and anti-core, 437-8, 440.
Formulae for two sps. and their join and
intersec. ; relation between the ranks
of their join and intersec., 215, 216-7,
423.
If two sps. lie in a given sp., every point
of their join lies in that sp., 210.
Possible ranks of the join of two sps. of
given ranks, 215;
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Join of two spacelets (cont.):
lying in or containing a given sp., or lying
in one and containing another given
sp., 216-7.
Ranks of the join and intersec. of the
normals to two given sps., 434.
Representation of any sp. as the join of
its core and a non-extrav. sp., 427,
428, 413;
as the join of two mut. orthog. non-
int. sps., 428, 511;
of a plenarily extrav. sp. as the join of
its core and a real sp., 439.
Join of any number of given spacelets: 219-27,
422-35, 509-14; defined, 219, 423;
is real -when the given sps. are real, 505;
is the normal to jntersec. of the normal
sps., 434;
of mut. orthog. sps., 427-8, 509-14;
of sps. lying in or containing a given sp.,
or lying in one and containing another
given sp., 216-7.
Representation of any sp. as the join of
mut. orthog. uncon. points, 412-5.
Join of a given spacelet and
any non-int. sp., 494-5;
lying in its plenum, 484-5;
lying outside its plenum, 490-1, 495;
of a given plenum and a sp. lying outside
it, 490-1.

Kronecker’s Identity, 98.

Least possible orthotomy of two spacelets whose
ranks are given:

two arb. sps., 468, 507;

two arb. real sps., 468, 509;

two non-int. sps., 476;

two mut. compl. sps., 479;

two sps. which have a given intersec., 502-4;
and lie in its plenum, 488;

have a given non-extrav. intersec., 489 ;
two rea.lgsps. which have a given intersec.,
489.
Least possible paratomy of two spacelets whose
ranks are given:
two arb. sps., 464, 507;
two arb. real sps., 464, 509.
Line: see Straight line.
Linear equations: see Equations, algebraic.
Linear transformations:

Correspondences between equigr. transfns.
of a matrix with constant els. and
linear transfns. of bilinear and quad-
ratic forms, 234-5,

Reduction of a quadratic form to a sum of
squares by a linear transfn., 290.

Long rows:
of an uhdeg. matrix represent points, 78.
Equivalence of sim. undeg. matrices, 75.
Extravagance of an undeg. matrix, 378,

380.
Matrices with mut. orthog. long rows,
412-5, 442-6.

Mut. orthog. undeg. matrices, 84.

Relations between the simple minor
detants of a matrix having m long
rows, 63-6, 73-5.

Semi-real undeg. matrices, 360-1.
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Matrices or matrix (qualifying terms):

Compartite; compound ; definite; degene-
rate; extravagant (horizontally, verti-
cally, completely, plenarily); indefi-
nite; non-extravagant; one-rowed;
quasi-scalar; real; scalar; semi-defi-
nite; semi-real; semi-unit; skew-
symmetric; square; symmetric; un-
degenerate ; unit; zero.

See sub-heads.
Matrices or matrix (qualifying terms indicating
relations between matrices):

Co-joint (of minor detants); conjugate;
conjugate reciprocal; connected (hori-
zontally, vertically) ; equi-extravagant;
equigradent; equisignant; equivalent
(horizontally, .vertically); incident
(lying in, containing) ; inverse ; normal
ororthogonal (horizontally, vertically);
reciprocal ; skew-conjugate; uncon-
nected.

See sub-heads.
Matrices or matrix (properties of a single
matrix) :

Cores; degeneracy; . determinant (of a sq.
matrix); determinoid ; derangements ;
elements (diagonal, non-diagonal);
extravagances or extravagance; in-
variants; minor determinants (dia-
gonal, non-diagonal, regular, simple) ;
minor determinoids; minor matrices
(diagonal, simple, square); orders;
Pfaffian (of a skew-symmetric matrix
of even order); rank; rows (long,
short, hqrizontal, vertical, extrava-
gant, non-extravagant, orthogonal,
connections between); signants and
sigmrature; standard forms.

See sub-heads.
Matrices (properties of two or more):

Connections; cross rank; equivalences; in-
cidences; intersections; invariants;
joins; orthotomy; paratomy.

See sub-heads.
Matrices or matrix (operations on or with):

Conversions; derangements; multiplica-
tion; reductions; transformations
(equigradent, quasi-scalar, scalar,
semi-unit, unitary, non-unitary).

See sub-heads.
Matrices, anti-correspondent, of the minor
detants of :

a sq. matrix and its recip., 117-8, 129;

two co-joint matrices of the minor detants
of a sq. matrix, 115, 116-7.

Matrices, complete, of the minor detants of :

any matrix (their ranks), 122-3;

any sq. matrix (their detants), 112-3;

a definite matrix, 803; )

a skew-sym. matrix, 141;

a sym. matrix of order 3 or 4, 145-56.

(See Co-joint complete matrices.)
Matrices, corresponding, of the minor detantsof:

a sq. matrix and its recip., 121, 129;

two co-joint complete matrices of the minor
detants of a sq. matrix, 115, 120-2.

Matrices: Formulae for; see Formulae.
Matrices, special :
having a given minor, 19-36;

INDEX

Matrices, special (cont.):
having a simple minor formed with an
undeg. sq. matrix and zero els., 26;
having a zero order, 5;
having only one el., 89;
compound square, 8-13, 240-1, 437;
semi-unit, 327;
sq. semi-unit of order 2, 328;
of order 3, 329;
sq. whose detants are +1, 11-13, 257, 280;
whose detants are equal, 278-9;
of rank 1, 89, 95, 316;
of rank r, 85-9, 319;
sym. of order 2, 365-9;
of order 3, 145-6, 374, 377;
of order 4, 147-56, 375, 377;
of rank 1, 133-5, 352, 873-7;
of rank 2, 373-7;
of rank r, 135, 355;
whose orders differ by 1, 43;

m, n n, m
(1, )" " and [a, 1", 395-T.

Matrix of primary superdeterminants in any
matrix: identity for, 90, 516;
rank, 96-7, 516-8;
properties, 97-8;
in a sq. matrix: detant of, 66;
properties, 157-8.
Matrix equations of the form X;X,... X,=C:
307; 179-94; (sym.) 194-205.
Possible ranks of the solutions, 193;

(n=2)183, (n=3)187;
for sym. equations of this form, 205;
(n=2) 196, (n=3)198.

Matrix equations of the first degree:
General solutions and possible ranks of the
solutions of the equations
AX=0C, 168-70;
XB=0, 170-2;
AXB=C, 173-5;
of the sym. equation
A'X4=0C, 176-17.
Matrix equations of the second degree (notsym.):
XY=A4B, 310-5;
formulae, 310, 312, 314;
XY=0C, 316-20;
formulae, 316, 317.
Matrix equations of the second degree (sym.):
X’X =1, where I is a unit matrix, 320-31;
determination of all real solutions, 322-3;
of all solutions, 325-6;
general solutions in special cases, 328-9.
Equations of a more general form, 343.
(See semi-unit matrices.)
Matrix equations of the second degree (sym.) :
X'X=4'4, 333-44;
distinct solutions, 336, 340, 343;
formulae, 341-2; 333, 335, 338, 339;
X'X=0, 344-52;
distinet solutions, 346, 348;
formulae, 346-7; 345, 349, 351-2;
undegenerate solutions, 349-51;
X'X=C, 352-63;
formulae, 353, 356;
particular solutions, 356-8;
semi-real solutions when C isreal, 360-1;
X'X=A4"BA, 359;
X'BX=4'4, 359;
X'BX=A4'C4, 359-60;
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Matrix equations of the second degree (sym.)

(cont.):
X'AdX=0C, 363-5.

Matrix equations of the second degree: Special
equations of passivity 2 of the form
XY=0C, 365-77;

factorisation of a sym. matrix
of order 2, 365-9;
of rank 2, 373-17.

Matrix factors (possible ranks): 165-205;

see Ranks, possible.

Madtrix factors : Expression of a matrix of rank 1

as a product of two one-rowed matrices:
any matrix, 89, 95, 316;
sym. matrix, 134, 352-3;
of & matrix of rank r as a product of two
factors of passivity »:
any matrix, 88; 85-6, 277, 317;
sym. matrix, 292, 294, 355-9;
real, 360;
real and definite, 302;
of & sym. matrix of rank 2 or 1 as a pro-
duct of two factors of passivity 2,
373-7;
sym. matrix of order 2, 365-9.
(See Factors, Matrix equations.)

Matrix products (possible ranks): 165-205;

see Ranks, possible.

Matrix products (special) :

product in which an extreme factor matrix
has rank equal to its passivity, 165-6;
products of two mut. conj.. matrices, 194,
387, 407, 411;
products of two matrices, 471, 481, 490;
sym. product of three matrices in which the
middle factor is undeg., 199.
Extravagances of a product of two
matrices which both have rank and
passivity r, 386.
Minor determinant: primaries of, 13-17;
primary subdetants and superdetants, 17-

sec Primaries, Primary, Relations.

Minor determinant, regular or non-vanishing:
of any matrix, 94; defined, 515;
diagonal, of a sym. matrix, 135, 138;

of a skew-sym. matrix, 142-4;
of a definite matrix, 303.
(See Regular, Relations.)
Minor determinants: Relations between the
minor detants of order r of a matrix
of rank r, 98-106, 519-20;
see Relations, Standard equations.

Minor determinants of a square matrix:
determinant of, 112:
matrices of, 108-23, 127-33, 145-56.

Relations between two anti-correspon-
dent minor detants of:
a sq. matrix and its recip., 119, 128,
70-1;

two co-joint matrices of minor

detants, 118-9.
(See Determinants, Matrices of minor

) detants, Co-joint matrices.)

Minor determinants, diagonal: defined, 107-8;
of a definite (real sym.) matrix, 302-3;
of & sym. matrix, 135-41;
of a skew-sym. matrix, 142-5;

see Diagonal minor determinants.

C. II.

Minor determinants, simple:
of two equiv. undeg. matrices, 76-7;
of two mut. normal undeg. matrices, 302-3.
Identical relations between the simple
minor detants of any matrix, 46-66,
73-5, 518-20.
Primaries of a simple minor detant,
13-17, 518-9.
(See Primaries, Relations, Standard iden-
tities.)
Minor determinants of special matrices:
of [1, a]Z' " and [a, 1]:; ™, 395-7;

of a sym. matrix of order 3, 145-6;
of order 4, 147-56.
Minor determinoids, 65, 69.
Minor matrices: Recip. of a minor compl. to a
$q. minor in any matrix, 97.
Recip. of a sq. minor of the recip. of a
8q. matrix, 157.
Possible ranks of a matrix containing:
a given minor, 19-22;
a given zero minor, 22-9.
Possible ranks of a minor of a matrix of
given rank, 22
compl. to a given zero minor, 28.
Minor matrices, diagonal: defined, 29, 107;
of sym. matrices, 135-41;
real and definite, 303;
of skew-sym. matrices, 141-5.
Possible ranks of a sym. matrix con-
taining:
a given diag. minor, 29-32;
a given zero diag. minor, 32-6.
Possible ranks of a diag. minor of a
sym. matrix of given rank, 31;
compl. to a given zero diag. minor,
36

Successive undeg. leading diag. minors
of any matrix, 252, 260, 269 ;
in an arranged matrix, 94, 138,
143.

(See Diagonal minor determinants.)
Muir's notation for Pfaffians, 522.
Multiplication of compound matrices, 5.
Mutual orthotomy of two spacelets: see Ortho-

tomy;
paratomy of two spacelets: see Paratomy.
Mutually conjugate matrices: see Conjugate;
equivalent matrices: see Equivalent.
Mutually incident matrices and spacelets: 219,
422, 432, 466-7; see Incident.
Mutually inverse:
equigradent transformations, 231, 232-3;
conversion of an equigr. transfn. and
its inv. into two mut. inv. equigr.
transfns. of sim. matrices, 236;
matrices, 8-13, 240, 321;
completion of two mut. inv. matrices,
235.
Mutually normal:
matrices, defined, 85, 398;
properties, 398, 411;
spacelets, defined, 84, 423-4;
properties, 427, 432—4, 466-7;
see Normal.
Mutually orthogonal:
matrices, defined, 84, 398;
properties, 409-10, 416-7, 420-2;

35
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Mutually orthogonal (cont.):

points, defined, 84; interpreted, 435;
spacelet represented as join of, 412-5;

rows, 412-5;

solutions, 440-6;

spacelets, defined, 84, 423;
properties, 409, 426-8, 431-2, 466-7,

476, 489, 509-14;
see Orthogonal.

Negative real quadratic forms, 301.

Negative signant of a real sym. matrix, 297.

Non-extravagant matrices:
undegenerate, defined, 426;

mut. orthog., are uncon., 426;
normals to, are non-extrav., 407;
sym., powers of, 394.
Matrices whose extravagances are both 0,
389.

Non-extravagant point, interpreted, 435.

Non-extravagant rows, at unit intensity, 414.

Non-extravagant solutions, 440-6.

Non-extravagant spacelet:

defined, 425; interpreted, 435;
has no core, has complete space as plenum,
has a non-extrav. normal which does not
intersect it and is compl. to it, 434.
Representation of any sp. as the join of
two mut. orthog. sps. of which one is
its core, 427;
a given non-extrav. sub-space, 428.
Spacelets lying in or containing a given
non-extrav. sp., or lying in one and
containing another given non-extrav.
sp.; their properties deduced from
those of corresponding sps. of a com-
plete space, 469-73.

Non-extravagant spacelets:
containing a given sp., 459;
lying in a given sp., 453;
mut. orthog., are uncon., 426;
intersections and joins need not be non-

extrav., 505.

Non-incident spacelets, 219.

Non-intersecting spacelets: defined, 210, 422;
condition for non-intersection, 211, 423;
normals to two, are compl., 434.

Extravagances of two non-int. sps., 446-
I
lying in a given non-extrav. sp.,
450, 470.

Jolns of two non-int. sps., 211, 424;
215, 423; 218, 425; 490, 491, 493.
Joins of two mut. orthog. non-int. sps.,

427, 428, 431, 439, 484,
Representations of any sp. as a join of
two mut. orthog. non-int. sps., 511.
Orthotomy of two non-int. sps. 474-8;
when one is given, 477;
lyingin a given non-extrav. sp., 477 ;
when one is given, 477.
Spacelet of rank 0 has no intersecs., 211.
Spacelets which do not intersect either
of two given sps., 220-2.
(See Intersections.)

Normal matrices: defined, 85, 398;
horizontally or vertically normal, 398;
properties, 398-411, 418-9.

Normal matrices (cont.):

All matrices horizontally (or vertically)
normal to a given matrix are hori-
zontally (or vertically) equiv., 398.

Normals to completely and plenarily
extrav, matrices, 408, 418-9.

Two mut. normal undeg. matrices:
have the same extravagance, 407
have the same cores, these being

their complete intersecs., 418;
formulae for, 399, 401;
possible values of their ranks and
extravagance, 401; 379, 408;
simple minor detants of, 403;
special pairs, 398-9.
Normal spacelets (two mutually normal):
defined, 84, 423-4; interpreted, 435.

Two mut. normal sps. have the same
extravagance, the same core, and the
same plenum; their common core is
their complete intersec. and the core
of their plenum ; their common plenum
is their join and the plenum of their
core; their core and plenum are mut.
normal, 431-2.

Formulae for two mut. normal sps.,
their core and their plenum, 431, 433.

Possible values of the ranks and ex-
travagances of two mut. normal sps.,
425, 401; 194, 279, 408.

Normal to a spacelet: defined, is locus of all
points orthog. with it, 424;
to a completely extrav. sp., is its plenum,
432, 434;
to a plenarily extrav. sp., is its core, 432,
434;
to a non-extrav. sp., is non-extrav., 434;
to a real sp., is real, 434, 505.
Normals to given spacelets: properties, 432-4 ;
to mut. inc. sps., are mut. inc., 432;
to mut. compl. sps., are non-int., 433;
to non-int. sps., are mut. compl., 433.

The complete intersec. and join of the
normal sps. are the normals to the
join and complete intersec. of the given
sps., 434.

Incidence of two sps. each with the
normal to the other, 466-7.

Ranks of the intersec. and join of the
normals to two given sps., 434.

One-rowed matrices: notations, 4;
mut. orthog., 415, 440-6; zero, 224;
see Points, Rows.
Orders: Matrices whose orders differ by 1, 43;
which have a zero order, 5.
Relations between the minor detants of
order r of a matrix of rank 7, 98-
106.
See Matrices (special), Relations.
Orthogonal matrices: defined, 84, 398;
horizontally or vertically orthog., 398 ;
joins of mut. orthog. uncon. matrices, 420,
427;
mut. orthog. non-extrav. matricesareuncon.,
426;
possible ranks and extravagances of two
mut. orthog. matrices, 409, 410.
Cores of an (undeg.) matrix are the
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Orthogonal matrices (cont.):
matrices of greatest rank connected
with it and orthog. with it; their
common rank is the extravagance of
the matrix, 416-22.

See Orthogonal spacelets.

Orthogonal points: defined, 84; interpreted,

see Orthogonal spacelets.

Orthogonal rows : undeg. matrices whose long
rows are mut. orthog., 412-5, 440-6;

see Reduction.

Orthogonal solutions: uncon. mut. orthog.
solutions of any system of linear alg.
equations, 440-6,

Orthogonal spacelets:

defined, 84, 423; interpreted, 435;
intersec. join and cores of mut. orthog.
sps. ; their intersec. is the intersec. of
their cores, and is completely extrav. ;
their cores are their intersecs. with
the core of their join; the join of
their cores is the core of their join,
509-14;
joins of mut. orthog. uncon. sps., 427;
mut. orthog. non-extrav. sps. are uncon., 426.
Core of a sp. is the locus of all points
which lie in it and are orthog. with
it ; extravagance of a sp. is the number
of uncon. points which lie in it and
are orthog. with it, 427,
Orthotomy of two sps. is the number of
uncon. points of the smaller sp. which
are orthog. with the larger sp., 465.

Cases in which two sps. which are
mut. orthog. have the greatest
orthot. consistent with their ranks,
467, 476, 487 (p=m).

Cases in which two sps. whose
normals are mut. orthog. have
the greatest orthot. consistent
with their ranks, 467-8, 479, 502.

Plenum of a sp. is the locus of all points
orthog. with its core, 431-2.

Possible ranks and extravagances of two
mut. orthog. sps., 409;

which satisfy certain conditions,
511-3.

Representation of a sp. as a join:
of mut. orthog. uncon. points, 412-5;
of two mut. orthog. non-int. sps. of which

one is its core, 427;

one is nou-extrav., 428;

one is given, 484;

of two mut. orthog. non-int. sps., 511;

of two mut. orthog. sps., 511.
Orthogonal transformations:

of a spacelet and its core, 428-9.

See Semi-unit transformations.

Orthotomy of two matrices: is that of the
spacelets which they represent, 463.

Orthotomy of two spacelets: 464-509 ;

gleﬁned, relation to cross rank, 464;
i8 intersec. of smaller sp. with normal to
larger sp., 465;
of two special sps., 480;
of two sps. having a given intersec., 495, 485.
Extravagance of a sp. is its orthot. with
itself, 466.

547

Orthotomy of two spacelets (cont.):
Two sps. and their two normals have
the same orthot., 466.
(See Invariants.)
Orthotomy: Possible values for two sps. of
given ranks which
are arb., 465;
lie in a given sp., 468;
contain a given sp., 470;
are non-intersecting, 475, 477,
(one being given), 474, 477;
are mut, complementary, 478, 480,
(one being given), 478,
(both being real), 480;
lie in or contain a given non-extrav. sp., or
lie in one and contain another given
non-extrav. sp., 469, 471, 473; 477,
480.
(See Greatest, Least.)
Orthotomy: Possible values for two sps. of
given ranks which
have a given complete intersec., 492,
(one sp. being given), 500;
and lie in its plenum, 482,
(one sp. being given), 486;
have a given non-extrav. intersec., 489;
are real and have a given intersec., 489.
(See Greatest, Least.)
Orthotomy and paratomy: Possible simul-
taneous values of these for
two arb. sps. of given ranks, 506;
two arb. real sps. of given ranks, 508.
Orthotomy, paratomy and cross rank: Possible
simultaneous values of these or any
two of them for
two entirely arb. sps., 508;
two entirely arb. real sps., 509.

Paratomy of two matrices: is that of the
spacelets which they represent, 463.
Paratomy of two spacelets:
defined, is rank of their intersec., 463.
possible values for two sps. of given ranks
which
are arb., 464, 215;
lie in or contain a given sp., or lie in one
and contain another given sp., 217-8.
(See Intersection, Invariants, Greatest,
Least.)
Paratomy and Orthotomy:
see Orthotomy.
Paratomy, orthotomy and cross rank:
see Orthotomy.
Parts of a compartite matrix, successive parts
of one in standard form, 6-7;
sce Compartite matrix.
Pfaffian: defined, 521, 523;
co-factors and complements, 524, 527-8;
expansions of a Pfaffian, 524.
Detant of a skew-sym. matrix, 142, 525-6;
bordered, 525;
bordered symmetrically, 529-30.
Recip. of a skew-sym. matrix, 527-9.
Plane in homogeneous space of rank n:
is a sp. of rank n -1, 78-80.
Plenarily extravagant matrices:
defined, 382-3;
general formulae for, 383, 408, 410;
normal matrices, 418-9.
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Plenarily extravagant spacelet:
defined, 426, 382-3;
is plenum of itself, contains its core which
is its normal, 432, 434;
is the join of its core and a real sp., 439.
Every sp. which contains it is plenarily
extravagant, 453.
Standard representation, 439.
(See Plenum.)
Plenarily extravagant spacelets:
containing a given sp., 459;
lying in a given sp., 453.
Plenum of a spacelet:
is the normal to its core, is the join of the
sp. and its normal, 431-2;
of a completely or plenarily extrav. sp., 432;
of two mut. normal sps., 432;
real or non-extrav. sp. has the complete
space as plenum, 432,
Formulae for a sp. and its normal, core
and plenum, 431, 433.
Join of a given sp. with one lying out-
side its plenum, 490-500; 494, 495.
Sps. which contain a given sp. and lie
in its plenum, 480-7; 484, 485.
Points of homogeneous space: defined, 79-80;
extrav. and non-extrav., 425;
mut. orthog., 84; interpretations, 435;
lying in neither of two given sps., 221-2.
Sp. of rank 7 is join of » uncon. points,
78.
Representation of any sp. as a join of
uncon. mut. orthog. points, 412-5,
440-6.
Positive real quadratic forms, 301.
Positive signant of a real sym. matrix, 297.
Possible ranks of:
& matrix containing a given minor, 19-29,
29-36.
a minor of a matrix of given rank, 22, 28,
31, 36;
matrix factors and products, 177-205;
the intersec. and join of two sps., 215-8,
463-4.
See Ranks, possible.
Possible ranks and degeneracies of special
matrix products, 165-6, 199, 387-8,
407, 411, 471, 481, 490.
Possible values of
cross rank, or ranks and cross rank;
extravagances, or ranks and extravagances;
orthotomy, or ranks and orthotomy;
paratomy, or ranks and paratomy;
see Crossrank, Extravagances, Orthotomy,
Paratomy.
Primaries of a minor determinant A:
defined, number of primaries, 13;
notation, formulae involving primaries, 14—

17;
properties, 85-9, 98-106, 515-20.

Arb. values of the els., primaries and
primary superdetants of A when A is
reg., 516;

of the els. and primaries of A when A
is a reg. minor detant of order r of a
matrix whose rank is r, 519.

Relations between the els. of any matrix
of rank r, serving to express every el.
as a rat. function of A and the els. and

Primaries of a minor determinant A (cont.):
primaries of A when A is a reg. minor
detant of order r, 85-9, 519.

Relations between the minor detants of
order r of any matrix of rank 7, serving
to express all of them as rat. functions
of A and its primaries when A is any
one reg. minor detant of order r, 98-
106, 519, 520.

See Relations, Standard equations.

Primaries of a simple minor determinant A of
a matrix 4:

defined, number of primaries, 13-14;
properties, 37-46, 46-66, 518-9.

Arb. values of the els. and primaries of
A when A is regular, 62-3, 518.

Determinants of the primaries of A
formed with the rows of another simple
minor detant D, 63, 65; 48, 51, 55;
57, 59, 61; 519.

Identical relations between the els. of 4,
serving to express every el. as a rat.
function of A and the els. and primaries
of A when A is reg., 37-46, 518.

Relations (identical in the els.) between
the simple minor detants of A, serving
to express all of them as rat. functions
of A and its primaries when A is reg.,
46-66, 518, 519.

See Relations (identical), Standard iden-
tities.

Primary subdeterminants of a determinant A:

defined, 18; properties, 70-3, 519-20.

Determinants of primary subdetants;

identities which serve to express every sub-
detant of A as a rat. function of A and
the primary subdetants of A when A
is reg., 70, 519-20.

See Relations (identical), Standard iden-
tities.

Primary superdeterminants of a minor deter-
minant A:

defined, 17; properties, 66-70, 90-8, 157—
64, 515-8, 520.

Arb. values of the els., primaries and
primary superdetants of A when A is
reg., 516.

Determinants of primary superdetants;

identities which serve to express every super-
detant of A as a rat. function of A and
the primary superdetants of A when
A is reg., 66, 519-20.

Matrix of primary superdetants:
identities for, 90-8, 157-64 ; 93—4, 516;
rank, 96-7, 516.

See Relations (identical), Standard iden-
tities.

Product:

of square matrices, 107-8.
Possible ranks of the product-matrix
in any matrix product, 193;
in any sym. matrix product, 205.

Restrictions on the rank of any matrix

produet, 177-9.
See Ranks, possible.
Products, special: see Matrix products.

Quadratic forms: linear transfns., 234-5;
reduction of one to a sum of squares, 290.
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Quadratic forms, real and definite:
essentially positive or negative, 301;
real roots, 300.
Quadric surface, absolute, 434-5.
Quasi-scalar equigradent transformations:
defined, composition, 233; real, 294.
Quasi-scalar matrices: notations, 4-5;
equigr. transfns. between two which are
sim. and undeg., 278-9.
Reduction of a matrix in Q to a quasi-
scalar matrix by equigr. transfns. in Q:
any matrix, 277;
sym. matrix by sym. transfns., 292;
real sym. matrix, 298.

Rank of a matrix: not altered by equigr.
transfns., 165-7, 228-9.
Conditions that:
a matrix may have rank r, 93, 516;
sym. matrix, 136;
skew-sym. matrix, 142;
two matrices may have the same rank, 272-3;
two sym. matrices, 294;
two skew-sym. matrices, 308.
See Conditions.
Rank of a:
compartite matrix, is the sum of the ranks
of its parts, 7;
matrix having a simple minor formed with
an undeg. sq. matrix and zero els., 26;
matrix produet in which an extreme factor
matrix has rank equal to its passivity,
165-7;
matrix of minor detants, 122-3;
matrix of primary superdetants, 96-7, 516 ;
sym. matrix, 135-7;
skew-sym. matrix, 142-3.
Rank of a spacelet:
is the number of uncon. points lying in it,
is greater by 1 than the number of its
dimensions, 78-9, 208-9, 422.
Ranks of :
two mut. normal sps., 85, 398;
the intersec. and join of
two sps., 215, 423;
the normals to two given sps., 434.
Ranks, possible, of a:
matrix containing a given minor, 19-22;
a given zero minor, 22-9;
sym. matrix containing a given diag. minor,
29, 32;
a given zero diag. minor, 32-6;
minor of a matrix of given rank, 22;
compl. to a given zero minor, 28;
diag.minorofa sym.matrixof given rank,31;
compl. to a given zero diag. minor, 36.
Ranks, possible, of the product matrix and the
factor matrices in:
any mairix product, 293;
with two factors, 183; 179-80;
with three factors, 187; 185;
any sym. matrix product, 205;
with two factors, 196; 194;
with three factors, 198; 196.
Restrictions on the rank of any matrix
product and the ranks of its factors,
177-9.
Ranks, possible, of the two products of two
mut. conj. matrices, 387.

Ranks, possible, of special matrix products:

products of two mut. conj. matrices, 194,
387, 407, 411;

products of two matrices containing two
given undeg. mut. conj. minors, 471,
481, 490;

sym. product of three matrices in which the
middle factor is undeg., 199.

Ranks, possible, of the solutions of matrix
equations of the first degree:
AX=0C, 168;
XB=0C, 171;
AXB=C, 173;
of sym, solutions of the sym. equation
4'’X4=0C, 176.
Ranks, possible, of the intersec. and join of two
sps. of given ranks, 215, 464;

lying in or containing a given sp., or

lying in one and containing another given
sp., 217-8.

(See also Paratomy.)
Ranks, possible, of a spacelet which lies in a
given sp. and:

has a given intersec. with a given sub-space
of it, 218-9;

has a given intersec. with one given sub-
space and does not intersect another,
226-7;

does not intersect a given sub-space, 218;

does not intersect two given sub-spaces, 220,
222;

all sps. being real, 221.
Rational integral functional matrices:

Equigr. transfns., 228-41.

Rank of a product in which an extreme
factor matrix has rank equal to its
passivity, 167.

Real matrices:

are non-extrav., have no cores, 379, 417;

intersecs., joins and normals are real, 505;

semi-unit, 322-5, 329, 330-2;

sym., 133, 295-303;

of rank 1, 133; definite, 300-3.
Join of two algebraically conjugate com-
pletely extrav. undeg. matrices, 437-40.
Reduction of a real undeg. matrix to an
equiv. real semi-unit matrix, 414.
Real solutions of real sym. equations:
X'X=A'A, 337, 339;
X'X= 0, 345;
semi-real solutions of the real sym. equation
X'X=4, 361-2;
see also Real semi-unit matrices.
Real spacelets:

are non-extrav., have no cores, 432;

intersecs., joins and normals are real, 505;

mut. normal, are non-int. and compl., 432 ;

mut. orthog., are non-int., 509-10;

which do notintersect two givenreal sps., 221.

Join of a core with an anti-core, 437-40.
Orthotomy (or cross rank) of two real
sps. which:
are non-int., 478;
are mut. compl., 480;
have a given intersec., 489;
have a given join, 506.
Paratomy and orthotomy (or cross rank),
possible simultaneous values for
two arb. real sps. of given ranks, 508 ;

35—3
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Real spacelets (cont.):
two entirely arb. real sps., 509.
Plenarily extrav. sp. is the join of its
core and a real sp., 439.
Reciprocal of a square matrix: properties, 127-

’
detant of the recip., 114, 128;
rank of the recip., 130;
reciprocal of the recip., 128.
Reciprocal of a product of sq. matrices,
107.
Square matrix and its recip., relations
between
anti-corresp. minor detants, 119, 128-9;
anti-corresp. matrices of minor detants,
117-8, 129;
corresp. matrices of minor detants, 121,
129-30.
Reciprocals of :
a minor compl. to & sq. minor in any matrix,

?
a 8q. minor of the recip. of a sq. matrix, 157;
8q. minors of & sym. matrix of order 4 and
its recip., 152-6;
two co-joint complete matrices of the minor
detants of a sq. matrix, 113-4.
Reduction of a matrix to a standard form by
derangements of its rows:
any matrix, 94; compartite, 7;
sym. matrix, 140;
skew-sym. matrix, 145;
of a sym. matrix to a standard form by sym.
derangements and additions of rows,
291.
Reduction of a matrix in Q with constant els.
by equigr. transfns. in Q:
to a bipartite matrix one of whose parts is
a given undeg. sq. minor or non-
vanishing el.
by unitary transfns., 242-52, 264-9;
to a compartite matrix whose non-zero parts
are all undeg. sq. matrices
by unitary transfns., 252-60, 269-70;
by corresp. non-unitary transfns., 260-4,
271.

Reduction of a matrix in @ with constant els.
to a quasi-scalar matrix or a standard
form by equigr. transfns.:

by derangements and unitary transfns.
in @:
any maftrix, 277;
sym. matrix, 292;
skew-sym. matrix, 307;
by unrestricted equigr. transfns. in Q:
any matrix, 272, 278;
real sym. matrix, 298;
skew-sym. matrix, 308;
by unrestricted equigr. transfns. (not in 2):
sym. matrix, 293.

Reduction of a matrix with constant els. to a
standard form by a semi-unit and a
general equigr. transfn.:

any matrix, 389;

undeg. matrix, 380;
completely extrav., 382;
plenarily extrav., 383;

by two semi-unit transfns.:
any matrix, 389;
sym. matrix, 394.

Reduction :
of an undeg. matrix to an equiv. undeg.
matrix whose long rows are maut.
orthog., 412-5;

to join of a core and a semi-unit matrix,

413-4;

of & non-extrav. (or real) undeg. matrix to
an equiv. semi-unit (or real semi-unit)
matrix, 414;

of two mut. normal undeg. matrices to two
respectively equiv. matrices of stan-
dard forms, 401;

of a completely extrav. undeg. matrix to an
equiv. undeg. matrix of standard form,
349-52, 435-7;

of a plenarily extrav. undeg. matrix to an
quiv. undeg. matrix of standard form,

39.
Reduction of a quadratic form to a sum of

squares, 290.

Regular minor determinant of a matrix with
constant elements: defined, 515;
has a primary subdetant which is reg., and

a primary superdetant which is reg.,
94, 515;
diagonal, of a sym. matriz, 135-9;
of a skew-sym. matrix, 142-4.
Properties of any reg. minor detant
and:
its primaries and primary superdetants,
90-8, 157-64, 515-6;
its, primary subdetants, 70-8, 519-20;
its primary superdetants, 66-70, 96, 516-7,
519-20;
of a reg. simple minor detant and:
its primaries, 37-66, 76-7, 518, 519;

of a reg. minor detant of maximum

rank and:
its primaries, 85-9, 98-106, 519, 520.

Successive regular leading diag. minor
detants, 252, 260, 269;

in an arranged matrix, 94, 138, 143.

Relations (identical in the els.) between the
els. and minor detants of any matrix:

Fundamental identity, which serves to
express every el. as a rat. function of
any one reg. minor detant A and the
els., primaries and primary super-
detants of A, 90-4, 157;

utility, 515-7.

Identities which give all connections
between the short rows of the matrix
when it is undeg., and which serve to
express every el. as a rat. function of
degree 1 of any one reg. simple minor
detant A and the els. and primaries of
A, 37-46;

utility, 62, 518.

Relations between the simple minor de-
tants which serve to express every
simple minor detant D as a rat. fune-
tion of degree 1 of any one reg. simple
minor detant A and the primaries of
A, and which give the values of de-
terminants of the primaries of a simple
minor detant, 46-66;

utility, 62-3, 518-9.

Relations between the simple minor de-

tants which give the sums of terms
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Relations (cont.):
formed from a product AD of two
simple minor detants by replacing s
short rows of A by rows of D, and the
srows taken from D by rows of A, 73-5.

Identities which serve to express every
superdetant D of a reg. minor detant
A as a rat. function of degree 1 of A
and the primary superdetants of A
contained in D, and which give the
values of determinants of primary
superdetants, 66-70;

utility, 519-20.

Identities which serve to express every
subdetant D of a reg. detant A as a
rat. function of degree 1 of A and the
primary subdetants of A containing D,
and which give the values of deter-
minants of primary subdetants, 70-3;

utility, 519-20.
See Standard identities,
Relations (not identical in the els.) between the
els. and minor detants of order r of a
matrix whose rank is r:

Relations which serve to express every el.
as a rat. function of degree 1 of any
one reg. minor detant A of order r and
the els. and primaries of A, 85-9;

utility, 518-9.

Relations between the minor detants of
order r which serve to express every
minor detant D of order r as a rat.
function of degree 1 of any one reg.
winor detant A of order r and the
primaries of A, 98-106;

utility, 518-9, 520.
See Standard equations.
Representation by matrices of:
bilinear and quadratic forms, 234-5, 290,
301; .
rotations of a rigid body, 330;
spacelets of homog. space, 78-9, 208-9, 422 ;
two sps., their intersec. and join, 214-5, 423;
mut. normal sps., 431, 433;
standard representations of completely and
plenarily extrav. sps., 435-9.
(See Join.)
Restrictions on the rank of a matrix product
and the ranks of its factor matrices, 177.
Resultant of successive equigr. transfns., 231;
derangements, unitary and quasi-scalar
transfns., 232-3;
equigr. transfns. of the parts of a com-
partite matrix, 234;
unitary transfns. of a special form, 240.
Rotations of a rigid body: represented by sq.
semi-unit matrices of order 3, 830;
about O, resolved into three component ro-
tations about rectangular axes through
0, 331;
about fixed axes through O, equiv. to rota-
tions about axes moving with the body,
331-2.
Rows: extrav., non-extrav., orthog.;
see Matrices (one-rowed).
Rows: connected, connections between, 37-45,
46, 224;
non-extrav., at unit intensity, 414;
standard arrangements, 7, 94, 140, 145.
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Rows, horiz. and vert.: Circumstances under
which two matrices are horizontally or
vertically

equiv., 205;
normal or orthog., 398.
Horiz. and vert. extravagance, 385.

Rows, short: Connections between the short
rows of an undeg. matrix, 37-46.

Rows, long: represent points, 85.

Circumstances under which two undeg.
matrices are
equiv., 75;
normal or orthog., 84, 398.
Extravagance of an undeg. matrix, 379.
Identical relations between the simple
minor detants of a matrix with m long
rows, 63, 73.
Semi-real undeg. matrices, 360.
Undeg. matrices whose long rows are
mut. orthog., 412-5, 440-6.

Scalar matrix : occurring as a constituent of a
. compound matrix, 4.

Scalar transformations, 233.

Second degree: see Matrix equations.

Self-conjugate: see Symmetric.

Self-conjugate factors of a sym. matrix of
order 2, 366-7, 368-9.

Semi-definite (real sym.) matrix: is a definite
(real sym.) matrix which is degen.,
303.

Semi-real undeg. matrix: is one in which every
long«row is either real or purely
imaginary; semi-real solutions of the
real sym. equation X'X =24, 360-2.

Semi-unit matrices: 320-32; defined, 320;

determination of all, 825-7; of all real,
3224 ;
include all derangements of unit matrices,
321.
Semi-unit matrix:
derangements and long minors are all semi-
unit matrices, 321;
enlargement by the addition of long rows,
]
(real), 324;
inverse of, is the conj. matrix, 321;
number of arbitrary parameters in, 323, 326.
Reduction of any undeg. matrix to an
equiv, sim. undeg. matrix which is the
join of a core and a semi-unit matrix,
412-5;
the semi-unit matrix being real when
the given matrix is plenarily
extrav., 439, 408. .
Reduction of a mnon-extrav. (or real)
undeg. matrix to an equiv. semi-unit
(or real semi-unit) matrix, 414.
Semi-unit matrix, square:
compound, with four real and purely
imaginary constituents, 327;
most general of order 2, 328;.
of order 3, 829;
reciprocal of, 328.
Rotations represented by one of order 3,
330-2.
Semi-unit transformations:
between two sps. having the same rank and
the same extravagance, 426, 533;
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Semi-unit transformations (cont.):
of a sp. and its core, 428-9;
of two mut. normal sps., 483.

Equigr. transfns. between two matrices
with constant els. which have the
same rank and the same (horiz. or
vert.) extravagance, 380, 390, 391, 531.

Reduction of a matrix to a standard form
by two equigr. transfns. of which one
is semi-unit:

any matrix, 388-9;

undeg. matrix, 379-80;

completely extrav., 381-2, 349, 435;
plenarily extrav., 383, 439;

two mut. normal undeg. matrices, 401 ;

by two semi-unit transfns.:

any matrix, 389;

sym. matrix, 393-4.

(See Invariants.)

Short rows: Connections between the short
rows of an undeg. matrix, 37-46.

Sign of equivalence, 78-9, 208-9.

Signants and signature of a real sym. matrix,
295-303.

If one signant is 0, the matrix is definite,

300.

Similar matrices:
having the same rank and the same (horiz.
or vert.) extravagance, 390.
Equigr. transfns. between two, 230-1;
derangements, unitary and quasi-scalar
transins., 232-3.
Equivalences of two sim. rsq. matrices,
206. )
Similar undegenerate matrices:
equiv., 75-8; equi-extrav., 380;
sq. or quasi-scalar, whose detants are equal
in value, 278-9.
Reduction of an undeg. matrix to an
equiv. undeg. matrix whose long rows
are mut. orthog., 412-5;
to the join of a core and a semi-unit matrix,
413-4;
of a non-extrav. (or real) undeg. matrix to
an equiv. semi-unit (or real semi-unit)
matrix, 414.
Simple minor determinants:
of two equiv. undeg. matrices, 76-8;
of two mut. normal undeg. matrices, 403;

of [1,a] " and [a, 11", 395-6;

primaries of, 13-14, 38, 41, 63, 518-9;
relations between, 46-66, 73-5, 518-20.
See Primaries, Relations (identical).
Simple minor matrices, sq. and undeg., 399-

400, 401.
See Regular simple minor determinants.
Simultaneous values of the extravagances of :
two non-int. sps., 446-50;
two sps. having a given intersec., 499;
two sps. having a given join, 505;
any number of uncon. sps., 449.
See Extravagance.
Simultaneous values of the paratomy and ortho-
tomy (or cross rank) of :
two sps. of given ranks, 506;
two arb. sps., 508;
two real sps. of given ranks, 508;
two arb. real sps., 509.

Simultaneous values of the paratomy, ortho-
tomy and cross rank of:
two arb. sps., 508;
two arb. real sps., 509.
Skew-conjugate matrices, 141.
Skew-symmetric determinant:
of odd order, vanishes, 142, 526;
of even order, is sq. of its Pfaffian, 525;
bordered, is a product of two Pfaffians, 525
symmetrically bordered, 529.
Skew-symmetric matrices: 141-5, 252, 260,
264-71, 303-8, 521-9;
equigr. transfns., 264-71, 303-8;
general properties, 141-5.
Condition that two may have same rank,
308.
Skew-symmetric matrix:
complete matrix of its minor detants, 141;
diag. els., are all 0’s, 141;
diag. minor detants, 142-5;
those of odd order vanish; matrix of rank »
has a reg. diag. defant of order r, 142;
is difference of two mut. conj. matrices, 141;
Pfaffian of one of even order, 521-9;
rank (is always even), 142-3;
reciprocal, 527-9;
reduction by sym. derangements, 145.
Reduction of a skew-sym. matrix in Q
by sym. equigr. transfns. in Q:
to a bipartite matrix, 264-9, 242-52;
to a compartite matrix whose non-zero parts
are all undeg. skew-sym. matrices
by unitary transfns., 269-70, 260;
non-unitary, 271, 264;
to a standard form
by equigr. transfns., 308;
by derangements ‘and unitary transfns.,
307.
See Skew-symmetric determinant.
Solutions of matrix equations:
of the first degree, 168-77;
of the second degree, 309-77.
Methods of determining all solutions of
X, Xp...X,=C, 168-205, 309.
See Matrix equations.
Spacelet or sub-space of homogeneous space:
rank, is number of uncon. points in it, is
greater by 1 than the number of its
dimensions, 78-9, 208-9, 422;
represented by any one of a system of mut.
equiv. matrices, 78-80, 208-9, 422;
by an undeg. matrix with mut. orthog.
long rows, or as the join of uncon.
mut. orthog. points, 412-5;
as the join of a core and a semi-unit
matrix, 413-4, 427;
by a semi-unit matrix, 414;
as the join of two mut. orthog. non-int.
sps., 427, 428, 484, 511;
as the join of two mut. orthog. sps., 511.
Spacelets:
complementary, 219; 423, 433, 478-80, 509 ;
completely extrav., 426-7; 432, 434-40, 453,
459 ;
connected, connections of, 225-7;
containing a given sp., 79, 422; 210, 216-7;
456-62, 470-2, 480, 490;
cores of, 427-80; 432-3, 485, 491, 496, 513;
cross rank,of, 464; 465-509;
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Spacelets (cont.):
extravagant, extravagances of, 425-7; 428~
40, 446-62, 466, 470, 472, 474, 487,
499, 505;
having a given iutersection, 480, 490;
having a given join, 480, 505;
incident, incidences of, 219, 422; 432, 466-
7, 479, 501-2, 507;
invariants of, 165-7, 426, 463-4;
joins of, 209, 219, 423; 209-19, 422-35,
484-5, 489, 491, 495, 509-14;
lying in a given sp., 79, 422; 216-7, 220,
226, 429, 449, 450-6, 468-70, 477,
480-9, 512;
non-extrav., 425; 414, 426, 428, 432, 434-5,
449-50, 453, 459, 469-74, 477-8, 480,
489, 505;
non-incident, 219;
non-intersecting, 210, 422; 211, 218, 474-8,
446-50, 474-8, 509, 511;
normal, 85, 423-4; 427, 431-5, 465;
orthogonal, 84, 423; 426-8, 432, 467, 476,
487-9, 501-2, 509-14;
orthotomy of, 464; 465-509;
ranks of, 78-9, 208-9, 422; 215-22, 226-7;
paratomy of, 463; 217-8, 463-509;
plenarily extrav., 426-7; 431-2, 434-5, 439,
453, 459;
plenums of, 431-2; 480-7, 490-500;
real, 426; 221, 432, 437-40, 478, 480,
489, 505, 508-10;
semi-unit transfns. of, 426, 428-9;
unconnected, 220, 225-6, 423; 426-7, 484,
494.
(See sub-heads.)
Square matrices: general, 107-33, 157-8;
bordered, 123-7;
co-joint, 108-23;
quasi-scalar, 4-5, 277-9, 292;
reciprocals of, 127-33.
See sub-heads;
see also Symmetric, Skew-symmetric;
see also Determinants.
Square matrices:
Determinant of a complete matrix of the
minor detants of a 8q. matrix, 112.
Equigr. transfns. between twosim. undeg.
8q. matrices whose detants are equal,
279.
Equivalences of two sim. sq. maitrices,
206-7.
Matrix of primary superdetants in a sq.
matrix, 157-8.
Products of sq. matrices, 107-8.
Reciprocals of derangements of a sq.
matrix, 131.
Special sq. matrices, 8-13, 240-1, 437.
Undeg. sq. matrix whosedetantis + 1, 280.
Square minors: Recip. of a sq. minor of the
recip. of a sq. matrix, 157,
Reciprocals of sq. minors of a sym.
matrix of order 4 and its recip. 152—4.
See Diagonal minor, Minor determinant.
Square semi-unit matrices:
compound, with four real and purely imagi-
nary constituents, 327;
general, of orders 2 and 3, 328-9;
include all derangements of unit matrices,
321;
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Square semi-unit matrices (cont.):
particular, of orders 3 and 4, 324-7;
reciprocals, 328.
Rotations represented by one of order 3,
330-2.
Standard arrangements of rows:
in a compartite matrix, 7;
in any matrix, 94;
in a sym. matrix, 140;
in a skew-sym. matrix, 145.
Standard equations, giving the relations be-
tween the minor detants of order r of
a matrix of rank r, and having the
form

A" ID= @)} (8)]

where A and D are any two minor
detants of order 7, and the o’s and §’s
are horiz. and vert. primaries of A,
101, 102, 103, 520.
Standard form of a compartite matrix, 7.
Standard form to which any sym. matrix can
be reduced by sym. derangements and
additions of rows, 291-2,
Standard forms to which any matrix can be
reduced by derangements, 7, 94, 140,
145.
See Standard arrangements.
Standard forms to which a matrix with con-
stant els. can be reduced:
by equigr. transfns. 272, 280, 298, 303;
by a semi-unit and an equigr. transtn.,
379-80; 388-9;
by two semi-unit transfns., 389, 394.
See Reduction.
Standard identities, giving relations between
the minor detants of any matrix, and
having the form

s-1 s,
A7 'D=(9):

Relations between simple minor detants,
A and D being two simple minor
detants, and the &’s being the pri-
maries of A formed with the rows
of D, 48, 51, 55; 57, 59, 61; 63,
65; 519-20.

Relations between a minor detant A and
its superdetants, D being any super-
detant of A, and the &’s being the
primary superdetants of A which lie
in D, 66, 67; 519-20.

Relations between a minor detant A and
its subdetants, D being any subdetant
of A, and the &’s being the primary
subdetants of A which contain D, 70,
71; 519-20.

Standard representations of:
a completely extrav. sp., 435, 437;
a plenarily extrav. sp., 439;
two mut. normal matrices, 401;
two mut, normal sps., 433.
Straight line in homogeneous space: is the
join of two uncon. points, is a sp. of
rank 2, 78-80.
Subdeterminants, primary: defined, 18;
determinants of, 70-3;
regular, 94, 138, 143;
see Primary, Standard identities.
Sub-spaces, 78-9: see Spacelets.

’
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Successive: Symmetric matrix of rank 1 (cont.):
parts of a compound matrix in standard expressed as a sym. product of two one-

form, 7;
reg. leading diag. minor detants
in an arranged matrix, 94, 273-7;
sym., 138, 280-92;
skew-sym., 143, 303-7;
in an unarranged matrix, 252-64;
sym. or skew-sym., 269-71.
Superdeterminants, primary: defined, 17;
determinants of, 66-70;
matrices of, 90-8;
regular, 94, 138, 144.
See Primary, Standard identities.
Sylvester’s Identities, 66-70.
Symmetric matrices: 29-36, 133-41, 145-56,
158-64, 194-208, 264-71, 280-95, 320—
65, 393-5.
Condition that two shall have the same
rank, 294;
that two real shall be equisignant,
298.
(See also Quasi-scalar matrices.)
Symmetric matrix:
defined, 133; general properties, 135-41;
diag. minor detants, 135-41;
matrix of rank r has a reg. diag. detant
of order r, 135;
is sum of two mut. conj. matrices, 141;
rank, 136-7;
reduction by sym. derangements, 140-1;
and additions of rows, 291-2.
Symmetric matrix in 2: Sym. equigr. transfns.
in Q, 264-71, 280-93,
Reduction to a bipartite matrix one of
whose parts is a given reg. diag. minor,
264, 267;
special cases, 265-7, 268-9.
Reduction to a compartite matrix whose
non-zero parts are undeg. sym. ma-
trices :
any matrix by
unitary transfns., 269;
non-unitary, 271;
specially arranged matrix by
unitary transfns., 280, 283;
non-unitary, 282, 289.
Reduction to a standard form by derange-
ments and unitary transtns., 292.
Symmetric matrix in 2: Sym. equigr. transfns.
not in Q, 293-5, 393-4.
Reduction to a standard form
by equigr. transfns,, 293;
by semi-unit transfns., 393-4.
Symmetric matrix, real: 295-300, 360-2.
Signants and signature, 297-300.
Reduction to a standard form by real
sym. equigr. transfns., 298.
Resolution into semi-real factors, 860-2.
Symmetric matrix, real and definite: 300-3;
diag. detants of order s all have same sign,
303;
standard form, product of two real matrices,
sym. matrix of minor detants is definite, 303.
Symmetric matrix of rank 1: 183-5, 852-5,
366, 368, 374, 376;
diag. els., do not all vanish, all have the
same gign when the matrix is real, 133 ;

rowed matrices, 134, 352-5.
Symmetric matrix (extravagance): 393-5.
Formulae for matrix of given extrava-
gance, 393-4.
Possible values of the extravagance, 393.
Powers of a non-extrav. sym. matrix,
394-5.
Symmetric matrix (factors):
of rank 2, 873-7; of rank r, 294, 355-9;
of order 2, 365-9; (self-conj. factors), 366,
368-9.
Symmetric matrix (minors):
of order 3, 145-6, 100-1, 374, 377;
of order 4, 147-56, 161-4, 375, 377.
Symmetric matrix:
Possible ranks of one which contains
a given diag. minor, 29-32;
a given zero diag. minor, 32-6,
Possible ranks of a diag. minor of one
which has a given rank, 31;
compl. to a given zero diag. minor,
36

Symmetric matrix equations:
of the first degree, 176-7;
of the second degree, 320-65;
of any degree, 194-205.
See Matrix equations,

Symmetric matrix products: Possible ranks of
the product matrix and the factor
matrices, 194-205;

any number of factors, 205;
two factors, 196; 194;
three factors, 198; 196.
(See also Matrix products.)

Systems of linear alg. equations:

Conditions for the equivalence of two,
80-3, 207-8.

General solutions, 168-70.

Uncon. mut. orthog. solutions of any
system of homog. linear equations,
440-6.

Transformations (equigr.) of matrices: 228-

’ 1- 3

unitary, quasi-scalar, scalar, 233;

unilateral, 75-6, 205, 531;

unilaterally semi-unit, 380, 390, 391; 379-
80, 381-2, 383, 388-9, 401, 530;

semi-unit, 389, 531.

See Equigradent transformations, Redue-
tion.

Transformations (semi-unit) of spacelets, 426,

428-9, 433, 435, 437, 439, 533.

Unconnected matrices: defined, 224;
join of mut. orthog., 420, 427;
mut. orthog. one-rowed, 412-5, 440-6.
Mut. orthog. non-extrav. matrices are
uncon., 426.
Unconnected points:
A sp. of rank 7 is join of r uncon. points,
78;
ig join of r mut. orthog. uncon. points,
419—
Unconnected solutions, mut. orthog., of any
system of homog. linear alg. equations,
440-6.
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Unconnected spacelets: defined, 220, 225-6,
423;

’
join of mut. orthog. uncon. sps., 427;
possible extravagances of uncon. sps., 449;
set of 5 uncon. sps., 494;
sets of 3 uncon. sps., 215, 423; 431; 484;
two uncon. sps. are non-int., 210-11, 226,
423.
Unilateral equigr. transfns., 530.
Unilaterally semi-unit equigr. transfns., 530.
Unit intensity of a non-extrav. row or point,
414.
Unit matrix: mut. conj. factors of, 320.
Unitary transformations, 233, 280, 241-60,
264-70.
See Equigradent transformations, Reduc-
tion.
Unrestrictedequigr. transfns., reducing a matrix
to a standard form, 272; sym., 293,
308.

Vertical extravagance of a matrix, 385-93;
see Extravagance, Extravagant.
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Vertical primaries: defined, 13; see Primaries.
Vertically :
equivalent matrices, 205-7;
have the same vert. extravagance, 386;
normal matrices, 398;
have the same vert. extravagance, 407 ;
all matrices vertically normal to a given
matrix are vertically equiv., 398
orthogonal matrices, 398.
See sub-heads.

Way: (r-1)-way spacelet has r — 1 dimensions
and rank r, 78.

Zero extravagance, 379, 389;
see Non-extravagant.

Zero matrices: notation, 4; connections, 224 ;
factors, 344-52, 409-10.

Zero order of a matrix, 5, 363.

Zero spacelets, sps. of rank 0: defined, 79;
have no intersecs. and no connections, 211,

225.
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