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1

SOME PROPERTIES OF BERNOULLI'S NUMBERS

(Journal of the Indian Mathematical Society, 111, 1911, 219—234)

1. Let the well-known expansion of zcotx (vide Edwards’ Differential
Calculus, §149) be written in the form

B, B, By
wcotw:l—§—1(2w)2—4—!(290)4—-@(2;1:)6-—..., ............ 1)

from which we infer that B, may be supposed to be — 1.

o«

l1——4+———+...
. cos itai et
Now otz =—1 = ——
sin & r & &
PR A

T35 T
22 (22z)° (22

_ sin2z 1! 37 " 5!
—I—COSQx_(Qx)Z_(Qa;)“+(2x)6_

21 4! 6!
(22) | (22) _(22)
_l4cos2z 7 2! 4 6!
T sin2z 9 2z (22 (2z)
T3 s T T

Multiplying both sides in each of the above three relations by the
denominator of the right-hand side and equating the coefficients of 4™ on
both sides, we can write the results thus:

B_ . _1%(1»—1}
Cl-‘Bi;'_—‘l_c:g 2’"‘3 8+C5"E;_n_5—.-. +Q

28 2n
where 7 is any odd integer;

¢.Baa— 0Byt 0 By = oo+ (= IO By 5 (= 108 =0,.....(3)

n
Byt (= TR0 =0,.....(2)

where n is any even integer;
¢y Buy— 0y By—y+ 3 Bny — ... + (= 1)} B, + g(— i1 =0, ......(4)
where n is any odd integer greater than unity.

From any one of (2), (3), (4) we can calculate the B’s. But as n becomes
greater and greater the calculation will get tedious. So we shall try to find
simpler methods.

R.C.P. 1
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2 Some Properties of Bernoulli's Numbers
2. We know (zcot z)? = — 2? (1 + d c;); x) .

Using (1) and equating the coefficients of z” on both sides, and simplify-
ing, we have
3(n+1)B,=¢, B, B,_s+¢,B,B,_s+c;BsBp_s+ ...,

the last term being c¢yn_, Byn—y Bynt1 Or 4¢3, (By,)* according as 4n is odd or
LN o T (5)

A similar result can be obtained by equating the coefficients of #" in the
identity
d tan

dz

=1+tan?a.
3. Again
— 3z (cot {2 + coth 42) = — %2 (cot }2 + 7 cot }ix)
—-Z{B+B4 +B58' }

by using (1). The expression may also be written

(cos & sin 412 + ¢ sin 2 cos 3iz)
— e sin 3 sin $1iz
(1 +1)sin 42 (1 +7)— (1 —2)sin o (1 —7)
cos3z (1 —19)—costz(1l+7)

x Y x°

11" 251 T a9t~
tr_ e e

21 261 24101

by expanding the numerator and the denominator, and simplifying by
De Moivre’s theorem.

z_ @
1! 51 "
Hence (Bg+ B“4!'+B8 3 > =—z= w‘? ......... (6)
21 261
Similarly
10
—%x(cot%w—cothéx)=2( +B66' 1°1xOI+"‘>
;»(l—z)smf}a;(l+z)—1}(1+z)smlx(1—z)
cos 4z (1 +1)—cosdz (1l —17)
x° x M
53 1Tt .
=w = - T SRR RTeE (7
917261 2107 e
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Some Properties of Bernoulli's Numbers 3

Proceeding as in §1 we have, if n is an even integer greater than 2,
cgl-?;i—ce %‘—‘6 + Cy Ii;;-*’_ g 2775 (= 1)t or 5—“’{5(— 1e=2 =0, (8)
according as n or n — 2 is a multiple of 4.

Analogous results can be obtained from tan 4« + tanh }a.

In (2), (8) and (4) there are $n terms, while in (5) and (8) there are }n
or }(n—2) terms. Thus B, can be found from only half of the previous B’s.

4. A still simpler method can be deduced from the following identities.
If 1, w, ®* be the three cube roots of unity, then
4 sin @ sin 2w sin ze? = — (sin 2z + sin 2z + sin 2ze?),
as may easily be verified.

By logarithmic differentiation, we have
c0s 2z + w cos 22w + w? cos 2zw?
sin 2z + sin 2zw + sin 2zw?

cot @ + w cot 2w + w* cot zw* =2
Writing 4« for z,

" 2 2
— 3 (cob 3o + o cob e + f cot Jaw?) = — g L+ @ IS0 + 07 COS T

sin « + sin 2w + Sin Le?

)

and, proceeding as in §3, we get
a?  aB aM
e S
a® ' 2! 8! 14!
3(B0+B66_1+ Blgﬁx‘i'...):—a; » wg 0 » seeens (9)
31917 5T

Again

COS Lw® — COS T®w 2 (cos zw — oS Zw?)

2sin $z sin 42 sin $zw*  sinz + Sin zw + sin 2w*’

cot fxw — cot rw? =

Multiplying both sides by — $# (w* — @) and adding to the corresponding
sides of the previous result, we have
€Os Z + @* COS zw + w COoS Tw?
sin z + sin zw + sin ze*

— 3z (cot 2 + w?cot 3rw + w cot dzw?) = —

Hence, as before,
w4 xl‘) x)e

i N
x? a8 o 4! 10! 16!
3(B22_1+BB§1+B14IT!+"'>=xm3 pra—— ¢ e (10)
ﬁ—g—x'l'ﬁvl—...
Similarly
_ 1 1 o, cos & + cos 2w + cos xw® — 3
x (cot 3 + cot fzw + cot tzw?) =« T I
and therefore
xﬁ xl? wls
e — ...
at xl x8 6! 12! 18!
6<B447+B10W!+B16m+“'>=w 2 o -(11)
CTA TR TSI
1—2
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Some Properties of Bernoull’'s Numbers

Multiplying up and equating coefficients in (9), (10) and (11) as usual,

we have,

s Bns— €y By + ¢ By —
the last term being dn(—1) @1, 1pn (= 1) @+ or 1p (- 1) @-3,

Again, dividing both sides in (10) by # and differentiating, we have

x~l x]O le
—_—— — + —_—
. 12 d|[l 4! 10! 16!
d( +7BSSY+13B“ 14' >—% ad  ad  av
3179115~
x? wB xl‘i x4 wll} le
21 817 141 4171017161
=Li= 2 21 H B T
310171517 351791151
Hence by (9) and (10),
3( +7B8 +13B“14Y )

l
=249 (Bt B+ Busgy oo ) (Bugyt By + Bus - )

Equating the coefficients of 2" we have, if #>2 and n—2 is a
multiple of 6,

%; (n + 2) B,= Can—sBs + Cl2Bn—12B12 +Cis Bn—laBm +

From (12) the B’s can be calculated very quickly and (13) may prove
useful in checking the calculations. The number of terms is one-third of
that in (4); thus B, is found from By, B;;, and B;.

5. We shall see later on how the B’s can be obtained from their pro-
perties only. But to know these properties, it. will be convenient to calculate
a few B’s by substituting 3, 5,7, 9, ..., for n in succession in (12). Thus

By=—1; B~6, B4=§)5 B6=£—2; Bs—%B2=—4~15;
Blo_gB4=_1-:§—-2; B,2—11B6=—4—§‘53 Bl4‘fi38+%=é6;
Bo— 20 Byt 4B= g Bu—221B+ 7005, = 3,
B20_3L2739314 19383 —§=‘2%?

B,- 328, 16 Ny L,
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Some Properties of Bernoullt’'s Numbers

(o4

and so on. Hence we have finally the following values:

B, =§’ B4=%; Bezﬁ; B, B, = B, = n’

=30’ 66’ 2730°

7., 8617 . 43867 174611 854513
Bu—6, Bls—ma Bls—ng, Bzo’:‘"‘ms 22:1‘—38’
B =236364091‘ B 8553103 B 23749461029

. 2730 T TR 870
B =861584¢1276005. B _ 7709321041217 B __ 2577687858367
0TTT74399 0 2= Fl0 0 PwT T
B _26315271553053477373 B _2929993913841559

- 1919190 T 6 ’
B =261082718496449122051‘ B —

40 13530 3y eeey o = ©

6. It will be observed* that, if n is even but not equal to zero,

(1) B,is a fraction and the numerator of B,/n in its lowest terms is
8 Prime NUMDEL, .....ccviiviuiriuireeniienearireeiinieinanes (14)

(i) the denominator of B, contains each of the factors 2 and 3 once
and only once, ............cooiiiiiiinninn. e (15)

(iii) 2"(2" —1) B,/n is an integer and consequently 2 (2" —1) B, is an
odd INBEZET. ..i.iiiiiiiiiiiiii i (16)

From (16) it can easily be shewn that the denominator of 2 (2" —1) B,/n
in its lowest terms is the greatest power of 2 which divides n; and
consequently, if n is not a multiple of 4, then 4(2"—1)B,/n is an odd
8 N o amn

It follows from (14) that the numerator of B, in its lowest terms is
divisible by the greatest measure of n prime to the denominator, and the
quotient is a prime number. ...........coiiiiiiii (18)

Ezamples : (a) 2 and 3 are the only prime factors of 12, 24 and 36, and
they are found in the denominators of By, B,, and By and their numerators
are prime numbers.

(b) 11 is not found in the denominator of B, and hence its numerator is
divisible by 11; similarly, the numerators of By, By, By are divisible by 13,
17, 19, respectively and the quotients in all cases are prime numbers.

(¢) 5 is found in the denominator of B, and not in that of By, and con-
sequently the numerator of B, is divisible by 5 while that of B, is a prime
number. Thus we may say that if a prime number appearing in n is not
found in the denominator it will appear in the numerator, and vice versa.

* See § 12 below.
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6 Some Properties of Bernoullv's Numbers

7. Next, let us consider the denominators.

All the denominators are divisible by 6; those of B, By, By, ... by 5; those
of By, By, By, ... by 7; those of By, By, By, ... by 11; but those of Bg, B,
B, ... are not divisible by 9; and those of By,, By, ... are not divisible by 15.
Hence we may infer that:

the denominator of B, is the continued product of prime numbers which
are the next numbers (in the natural order) to the factors of n (including
unity and the number itself). ........cccoeiiiviiiiiiiiiiiiiii (19)

As an example take the denominator of B,,. Write all the factors of 24,
viz. 1, 2, 8, 4, 6, 8, 12, 24. The next numbers to these are 2, 8, 4, 5, 7, 9,
13, 25. Strike out the composite numbers and we have the prime numbers
2, 8, 5, 7, 13. And the denominator of B, is the product of 2, 3, 5,
7,13, i.e. 2730.

It is unnecessary to write the odd factors of n except unity, as the next
numbers to these are even and hence composite.

The following are some further examples:

Even factors of n and unity Denominator of B,
B, 1, 2 2.3=6
By ..1,2,6 2.3.7=42
By ... 1,2,4,6,12 2.3.5.7.13=2730
By ... 1,2, 4,10, 20 2.3.5.11=330
By ... 1,2, 6,10, 30 2.3.7.11.31=14322
By ... 1,2,6, 14,42 ... 2.3.7.43=1806
By ... 1,2, 4,8, 14, 28, 56 e | 2.3.5.29=870
B ... 1,2,4,6,8,12,18,24,36,72 ... | 2.3.5.7.13.19.37.73=140100870
By ... 1,26, 10, 18, 30, 90 2.3.7.11.19.31=272118
B ... 1, 2,10, 22, 110 ... 2.3.11.23=1518

8. Again taking the fractional part of any B and splitting it into partial
fractions, we see that:

the fractional part of B,=(—1)" {the sum of the reciprocals of the
prime factors of the denominator of B,} — (— 1)~

Thus the fractional part of By =%+%+ 1+ — 1 = 4%;

that of Bp=1-}—1—Js=30
that of By=3}+4+1+4—1=2%;
and so on.

9. It can be inferred from (20) that:

if G be the G.c.M. and L the L.c.M. of the denominators of B,, and B,,
then L/G is the denominator of B, —(-=1)}™" B, and hence, if the
denominators of B,, and B, are equal, then B, —(—1)}}™™ B, is an
8 01T (21)

© in this web service Cambridge University Press

www.cambridge.org



http://www.cambridge.org/9781107536517
http://www.cambridge.org
http://www.cambridge.org

Cambridge University Press

978-1-107-53651-7 - Collected Paper of Srinivasa Ramanujan
Edited by G. H. Hardy, P. V. Seshu Aiyar and B. M. Wilson
Excerpt

More information

Some Properties of Bernoully's Numbers 7

Ezample: B, — B, and By,— By, are integers, while the denominator
of By, + B, is 5.

It will be observed that:

(1) if » is a multiple of 4, then the numerator of B, —44 in its lowest

terms is divisible by 20; but if n is not a multiple of 4 then that of %—’ —

in its lowest terms is divisible by 5; ..ocvvvviniiiiviniiiiniiii (22)
(2) if n 1s any integer then
B
ante _ ‘m+2 sn-+d 8nt4 sn+4 _ 16”"'8
2(2 1)2 , 2(2 1)2n+1’2<2 1)2 1
are integers of the form 30p B PPN (23)

10. If a B is known to lie between certain limits, then it is possible to
find its exact value from the above properties.

Suppose we know that B, lies between 6084 and 6244; its exact value
can be found as follows.

The fractional pa.t;t of By = {55 by (20), also By, is divisible by 11 by (18).
And by (22) B,, — 1 must be d1V1s1b1e by 5. To satisfy these conditions By,
must be either 6137-fdg or 619217,

But according to (18) the numerator of B, should be a prime number
after it is divided by 11; and consequently B, must be equal to 61927 or
854313 since the numerator of 61374% is divisible not only by 11 but also
by 7 and 17.

11. It is known (Edwards’ Differential Calculus, Ch. v, Ex. 29) that
!
B 2.n.(l+ 1, 1+ ).

2wy \17 " 2n
2.n! 1 1 1
or W-—Bn(l—?) (1—371) (1-5%) ............ (24)
where 2, 3, 5, ... are prime numbers.
x’n——l
Also o —f Girm S B e (25)

For f . do= f &1 (6% 4 g ) da
0

eznx
(n—1) w( 11 B,
= @y \W T Tmt )

by (24). In a similar manner
i an B,
y g de=in
B,

and f a"2log (1l — e ™) dor=— Py ) CENRIURUE
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8 Some Properties of Bernoulli's Numbers

Take logarithms of both sides in (24) and write for log,n! the well-
known expansion of log, I'(n + 1), as in Carr’s Synopsis, viz.
B, B, + B,
1.2n 3.4n® 5.6n°
B,,0
— =1y (2p — 1) 2pnw—1’

(n+3%)logn —n+%log 2w+

where 0 < 8 <1, and where

B2p0 ng sz+2 n
@p-1)2p= " (2p — 1) 2pn ~ (Zp+ H(2p +2) w#H "
1 @ 01;_2
Y —ilog (L—e ) dao + — f Zpﬂlog(l e ) dx — ...

1 (®ja®2 g%
- o \n®-1 - n2p+1

) log (1 —e™2) da

m

22 _
ﬂ_[ W mz) log (1 —e~) d

=_[°° 22— 210g (1 — e—zwnz)

0 (1 + 2?)

We can find the integral part of B,, and since the fractional part can be
found, as shewn in §8, the exact value of B, is known. Unless the calcula-
tion is made to depend upon the values of logye, log,10, m, ..., which are
known to a great number of decimal places, we should have to find the
logarithms of certain numbers whose values are not found in the tables to
as many places of decimals as we require. Such difficulties are removed by
the method given in §13.

12. Results (14) to (17), (20) and (21) can be obtained as follows. We
have

LA SR SRS SR
20 (x+1) (x+2) (+3)> (z+4)
1 1 1 1 1

T2 6@-a) 5@-0) T@-a) @ -a)

—l—1+§—5»—¥§+..., ....................................... (28)

xls -’I/'U wlt‘) x2l
where 5, 7, 11, 13, are prime numbers above 3. If we can prove that the
left-hand side of (28) can be expanded in ascending powers of 1/z with
integral coefficients, then (20) and (21) are at once deduced as follows.
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Some Properties of Bernoulli's Numbers 9

From (27) we have

d*logI'(n+1) 1 + 1 1 +
dn? BCE D S R T
1 1 B B, B B B,,0 .
=£—2—m+;:—n—:fﬁ—?7§+...—(—)pn%‘ﬁl, ............... (29)
where
B8 By By, +
R R R I
® 2P ® 2+
=4 fo 7-_——————sz+1 (e”x — 6_"x)2 dz — 471"1’0 ﬁ?l?—+3 (e’w - e"’,'f_‘f)z dx+ ...
[T g dx
B Wfo (;ﬁ?;l T T > sinh? 7z
=7rf°° P dx __f”_ TP .
o NP 1(n2+4a?) sinh?rz /o (1 + o*) sinh? mne
Substituting the result of (29) in (28) we see that
-B2 -B4 BG 1 1 1 1
P T 6 (P — ) +_5ﬁ(*a;5—w) ty (&7 — ) BB Y (w“—x)+ o

where 5, 7, 11, ... are prime numbers, can be expanded in ascending powers
of 1/z with integral coefficients.

Therefore B,—%, — B,— 3 +1%, Bi—1+3}, —By—%1+1%, Bu—3%+ 70 o
which are the coefficients of 1/z*, 1/2% 1/a7, ..., are integers.

Writing 4 + 1 —1 for — § we get the results of (20) and (21).

Again changing n to 4n in (29), and subtracting half of the result from
(29), we have

11 1 _1 _(@-1)B @-1B
(n+1p (n+2) + (m+3)y T 2 n? n?
_(2*-1) B, By 0

S (e 1)

where 0 < 6 < 1, and also, by (29),

By, 0 f *  ma® cosh mnw
n?*t1 "y (1 +2?) sinh? mne

(27-1)

Thus we see that, if we can prove that twice the left-hand side of (30)
can be expanded in ascending powers of 1/n with integral coefficients, then
the second part of (16) is at once proved.
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10 Some Properties of Bernoulli’s Numbers

Again from (27) we have

dlogT'(n+1 1
—%7(;—2=1+1}+%+i+...+%—ry

_ 1 .B2 .B4 Bs -BB B?p 6
—Iogn+%—%2+4—m-w+§;8_"'+(—1)p_2pnw’ ...(31)
where 0 <0< 1; and also, by (25),
B,,0 e 2z
™|, re e -
from which it can easily be shewn that
11 11 1
n+2 n+4 n+6 n+8 n+l1l0 7
1 B B B,
= 2T =) ot 2 (2 1) - @ =D it
B,, 0
- - - L, teierereereeerneaeee e 32
+ (= 1)? 21 (2 D g (32)
where 0 < 8 < 1; and also, by (31),
. B2p 9 _ {w w?p—l
2w-1 (2% — 1) Spn® = |, 2(1+ &) sinh § () da.

From the above theorem we see that, if we can prove that

< LS S S >

n+2 n+d n+6 )’

can be expanded in ascending powers of 1/n with integral coefficients, then
the first part of (16) at once follows.

13. The first few digits, and the number of digits in the integral part as
well as in the numerator of B,, can be found from the approximate formula:

logy, By = (n+ %) logy, n — 1:2324743503n + 0700120,
the true value being greater by about 0:0362/n when = is great. ...... (33)

This formula is proved as follows: taking logarithms of both sides in (24),
log, Bp=(n+%)log. n —n(1+ log, 2) + } log, 8=
nearly. Multiplying both sides by log,e or 4342944819, and reducing, we

can get the result.

14. Changing n to n— 2 in (24) and taking the ratio of the two results,
we have

-1 92: _ 1 32—-1 52—1
B =" Bans (1= 527) (1= 3521 (1= 520+ 39

where 2, 3, 5, ... are prime numbers.
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