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B2, 50,193

C* or C* manifolds, 138

C¥(D) or CK(RM), 22

chke boundary, 23

C*¢ domain, 23

ks 88

Ck(D) or CZ(R™), 22

cr?, 89,158, 169

Ip: Domain of the generator A, 231

LP(R2), 30

LP(22,R™), 30

S«(1,0,0), 201

Sa(0, B,7), 199

E*, 89, 120, 222

P*, 89, 120, 222

R'vs.R, 16

a-stable Lévy motion, 205

«-stable random variable, 199

JF;-measurable , 66

N, 1), 197

8(t), Dirac delta function, 52

8(x), Dirac delta function, 52

8,.(1), Dirac delta function, 53

A-integral, 65

A-stochastic integral, 69

S(To, Ty): stochastic integrands, 66

Lx,law of X, 33

o-field, 27

o -field generated by a random variable, 33

o-field generated by a stochastic process,
35

Adapted, 66

Adapted stochastic process , 37

Additive noise, 74

Adjoint of the generator A, 239

Adjoint operator, 104

Agmon inequality, 26

Asymptotic geometric mean, 163, 164, 165
Atlas, 138

Attracting set, 243

Attractor, 2
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B-D-G inequality, 165

Backward It integral, 69

Balayage-Dirichlet problem, 230

Banach space, 15

Birkhoff-Khintchine ergodic theorem, 150

Borel o-field, 14, 28

Borel measurable function, 14

Borel set, 28

Borel set in Euclidean space, 14

Bounded variation, 46, 62

Brownian motion, 45

Brownian motion as a Fourier series, 59
Brownian motion starting at x , 81

Brownian motion starting at x: x + By, 79
Brownian motion with covariance matrix Q, 50, 193
Burkholder-Davis-Gundy (B-D-G) inequality, 165

Cadlag, 191

Cadlag function, 192

Canonical probability space, 150

Canonical probability space for SDEs, 151

Canonical process, 89

Canonical sample space, 151

Canonical version of Brownian motion, 151

Cauchy principal value (P. V.), 19

Cauchy sequences, 15

Cauchy-Schwarz inequality, 20, 24

Center eigenspace, 147

Center eigenspace E¢, 140

Center manifold, 148

Characteristic function, 31, 32

Characteristic function (for a random variable), 198

Characteristic function for a sable random variable,
198

Chart, 138

Chebyshev inequality, 30, 42

Closure, 15

Cocycle, 154

Cocycle property, 154

Cocycles, 153

Colored noise, 51

Compact set, 15
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Compact sets, 16

Compact support, 22, 24

Complete o-field, 27

Complete probability space, 27

Conjugate (dynamical systems), 135

Continuity in probability, 36, 191

Continuous random variable, 28

Continuous stochastic process, 36

Convergence almost surely, 38

Convergence in distribution, 38

Convergence in law, 38

Convergence in mean square (m.s.), 38

Convergence in probability, 38

Convergence under a norm, 15

Conversion between It6 and Stratonovich equations,
89

Converting SDEs to RDEs, 172

Countable set, 191

Countably many jump discontinuities, 62

Covariance matrix, 29, 194

Covariance matrix of Brownian motion, 49

Crude cocycle, 154

De Morgan’s laws, 27

Definition for a stable random variable, 198

Definition of It6 integral, 65

Definition of Stratonovich integral, 67

Derivative of a function of finite variation, 62, 192

Deterministic Hartman-Grobman theorem, 169

Deterministic integrating factor, 172

Differentiable manifold modeled on a Banach space,
139

Differentiable manifold modeled on a Hilbert space,
139

Differentiable manifold modeled on Euclidean space,
139

Differentiable manifolds, 138

Diffusion coefficient, 74

Diffusion equation, 105

Diffusion matrix, 194

Dirac delta function, 52

Discontinuities for a cadlag function, 192

Discontinuities for a function of finite variation, 62,
192

Discontinuities for a right-continuous real function,
191

Discontinuities for an increasing function, 192

Distribution function, 28

Distribution measure, 33

Domain, 14

Doob inequality, 166

Double-well system, 2, 235

Drift term, 74

Drift vector, 194

Driving flow, 153

Dynamical regimes, 111

Dynamical systems, 135

Dynkin’s formula, 120, 222

Eigenspaces, 13
Eigenvalues, 13

Equilibrium state, 134

Equilibrium state (stable or unstable), 2
Ergodic dynamical system, 149
Ergodic measure, 149

Ergodic theorem, 149

Escape probability, 123

Euclidean norm, 16

Events, 27

Evolution of probability density function , 103
Existence and uniqueness theorems, 89
Exponential dichotomy, 145
Exponential dichotomy, weak, 176
Exterior sphere condition, 23

Feller semigroup, 221

Filtration, 37

Filtration generated by a stochastic process, 37

Filtration generated by Brownian motion, 37

Filtration in the context of a stochastic differential
equation, 37

Finite variation, 46, 62

Flow, 135

Flow property, 134

Fokker-Planck equation, 103, 105, 238

Fokker-Planck equation for a general SDE with
a-stable Lévy noise, 240

Fokker-Planck equation for a general SDE with Lévy
noise, 239

Fokker-Planck equation for Langevin equation, 105

Fokker-Planck equation in high dimension, 241

Fokker-Planck operator, 107

Fourier transform, 51, 212, 261

Fourier transform of fractional Laplacian operator,
213

Fractional Laplacian operator, 213, 227, 240

Fractional power of a symmetric nonnegative definite
matrix, 164

Fundamental theorem of calculus, 29

Fundamental theorem of deterministic calculus, 120

Fundamental theorem of stochastic calculus, 120, 222

Gamma function, 25

Gaussian process, 188, 190

Gaussian random variable, 197

Gaussian random variable in Euclidean space, 31
Generalized derivative, 52

Generalized functions, 53

Generating triplet for Lévy motion , 193
Generation of cocycles for SDEs, 158
Generator for an SDE, 78

Generator for Brownian motion, 79
Generator for Brownian motion in R” , 81
Generator for SDEs with Lévy motion, 238
Generator of a Lévy motion, 194
Geometric Brownian motion, 84, 93
Gradient, 16

Gronwall inequality, 20

Holder inequality, 21, 24
Holder space, 22
Harmonic oscillator, 4
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Heat equation, 105

Heaviside function, 52

Heavy tail, 200

Hessian matrix, 16

Hilbert space, 15
Homeomorphism, 135, 138

Hunt process, 230

Hyperbolic equilibrium point, 136
Hyperbolic linear stochastic system, 164
Hyperbolicity, 164

Hyperbolicity, pseudo-, 176
Hyperbolicity, weak, 176

Improper integral, 18

Independent o-fields, 34
Independent events, 34

Independent random variables, 34, 35
Independent stochastic process , 35
Independent stochastic processes, 35
Indicator function, 193
Indistinguishable, 36, 88
Infinitesimal generator, 78
Integrability conditions, 163

Integral reformulation of a nonautonomous system,

182
Invariant manifolds, 139

Invariant measure for a dynamical systems, 149
Invariant measure for a measurable dynamical system,

148
Invariant set, 137
Itd correction term, 77
16 integral, 65
1t6 integral for two-sided time, 75
1td isometry, 73
1t6’s formula, 75, 78, 79

Jacobian, 16

Jacobian matrix, 17

Jensen inequality, 30

Jump discontinuity, 62

Jump measure, 214

Jump measure (for a Lévy motion), 194
Jumps (relatively small or large), 193

Karhunen-Loéve theorem, 59
Kolmorgrov forward equation, 105

Lévy-Itd decomposition, 214

Lévy-Khintchine formula for Lévy motions, 194

Langevan equation, 82, 92, 100
Langevin system, 174

Law of a random variable, 33
Lebesgue integral, 18
Lebesgue measure, 25
Lebesgue space, 22, 24

Left limit (L(t—)), 192

Light tail, 31, 200

Limit point, 14

Lipschitz condition, 134
Lipschitz continuity, 23
Lipschitz invariant manifold, 171

Index

Local Lipschitz condition, 88

Lorenz system under uncertainty, 101
Lyapunov exponents, 163

Lyapunov inequality, 30
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Lyapunov-Perron integral equation, 178, 179

Martingale, 165

Matrix exponential, 97

Maximal interval of existence, 135
Mean exit time, 118

Measurable dynamical systems, 148
Measurable flows, 148

Measurable function, 28

Measure-preserving dynamical systems, 148

Metric space, 16

Minkowski inequality, 22, 25
Modification, 36
Moment-generating function, 31, 32
Monkey King, 113

Most probable phase portrait, 111

Multiple independent random variables, 34

Multiplicative ergodic theorem, 163
Multiplicative noise, 74

N, 191

Noise, 51, 53

Noise intensity, 74

Nonanticipating, 37

Non-Gaussian process, 188
Non-Gaussian random variable, 33, 197
Non-Gaussian stochastic process, 191
Nonhyperbolic equilibrium point, 136
Nonnormal matrix, 188

Nonnormal random variable, 188
Nonuniform pseudo-hyperbolicity, 176
Norm, 15

Normal matrix, 188

Normal random variable, 188, 197

Null sets or zero probability events, 27, 37

Open set, 14
Orbit, 2, 134

Ornstein-Uhlenbeck process, 82, 83, 92, 101, 100

Oseledets spaces, 164
Oseledets spaces, invariant, 164

Pairwise independence, 49
Pathwise uniqueness, 88

Perfect cocycle, 154

Perfection procedure, 154

Phase portrait, 2

Phase portrait, deterministic, 111
Phase portrait, most probable, 111
Poincaré inequality, 25, 26
Probability density function, 29, 31
Probability distribution measure, 33
Probability measure, 27

Probability of an event, 27
Probability space, 27

Product o -field, 28, 36
Pseudo-exponential dichotomy, 145
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Pseudo-stable eigenspace, 145 Space of random variables, 30
Pseudo-stable manifold, 145 Spectral density, 53
Pseudo-unstable eigenspace, 145 Spectral density function, 51
Pseudo-unstable manifold, 145 Stable distribution S, (o, B, ), 199
Stable eigenspace E*, 140
Random center manifold, 177, 178 Stable manifold, 148
Random center-stable manifold, 177 Stable manifold W*, 141
Random center-unstable manifold, 177 Stable random variable, 198
Random differential equations, 172 Standard Brownian motion, 50
Random dynamical system, 154 Standard symmetric «-stable random variable, 201
Random dynamical systems, 154 Standard symmetric o-stable random variable:
Random fixed point, 159 S¢(1,0,0), 206
Random harmonic oscillator, 97, 98 State portrait, 2
Random harmonic oscillators, 87 State space, 2, 35, 112
Random homeomorphism, 156 Stationary increments, 51
Random invariant manifold, 171 Stationary orbit, 159
Random invariant orbit, 159 Stationary orbit for a Langevin equation, 159
Random invariant set, 171 Stationary process, 50
Random Lipschitz constant, 176 Stochastic continuity, 191
Random matrix, 160 Stochastic exponential, 85
Random oscillation, 9 Stochastic flow property, 133, 153, 154
Random oscillators, 86 Stochastic integrals, backward, 75
Random pseudo-stable and pseudo-unstable Stochastic integrals, forward, 75
manifolds, 174 Stochastic integrands: S(To, Ty), 66
Random set, 171 Stochastic integrating factor, 172
Random stable manifold, 177, 179 Stochastic integration by parts, 81
Random unstable manifold, 177, 179 Stochastic process X;(x), 229
Random variable in Euclidean space, 28 Stochastic process adapted to a filtration, 37
Random variable, tempered, 175 Stochastic product rule, 81
RDEs, 172 Stochastically continuous sample paths, 191
RDS, 133, 154 Stochastically continuous stochastic process, 36
Regular point with respect to a stochastic process, 231  Stopping time, 37
Regular set or regular domain, 231 Stratonovich integral, 65, 68
Repeller, 2 Strong solution of an SDE, 88
Riemann zeta function, 26 Strongly mixing dynamical system, 149
Riemann-Stieltjes integral, 63 Strongly stationary, 50
Rotationally invariant stable random variable, 204 Submanifold, 139
Rotationally symetric stable random variable, 204 Submartingale, 165
Rotationally symmetric «-stable Lévy motion, 210 Summation convention, 219
Support of a function, 22
Saddle, 245 Symmetric «-stable Lévy motion, 205
Sample space, 27 Symmetry breaking and restoration, 10
Sample space for a deterministic experiment , 27
Sample space for flipping a coin, 27 Taylor expansions, 16
Sample space for tossing a dice, 27 Tempered from above, 175
Scalar product, 14, 15 Tempered from below, 175
SDE with additive noise, 82, 100 Tempered random variable, 175
SDE with multiplicative noise , 84, 93 Topological equivalence, 158
SDEs, 11, 61 Topological equivalence (conjugacy), random
SDE:s in engineering literature, 74 dynamical systems, 155
SDEs with two-sided Brownian motions, 75 Topologically equivalent (dynamical systems) , 135
Shifted § function, 54 Topologically equivalent (or conjugate), 169
Simple pendulum, 6 Toss a Brownian motion, 151
Simple pendulum under a random force, 9 Toss a dice, 151
Small or large jumps, 214 Tossing a ball, 27
Smooth invariant manifold, 171 Tossing a dice, 27
Sobolev norm, 24 Trajectory, 2, 134
Sobolev space, 22, 24 Transpose, 13
Solution curve, 2 Triplet (for a Lévy motion), 194
Solution of an SDE, 88 Triplet for Lévy motion , 193
Space of infinite sequences, 21 Two-sided Brownian motion, 49
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Uncorrelated, 35 Versions of stochastic processes, 151
Uniform elliptic Fokker-Planck operator, Volume of the unit ball in R", 25
109

Uniformly elliptic operator, 100 Weak derivative, 52
Unstable eigenspace E*, 140 Weakly stationary, 50
Unstable manifold, 148 ‘White noise, 51, 53
Unstable manifold W*, 141 Wiener measure, 151

Wiener process, 45
Variations of Lévy motions, 195 Wiener shift, 152, 153
Vector field, 74
Version, 36 Young’s inequality, 19
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