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abelian variety, 445
abelianisation, 134
of a unipotent group, 128
absolute norm, 463
abstruse identity, 341
action, 308
adele ring A, 8, 32
diagonal embedding of Q, 33, 37
finite, 32
norm, 33
adelisation, 34
and strong approximation, 52
of Eisenstein series, 8
of non-holomorphic Eisenstein series, 75
admissible representation, 95
AdS/CFT correspondence, 119
affine Kac—Moody algebra
central element, 490
derivation, 490
algebraic group, 49
linear, 49
analytic induction, 116
annihilator ideal, 145
archimedean space, 20
area law, 408
associated variety, 147
automorphic distributions, 396
automorphic form, 1, 72, 76
as lattice sum, 405
automorphic representation, 5, 94
unramified and L-group, 274
automorphy, 76
automorphy factor, 62
averaging method, 459
axio-dilaton, 321, 370

B-field, 315
Bézout’s lemma, 4

Baker—Campbell-Hausdorff identity, 514
Bala—Carter classification, 144, 245
ball model, 117
Belinskii—Khalatnikov—Lifshitz analysis, 488
Berenstein—Zelevensky-Littelmann path, 453
decorated, 453
Bernoulli number, 127, 404
Bessel function, 7, 31
big bang, 488
Birch and Swinnerton-Dyer conjecture, 450
BKL analysis, 488
Bogomol’nyi-Prasad—-Sommerfield, 354, see
also BPS
Boltzmann entropy formula, 408
Borcherds lift, 420
Borcherds—Kac—Moody algebra, 419
Borel subalgebra, 40
Borel subgroup, 45
for SL(2,R), 4
Bose-Einstein condensation, 308
bosons, 308
boundary condition
Dirichlet, 349
Neumann, 349
Robin, 350
boundary conformal field theory, 355
BPS
condition, 382, 407
index, 409, 476
protection, 383
state, 382
brane, 349
tension, 352
Bruhat decomposition, 171
for SL(2, Q), 159
Bruhat-Tits theory, 50

Calabi—Yau space, 414
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canonical basis, 452
Cartan
decomposition, 276
involution, 514
matrix, 42
subalgebra, 39
torus, 43, 53
Casimir operator, 59
on Eisenstein series, 85
Casselman—Shalika formula, 12, 138,
186, 191
and L-functions, 287
and Hecke algebra, 277
category of coherent sheaves, 439
central character, 77
central charge, 316, 319
centraliser, 296
character
adelic, 83
central, 77
conductor of, 26
degenerate, 130
distribution, 147
generic, 124, 130
global, 34
Hecke, 79
infinitesimal, 83
lattice, 281
non-generic, 130
non-trivial, 124
of a highest weight representation, 44
on SL(2), 156
on Borel subgroup, 4
unramified, 139
stabiliser, 142
support of, 200
trivial, 130
unitary, 124, 128
unramified, 131, 186, 190
variety, 128
character variety orbit, 141
characteristics
theta function, 290, 340
Chevalley
basis, 48
generator, 42, 173
group, 49
involution, 43
lattice, 49
Chinese remainder theorem, 8
CHL models, 414
circle model, 117
class function, 280, 418
class number one, 474

Index

Clifford algebra, 389
closure diagram, 386
Coleman—Mandula theorem, 311
commensurable group element, 256
commutator subgroup, 128
compact basis

for sI(2, R), 69
complex multiplication

for Calabi—Yau manifolds, 415

for elliptic curves, 445
complex torus, 443
conductor, 26
conformal

algebra, 118

field theory, 316

realisation, 118

symmetry, 316
conformally flat, 316
congruence subgroup, 64
conjugacy class

semi-simple, 274
constant term, 7, 126, 133

along a unipotent, 133

for SL(2), 126

formula, see Langlands constant term

formula

in maximal parabolic, 182
convergence

maximal parabolic Eisenstein series, 114

of Eisenstein series, 85, 179

of Riemann zeta function, 219
converse theorems, 289
convolution algebra, 265
correlation function, 330
cosmological billiards, 489
cosmology, 488
Coxeter group, 41
critical line, 231
critical strip, 220
crystal, 452
cusp, 3, 60
cusp form, 78

for SL(2,R), 63

Igusa, see Igusa cusp form

D(-1)-brane, 357
D-branes, 349
D-instantons, 372
D-particle, 360, 364
deck transformation, 434
decompactification limit, 374
Dedekind
eta function, 64, 222, 335
zeta function, 463
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degenerate principal series, 110, 115 normalised, 228

and Whittaker coefficients, 243 onSL(2,R), 4
degrees of freedom, 351 on non-minimal parabolic, 106
denominator formula, 44 parabolic, 110
derived category of coherent sheaves, 414 residue, 230
derived series, 40, 129, 133 square-integrable, 230
determinant line bundle, 335 Weyl symmetric normalisation, 223, 227
dilaton, 311, 315 Eisenstein sheaf, 437
dimension elliptic curve, 334, 399, 444

functional, 96 conductor, 447

Gelfand—Kirillov, 96 discriminant, 444
Dirac quantisation, 6 modular, 447
Dirac-Born-Infeld action, 352 rank, 446
Dirac—Schwinger—Zwanziger quantisation, torsion group, 446

322,357 elliptic function, 443

Dirichlet beta function, 464 elliptic genus of K3 surfaces, 423
Dirichlet boundary condition, 349, 372 elliptic polylogarithms, 399
Dirichlet character, 64, 265 Epstein series, 347, 407
Dirichlet series, 263 equation of motion, 315

Kubota, 457 Euclidean space, 309

multiple, 456 Euler number, 331

p-part of, 458 Euler product, 263
discrete series, 103 degree, 264

quaternionic, 479 for Riemann zeta function, 9
discriminant, 335 Euler totient function, 64

of an elliptic curve, 444 Euler-Mascheroni constant, 223
discriminant modular form, 64, 413 exceptional field theory, 407
divisor sum, 8, 127, 169, 512 exponential map, 43

dominant weight, 43
Donaldson-Thomas invariant, 414
double affine Hecke algebra, 504
Drinfeld associator, 370
dual pair, 296

reductive, 296
duality symmetries, 6, 323
Dynkin label, 234, 237

factor of automorphy, 62

Faddeev—Popov
determinant, 330
procedure, 319

Fermat’s last theorem, 449

fermions, 308

Feynman diagram, 316, 400

field extension

effective action of string theory, 317, 327 unramified, 432
Eichler—Shimura relation, 448 flat space, 321
Einstein summation convention, 314, 377 Flath’s tensor decomposition theorem,
Einstein—Hilbert action, 327 95, 138
Eisenstein series, 84 Fourier coefficient, 131
and Langlands—Shahidi method, 287 abelian, 134
anti-holomorphic, 105 and number theory, 261
completed, 223 asymptotic behaviour, 379
convergence, 85, 179 Eulerian, 411
geometric, 437 multiplicative, 261
holomorphic for SL(2, Z), 63 non-abelian, 134
Laplace eigenfunction, 85 orbit, 147
maximal parabolic, 113 orbit under Levi, 141
metaplectic, 459 Fourier expansion, 3, 7
minimal, 84 SL(2, A) Eisenstein series, 157
minimal parabolic, 4 abelian, 133
non-holomorphic, 3, 72 non-abelian, 133, 134
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Fourier sum
partial, 133
Fourier-Jacobi group, 65
Fourier—Whittaker coefficient, 125
Frey-Hellegouarch curve, 449
Frobenius element, 449
Fukaya category, derived, 414, 439
function
bi-invariant, 266
doubly-periodic, 443
elliptic, 443
function field, 434
functional relation, 85
crude, 288
for Eisenstein series, 179
for SL(2,R), 11,73, 157
validity, 224
functoriality, 432
fundamental domain, 60
fundamental reflection, 41

(g, K)-module, 94
Galois group, 432

absolute, 433

modular representation, 449
gauge theory

Maxwell, U (1), 351

Yang—Mills, 354
gauge transformation, 316
gauge-fixing, 319
Gaussian integers, 463
Gelfand—Kirillov dimension, 148, 243
Gelfand—Tsetlin patterns, 208, 452
generalised Donaldson—Thomas invariants,

366

generalised moonshine, 419
genus zero property, 419
ghost

particle, 319

picture, 328
Gindikin—Karpelevich formula, 164

archimedean, 176

for SL(2,Qp), 163

for SL(2,R), 162

global, 177

non-archimedean, 177
Glaisher-Kinkelin constant, 222
Godement range, 85, 171, 179
GroBencharakter, 79
gravitational waves, 325
graviton, 308, 311, 325
Green’s function, 398
Green—Schwarz formalism, 311

group
2-cocycle, 294
algebra, 44
Kac-Moody, 487
quasi-split, 289, 432

growth condition, 1, 76

Haag-F.opuszaniski—Sohnius theorem, 311
Haar measure, 32, 125
Harish-Chandra c-function, 232
harmonic analysis, 125
Hasse
diagram, 386
principle, 8
Hasse—Weil L-function, 446
Hasse—Weil conjecture, 448
Hauptmodul, 418
Hecke algebra, 91, 260
for SL(2, R), 260
global spherical, 267
local, 266
relation classical to p-adic, 268
spherical, 266
Hecke character, 79
Hecke correspondence, 435
Hecke eigenform, 91, 265
Hecke eigensheaves, 435
Hecke eigenvalues
relation to Fourier coefficients, 261
Hecke normalisation, 261
Hecke operator, 91, 255, 256
and Dirichlet series, 263
common eigenfunctions, 260
for SL(2, R), 258
for holomorphic modular forms, 262
for modular forms, 262
Hecke ring, 256
commutative, 257
height function, 234
Heisenberg group, 114
Heisenberg parabolic, 114, 150
for non-split groups, 478
helicity supertrace, 424
highest weight representation, 44
of GL(n,C), 280
highest weight vector, 44
Hilbert symbol, 457
Hitchin moduli space, 440
holomorphic discrete series, 103
homological mirror symmetry, 414, 439
Howe—-Harish-Chandra expansion, 147

ideles, 33
idempotented, 266
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Igusa cusp form, 413, 425
index versus degeneracy, 408
induction, 116
instanton, 357, 377
action, 371, 379
anti-instanton, 357
charge, 129, 372
contribution, 328
measure, 8, 138, 141, 372
intertwiner, 137, 178, 181, 184, 232, 272
invariant bilinear form, 41
Iwahori subgroup, 51
Iwasawa decomposition, 43, 51
Iwasawa gauge, 513

Jj-function, 64, 417
Jacobi form, 66, 412, 423

Index

global Langlands, 284, 286
Hecke, 263
local factor, 283
partial Langlands, 284, 286
standard, 283
L-group, 205, 274
connected, 274
Langlands constant term formula, 9, 171
methods for evaluating, 232
Langlands decomposition, 46, 47, 107
Langlands dual group, see L-group
Langlands duality, 204
Langlands functoriality, 289, 432
Langlands program, 431
classical, 431
geometric, 434
Langlands—Shahidi method, 285

cusp, 66
holomorphic, 66 Laplace operator, 368, 513
weak, 66 for SL(2, R), 69

Jacobi identities, 291
Jacobi symbol, 293
Jacobi theta function, see also theta function

on Eisenstein series, 85
on upper half-plane, 2, 72
Laplace—Beltrami operator, see Laplace

characteristics, 290 . operator
generalised, 290 lattice
even, 292

Jacobi—Eisenstein series, 67

Jacobson—Morozov triple, 146

Jacquet—Whittaker integral, 137, 188,
278

Joseph ideal, 148

K -finite, 68, 76, 77
K-spherical, 2, 72, 77
K -trivial, 72
K-type decomposition, 95
Kihler potential, 461
Kac—Moody group, 487
affine, 487
hyperbolic, 487
Kaluza—Klein mode, 360

integral, 291
Leech, see Leech lattice
Narain, see Narain lattice
Niemeier, see Niemeier lattice
representation number, 293
unimodular, 292
Leech lattice, 293, 418
Legendre symbol, 293, 475
Levi
decomposition, 46, 47
subalgebra, 46
Lie algebra, 39
nilpotent, 40

rank, 40
Kawazumi—Zhang invariant, 397 simple, 42
Killing solvable, 40
group, conformal, 330 split real, 39, 42
metric, 41

spinor equation, 382
Kirillov’s orbit method, 149
Kloosterman sum, 523
Koba—Nielsen factor, 331, 398
Kronecker limit formula

Lie group, 39

split real, 43
lift from H to SL(2, R), 67
light-cone formulation, 338
line model, 116
local coefficient, 288

first, 222 local system, 440

second, 399 local-global principle, 8, 32
L-function loop algebra, 490

Artin, 433 loop group, 490

completed, 264

Lorentz group, 309
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low-energy
effective theory, 327
expansion, 325
limit, 317
lower central series, 40
LU decomposition, 116

M-theory, 313, 488

limit, 373
Mceeglin—-Waldspurger theorem, 147
Maal form, 72, 392

cuspidal, 90
Maaf operators, 104
Maal3 wave form, 257
Maal form

arbitrary weight, 103

of non-zero weight, 73
Mandelstam variables, 326
mapping class group, 339
Mathieu

group, 423

moonshine, 423
Maurer—Cartan form, 513
maximal compact subgroup, 2
Maxwell gauge theory, 351
McKay-Thompson series, 418
metaplectic cover, 294
minimal representation, 115, 148

for Eg, 146
Minkowski space, 309, 321
mirror Symmetry conjecture, 439
mock modular form, 423
mode numbers, 129
modular form

for congruence subgroup, 64

holomorphic, 61
modular function, 62
modular graph function, 15, 398, 401

one-loop, 401

two-loop, 401
modular group, 60
modular invariant j-function, 64
modularity theorem, 442, 448
moduli

in string theory, 321

space, 321
moduli space of Riemann surfaces, 318
modulus character, 83, 108
monster group, 417
monstrous moonshine, 416
Montonen—Olive duality, 440
moonshine

Mathieu, see Mathieu moonshine

Index

monstrous, see mounstrous moonshine
umbral, 424
multiple zeta values, 370
multiplicative
completely, 263
multiplicativity
twisted, 457, 459
multiplicity-one theorem
for SL(2,R), 516

Nambu-Goto action, 314
Narain lattice, 342
Neumann boundary condition, 349
Neveu—Schwarz five-brane, see NS5-brane
Neveu-Schwarz sector, 352
newform, 65, 448
next-to-minimal representation, 149
Niemeier lattice, 293, 424
nilpotent orbit, 144, 145

admissible, 145

co-adjoint, 144

minimal, 148, 244

next-to-minimal, 149

special, 145
non-archimedean space, 20
non-linear sigma model, 316
non-perturbative effects, 327, 378
non-perturbative terms, 319
non-renormalisation theorem, 372
normalising factor, 227
NS5-brane, 364
number field

quadratic, 463

oldform, 65
one-parameter subgroup, 48, 128
operator product expansion, 331
opposite parabolic, 289
orbit method, 232
Ostrowski theorem, 22
p-adic
additive character, 26
additive measure, 23
Bessel function, 30, 31
characteristic function, 26
conductor, 26
Fourier transform, 28
Gaussian, 26, 30
group, 50
integers Zp, 19
integration, 23
multiplicative measure, 24
multiplicatively invertible element, 22
norm, 20
number, fractional part, 25
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numbers Qp,, 8, 20 Rankin—Selberg product, 289
ultrametric property, 20 real form
valuation, 20 quaternionic, 479
partial amplitude, 398 reflection representation, 504
partition function, 336 Regge slope, 313
path integral, 309 representation
formalism, 315, 316 admissible, 95
Pauli exclusion principle, 308 degenerate principal series, 110
period matrix, 476 fundamental, 48
Petersson inner product, 65 highest weight, 43
Piatetski-Shapiro induced, 116, 137
method of, 151 minimal, 148, 149
Picard modular group, 415, 462, 474 next-to-minimal, 149
place . principal series, 96
archimedean, 22 projective, 294
non-archimedean, 22 small. 148. 238
Poincaré spherical, 95, 139
grf{upfoiL S trivial, 44, 148
series for SL(2, Z), unitarisable, 45
sum, 221

unramified, 95

Weil, 295
residual spectrum, see spectrum, 150
residues of Eisenstein series, 98

upper half-plane, 2
Poisson resummation, 7, 37, 178, 291, 509
Polyakov action, 315

prime ! '
ideal, 463 restricted direct product, 32
inert, 463 restricted root system, 465, 520
ramified, 463 Riemann conjecture, 220
split, 463 Riemann surface

in geometric Langlands correspondence, 434

principal congruence subgroup, 64
Riemann zeta function, 3

principal ideal domain, 463, 474 ) X
principal series representation, 96 adelic analysis, 35
principle of functoriality, 432 completed, 7, 36

pure spinor formalism, 311 properties, 219
Riemann—Hilbert correspondence, 435

Riemann—Roch theorem, 330
right-regular action, 5, 68
Robin boundary conditions, 350

g-expansion, 126, 417
quantum
cosmological billiards, 489
field theory, 308, 316

gravity, 308, 311 root
group, 452 height, 40
’ highest, 40

quasi-conformal action, 149
quaternionic discrete series, 479
quaternionic Kihler manifold, 461
Quillen metric, 336

imaginary, 491
negative, 40
non-divisible, 466

positive, 40
R-symmetry, 388

. L. simple, 40
Radon—-Nikodym derivative, 68 .
. space decomposition, 39

Ramanujan system. 39

sum, 524 ystem,

7-function, 64 S-duality, 313
Ramond sector, 353 Saito—Kurokawa—Maal lift, 426
Ramond-Neveu—-Schwarz formalism, 311, Satake isomorphism, 272, 275

328, 339 Satake parameter, 206, 274, 286

rank of a Lie algebra, 40 for GL(n), 275
Rankin—Selberg method, 346, 405 Satake transform, 272
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scattering amplitude, 316
perturbative, 318
Schottky problem, 325
Schur polynomial, 206
Schwartz functions, 28
Schwartz—Bruhat space, 28
seed function, 521
Sekiguchi isomorphism, 70
Selberg trace formula, 90
semi-group, 257
series
multiplicative, 141
Serre conjecture, 449
Serre relations, 42
Shalika
method of, 151
Siegel modular form, 71, 413
Siegel upper half-plane, 71, 413
Siegel-Eisenstein series, 299
Siegel-Narain theta function, 344
Siegel-Weil formula, 299, 347
regularised, 300
Siegel-Weil section, 304
o -model, 331
single-valued polylogarithm
elliptic, 401
elliptic, mutiple, 401
singleton, 119
SL(2,R) and sI(2, R), 58
action on upper half-plane, 59
Casimir operator, 59
Iwasawa decomposition, 59
maximal compact subgroup, 59
slash operator, 62
small representation, see representation
space-time, 309
special Lagrangian submanifold, 440
spectral zeta function, 335
spectrum
continuous, 98
decomposition, 85
discrete, 98
residual, 98, 150
sphere packing, 293
spherical vector, 95, 139
spin structures, 339
spinors, 308
stabiliser of a weight, 233
standard section, 96
Stark—Heegner sequence, 474
Steinberg presentation, 43, 48
step operator, 40
Stone—von Neumann theorem, 410
string coupling constant, 316, 380

Index

string dualities, 313
string length, 313
String perturbation limit, 374
string perturbation theory, see string theory
string tension, 313
string theory
«’-expansion, 325
derivative expansion, 327
dilaton, 321
four-graviton scattering, 324
loop, 319
low-energy expansion, 325
low-energy limit, 317
non-perturbative effects, 325
perturbation theory, 324
tree-level, 328
strong approximation, 8, 53
subalgebra
Borel, 40
Levi, 46
maximal compact, 43
nilpotent, 46
parabolic, 46
sI(2,R), 42
subgroup
abelian, 43
Borel, 4, 45
co-compact, 90
commutator, 128
compact, 43
congruence, 64
Iwabhori, 51
Levi, 47
maximal compact, 2, 50
maximal parabolic, 47
mirabolic, 143
parabolic, 45
unipotent, 43, 47
subquotient, 244
subrepresentation, 244
sum over images, 4
super-Poincaré group, 311
supercharges, 309
superfield, 388
supergravity, 313, 322, 354
superspace, 388
superstring theory, 312
supersymmetry, 309, 311, 321
global, 388
T-duality, 313
tachyon, 311
Taniyama—Shimura—Weil conjecture, 448
target manifold, 309
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Teichmiiller space, 318
tensor decomposition theorem, 95
theta function
characteristics, 290
theta constant, 291
theta correspondence, 149, 296, 333, 346
and moonshine, 420
singular, 421
theta function, 290
attached to a lattice, 292
characteristics, 340
global, 38
theta kernel, 296, 297
theta lift, 296, 346
theta nullwert, 291
Tits cone, 45
Tokuyama function, 452

Index

holomorphic modular form, 61
multiplicity, 44
of a Lie algebra, 41
of a Maal3 form, 73
weighted Dynkin diagrams, 146
Weil representation, 295, 297
Wess—Zumino term, 352
Weyl character formula, 44
Tokuyama’s deformation, 452
Weyl group, 41
Weyl orbit algorithm, 234
Weyl symmetric normalisation, 223
Weyl transformations, 316
Weyl unitary trick, 519
Weyl vector, 40
for restricted root system, 520
Weyl word, 42

toroidal compactification, 321 length, 42

torus longest, 42
Cartan, 43 Whittaker coefficient, 125, 132
dual, 205 p-adic, 12

twining genera, 424
twistor space, 479

U-duality, 313

ultrametric property, 20

umbral moonshine, 424

uniformisation theorem, 435

unimodular lattice, 292

unipotent radical, 47

unitary dual, 89

universal enveloping algebra, 59
quantum deformation, 452

unramified representation, see representation

upper half-plane, 59

UV-finite, 311

Verma module, 452
vertex algebra, 418
vertex operator, 318, 328
vertex operator algebra, 418
Virasoro
algebra, 418
constraint, 315
generator, 316

wall-crossing, 416
wave-packet, 6
wavefront set, 145, 244, 250
global, 145
Matumoto theorem, 146
Moeeglin—Waldspurger theorem, 146
weak coupling limit, 373, 379
Weierstral3 function, 443
weight
fundamental, 41

degenerate, 199

for SL(2), 126

for SL(2,R), 157

generic, 197

method for evaluating, 242

spherical, 132, 186
Whittaker function, 125

g-deformed, 207

as sum over crystal, 453

degenerate, 199

finite, 138

holomorphy, 193

metaplectic, 459

spherical, 139, 277

unramifed, 277
Whittaker functions, 137
Whittaker model, 137

uniqueness, 137
Wick contraction, 331
Wigner classification, 308
Witten index, 361, 409
Wolf space, 479
world-sheet, 309

components, 358

Yang-Baxter equation, 459
Yang—Mills gauge theory, 354
Young tableau, 280
Z-finite, 76
zeta function
Dedekind, 463
Riemann, see Riemann zeta function
spectral, 335
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