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Preface

Par ma fois! . . . je dis de la prose

sans que j’en susse rien, et je vous suis

le plus obligé du monde de m’avoir appris cela.

Good heavens! . . . I have been speaking prose
without knowing anything about it, and I am
much obliged to you for having taught me that.

Monsieur Jourdain (1670)

As in Molière’s Le Bourgeois gentilhomme with his prose, we often speak the
language of Toeplitz and Hankel matrices/operators without realising it; but it
would be better if we did it knowingly and in a technically correct manner.

The introduction to Toeplitz operators and matrices proposed in this text
concerns the matrix and integral transforms defined by a “kernel” (a matrix or
a function of two variables) with constant diagonals. In particular, a sequence
of complex numbers (ck)k∈Z defines a Toeplitz matrix

T =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

c0 c−1 c−2 c−3 . . . . . .

c1 c0 c−1 c−2 . . . . . .

c2 c1 c0 c−1 . . . . . .

c3 c2 c1 c0 . . . . . .

. . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . .

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

and a Hankel matrix

xiii
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xiv Preface

Γ =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

c−1 c−2 c−3 c−4 . . . . . .

c−2 c−3 c−4 c−5 . . . . . .

c−3 c−4 c−5 c−6 . . . . . .

c−4 c−5 c−6 c−7 . . . . . .

. . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . .

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

An operator (mapping) that has a Toeplitz (respectively, Hankel) matrix with
respect to a basis is called a Toeplitz (respectively, Hankel) operator. For deep
reasons (deep in two senses: hidden deep beneath the surface of mathemati-
cal facts, and deep in terms of their power), these transforms have played an
exceptional role in contemporary mathematics. The set of problems and the ba-
sis of the techniques associated with these transforms were formulated by such
giants of mathematics as Bernhard Riemann, David Hilbert, Norbert Wiener,
George Birkhoff, and Otto Toeplitz.

This book is an introduction to a highly dynamic domain of modern analysis
based on the techniques of Hardy spaces. To make it independent we provide
a thorough overview of these spaces in Appendix F, and each time we reiterate
the principal facts of Hardy theory immediately before their use. A complete
presentation of Hardy spaces, the closest in style to the present work, can be
found in Espaces de Hardy (Éditions Belin, 2012) by the same author, also
translated as Hardy Spaces (Cambridge University Press, 2019). The current
text, like the first, corresponds to a course at Master’s level, given several times
at the Université de Bordeaux during the years 1991–2011. Numerous resolved
exercises show how the techniques developed can be put into action and extend
the scope of the theory.

The somewhat hidden aspect of this text is the following. It is devoted to the
study of integral and matrix operators with kernels (or matrices) depending on
the difference of arguments, which seems, at first glance, to be a rather spe-
cialized subject. But a second glance leads to the discovery that many classical
results of analysis and its applications rely directly on the operators known
as “Toeplitz” and their “siblings,” the “Hankel” operators, which are so in-
timately associated with those of Toeplitz that the pair are often referred to
as the “Ha-plitz operators/matrices.” This area of analysis includes Wiener’s
filtering problems, the statistical physics of gases, diverse moment problems,
ergodic properties of random processes, complex interpolation, etc. The goal
of this text is to present the diversity of Toeplitz/Hankel techniques and to
draw conclusions from the “inexplicable efficacy” of Toeplitz (and Hankel)
operators.

The prerequisites are standard courses on functional analysis (or Hilbert/
Banach spaces) along with a few elements of complex analysis and a certain
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Preface xv

familiarity with Hardy spaces. A summary/overview of all these basic notions
(as well as the notation used) can be found in the Appendices at the end of the
book.

More precisely, Appendices A–D provide the definitions and notation of
basic analysis (at undergraduate level), whereas Appendix E provides a short
but complete presentation (including proofs) of a less well-known theory of
functional analysis – that of “Fredholm operators.” Appendix F is a summary
of the theory of Hardy spaces; the text by the same author on this subject,
Espaces de Hardy (Hardy Spaces), is cited here as [Nikolski, 2019].

Within the text, there are also numerous historical references – on the sub-
jects developed, their creators, and their diverse situations. We only hope that
these “asides” will help the reader to better appreciate the mathematical meth-
ods presented and their efficacy, as well as the dramaturgy of mathematics (and
mathematical life).

Each chapter contains exercises and their solutions (155 in total) at differ-
ent levels. To use a musical metaphor of Israel Glazman and Yuri Lyubich
[Glazman and Lyubich, 1969], they range from exercises on open strings up to
virtuoso pieces using double harmonics (“double flageolet tones”). In partic-
ular, the series of exercises in each chapter (with the exception of Chapter 1)
begin with Basic Exercises accessible at Master’s level or for preparing stu-
dents for the French agrégations exams (a competitive exam to attain the
highest teaching diploma).

Each chapter concludes with a section entitled “Notes and Remarks,” which
discusses the history of the subjects treated, certain recent results, and (on
occasion) some open questions; this discussion is destined primarily for the
more experienced reader. For an appreciation of this type of text in a poetic
form, see the maxim on page v, due to Osip Mandelstam, the greatest Russian
poet of the twentieth century.

Chapter 1 plays the role of a detailed but informal introduction: a descrip-
tion of sources of inspiration for the (future) theory, the principal components
of its current state, as well as a panorama of its applications and the history of
its evolution during the twentieth century.

Chapter 2 establishes the basic contours of the theory of Hankel/Toeplitz
operators on the circle T = R/2πZ.

Chapter 3 is devoted to the spectral theory of Toeplitz operators.
Chapter 4 explains the unitary equivalence of the theory on T with the clas-

sical theory of Wiener–Hopf equations on R, as well as the Riemann–Hilbert
problem.
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xvi Preface

Chapter 5 treats some properties of finite Toeplitz matrices (inversion, links
with trigonometric moments, the approximation of infinite Toeplitz matrices,
the asymptotic distribution of spectra).

The reader will soon become aware that this handbook constitutes a rather
elementary introduction to Toeplitz matrices and operators based on the theory
of Hardy spaces. It can thus be regarded as a source of basic knowledge (a
“First elements of . . . ”). Nevertheless, in principle, a student reaching the
end of this book will be capable of embarking upon a project of independent
research (the author can affirm this by positive experiences with numerous
students). For such an endeavor, the aid of experts will be needed: this can
be found in the dozens of existing monographs devoted to Toeplitz operators
and matrices, to Hardy spaces, and to the “hard analysis” that was developed
around them. Some of this torrent of literature is mentioned in the “Notes and
Remarks” sections.

Good luck!
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