
Index of notations

Set theory

∅ is the empty set.
x ∈ X denotes that x is an element of the set X .
X ⊆ Y means that X is a subset of Y .
X̄ denotes the closure of X (in Y ).
{x |A(x)} is the set of objects x satisfying a condition A(x).
X × Y is the set of pairs {(x, y) | x ∈ X, y ∈ Y }.
�(X ) is the diagonal subset �(X ) := {(x, y) ∈ X × X | x = y} of X × X .
f : X → Z means that f is a map from X to Z.
Im f denotes the image of f : { f (x) | x ∈ X}.
| denotes restriction, for example, for Y ⊆ X

f−→ Z, f |Y is the restriction of f
to Y .

◦ denotes composite: the composite g ◦ f is given by g ◦ f (x) := g( f (x)).
R is the set of real numbers,
Rn is the vector space of n-tuples x = (x1, . . . , xn) with each xk ∈ R,
‖x‖ := √

(x21 + · · · + x2n).
Rn
+ is the subset with x1 ≥ 0, Rn

++ the subset with x1 ≥ 0, x2 ≥ 0.
[a, b] is the closed interval {x ∈ R | a ≤ x ≤ b};
[a, b) is the half-open interval a ≤ x < b (allowing b = ∞); similarly (a, b].
Dn
x (r) is the closed disc {y ∈ Rn | ‖x− y‖ ≤ r},

Sn−1
x (r) the sphere {y ∈ Rn | ‖x− y‖ = r},
D̊n
x (r) the open disc {y ∈ Rn | ‖x− y‖ < r},

Dn
+(r) := Dn

x (r) ∩ Rn
+ is the closed half-disc

D̊n
+(r) := D̊n

x (r) ∩ Rn
+ the open half-disc.

If x is omitted, the centre is the origin; if r is omitted, the radius is r = 1.
Dk(a, b) := {x ∈ Rk | a ≤ ‖x‖ ≤ b}.
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Index of notations 341

Thus I := [0, 1] = D1
+ and R+ := R1

+ = [0,∞).
u : Rn \ {0} → Sn−1 is defined by u(x) := x/‖x‖. (§4.2).

Groups, fields, etc.

Z is the ring of integers.
Zn is the additive group of integers modulo the natural number n.
R is the field of real numbers.
Q is the field of rational numbers.
C is the field of complex numbers.
σ (q) is the signature of a quadratic form q defined over R,
Arf(μ) is the Arf invariant of a quadratic form μ defined over Z2.
G(μ) is the Gauss sum of the quadratic form μ on a finite group.
P(A∗;F )(t ) :=

∑∞
0 dimF (An)tn is the Poincaré series of A∗.

|G| is the order of the finite group G.
Tors(A) is the torsion subgroup of the abelian group A.
A⊕ B is the direct sum of A and B;
A⊗ B is the tensor product of A and B.
G∨ is the dual group to G.
Ker(φ) is the kernel of the group homomorphism φ : A→ B;
Coker(φ) is the cokernel of φ : A→ B.
G/H is the quotient (space) of (right cosets) of a group G by a subgroup H. If

H is a normal subgroup of G, this is the quotient group.

GLm(K) is the group of nonsingular (m× m) matrices over the field K.
SLm(K) is the subgroup of matrices of determinant 1.
GL+

m (R) ⊂ GLm(R) is the subgroup of matrices with positive determinant.
Om ⊂ GLm(R) is the orthogonal group, {A ∈ GLm(R) |AAt = I}.
Um ⊂ GLm(C) is the unitary group, {A ∈ GLm(C) |AAt = I}.
SOm := Om ∩ SLm(R).
SUm := Um ∩ SLm(C).
Gn is the monoid of maps of Sn−1 to itself of degree ±1.
Fn ⊂ Gn+1 is the set of base-point preserving maps Sn → Sn.
Topn is defined in §8.9.
SGn, SFn, STopn are the corresponding subsets of orientation-preserving

maps.
For each of the above groups and monoids Cn,

B(Cn) is the classifying space of Cn;
B(Gn) is the classifying space for spherical fibrations with fibre Sn−1;
C is the union of the Cn; and
B(C) is the inductive limit of the sequence B(Cn).
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342 Index of notations

Manifolds, etc.

Bp(x) is the bump function (§1.1).
TPM is the tangent space at P ∈ M to the smooth manifold M;
T∨P M is the dual vector space.
T(M) is the tangent vector bundle of M; the dual is T∨(M).
T0(M) is the zero cross-section.
N(M/V ) is the normal bundle of the smooth submanifold V ⊂ M.
∂M is the boundary ofM: for example, ∂Dn

x (r) = Sn−1
x (r).

∠M is the corner ofM.
M̊ := M \ ∂M is the interior ofM.
∂−W , ∂+W and ∂cW are the lower, upper, and middle parts of the boundary ∂W

of a cobordismW .
D(M) is the double of M.
M1 #M2 is the connected sum of manifolds M1 and M2.
M1 + M2 is the boundary sum ofM1 and M2 (§2.7).
Pm(R) = P(Rm+1) is the set of lines through the origin in Rm+1;
Pm(C) = P(Cm+1) the set of lines in Cm+1.
P∞(R) :=⋃n∈N P

n(R); P∞(C) :=⋃n∈N P
n(C).

Grm,k is the Grassmann manifold of k-dimensional subspaces of Rm.
Vm,k ∼= Om/Ok is the Stiefel manifold of isometric embeddings Rk → Rm.
V ′
m,k

∼= GLm(R)/GLk(R) is the set of linear embeddings Rk → Rm.
Jk(V,M) is the space of k-jets of maps V → M;
jk f : V → Jk(V,M) is the k-jet of the map f : V → M;
V (r) is the subset of Vr consisting of r-tuples of distinct points of V .

rJk(V,M) is the subset of (Jk(V,M))r lying over V (r).

r jk f : V (r) → rJk(V,M) is the multijet of f : V → M. §4.4.
Cr(V,M) is the set of Cr maps V → M (0 ≤ r ≤ ∞);
Crpr(V,M) is the set of proper Cr maps.
Imm(V,M) is the set of (smooth) immersions V → M;
Emb(V,M) is the set of (smooth) embeddings V → M;
Diff(M) is the set of diffeomorphisms ofM.

i, 
i(V,M) ⊂ J1(V,M), 
i f are Thom-Boardman sets: see §4.5.
I(φ) is the number of double points of an immersion φ : Vk → M2k.

Cobordism theory

For ξ an orthogonal bundle (or spherical fibration), we write
Aξ for the associated disc bundle,
Sξ for the sphere bundle,
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Index of notations 343

T (ξ ) = Aξ /Sξ for the Thom space,
Bξ for the base.

For ξ the universal bundle over B(Cn), these become A(Cn), S(Cn),T (Cn).
�m(X, ν) is the set of normal cobordism classes of maps of degree 1 to X .
Pm := �m(Dm, ε).
Kerv(φ, ν,T ) is the Kervaire invariant of a normal cobordism class.
Lm is Z, 0, Z2 or 0 according as m ≡ 0, 1, 2 or 3 (mod 4).
�G
m is the cobordism group of m-manifolds with (weak) G-structure.

�
f r
m is the framed cobordism group.

%k
m is the group of homotopy spheres 
m ⊂ Sm+k,

F%k
m is the group of framed homotopy spheres 
m ⊂ Sm+k,


k
m is the group of embeddings Sm ⊂ Sm+k.

Bk is the kth Bernoulli number.

Homology theory

Hr(X,Y ;A) is the rth homology group of (X,Y ) with coefficients in A.
If A is omitted, it is taken as Z.

H̃k(X,Y ) is the reduced cohomology group.
Kk(M) := Ker(φ∗ : Hk(M)→ Hk(X )) for φ : M → X a normal map.
[M] is the fundamental homology class of the manifold M.
βp : Hk(X;Zp)→ Hk+1(X;Zp) is the Bockstein homomorphism.
Sp is the mod p Steenrod algebra,
χ its canonical anti-automorphism,
S p := Sp/〈βp〉.
K(π, n) is the Eilenberg–MacLane space.
Jk : πk(SO)→ πS

k is the stable J homomorphism.
wk(ξ ), vk(ξ ) ∈ Hk(X : Z2) are the Stiefel–Whitney, Wu classes of a bundle ξ .
If ξ ⊕ η is trivial, wk(ξ ) = wk(η).
ck ∈ H2k(X;Z) is the kth Chern class,
p4k ∈ H4k(X;Z) are the Pontrjagin classes.

Homotopy theory

∗ is the base point.
X+ is the disjoint union of X and ∗.
X ∧ Y is the smash product of X and Y .
X ∗ Y is the joint of X and Y .
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344 Index of notations

[X : Y ] is the set of (based) homotopy classes of maps X → Y .
πr(X,Y ) is the rth homotopy group of (X,Y ).
K (n) is the n-skeleton of K.
X 〈k〉 is a (k − 1)-connected cover of X .
SX := S1 ∧ X is the suspension of X .
�X is the loop space of X .
{X : Y } = limn→∞[SnX : SnY ].
πS
r (X ) := {Sr : X}.

S is the sphere spectrum.
K(A, k) is the Eilenberg–MacLane spectrum.
TG is the classifying spectrum of the stable group G (in the sense of §8.2).
BU and BO are the Bott spectra, with connective versions BU〈k〉 and BO〈k〉.
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A-regular, 109
associated bundle, 24
atlas, 11
attaching sphere, 137

Baire property, 104
belt sphere, 137
Bernoulli numbers, 266
boundary, 29
boundary sum, 66
bump function, 10
bundle map, 24

characteristic number, 322
chart, 11
Chern class, 262
closed manifold, 29
cobordism, cobordant, 129
codimension, 19
cohomology operation, 328
collar neighbourhood, 32
compact-open topology, 102, 306
component, 16
cone, 316
connected, 15
connected sum, 65
coordinate neighbourhood, 9
core, 137
corner, manifold with corner, 30
covering homotopy property CHP,

317
critical point, critical value, 96
cross-section, 24
cutting, 64
CW-complex, CW-pair, 315

deformation retract, 314
diffeomorphism, 16
diffeotopy, 49
differential, 18
dimension, 9
double, doubling, 63

embedding, 296
equivalent tubular neighbourhoods, 53
equivariant map, 72
exponential map, 41

fibration, 167, 318
fibre bundle, 23
fibre map, 168
fine topology, 103, 307
flow, 27
focus, 99
framing, 24
fundamental class, 208

geodesic, 39
geometrically r-connected, 149
germ, 100
glueing, 63
Gysin isomorphism, 221

h-cobordism, 152
handle, handle presentation, 130
handlebody, 156
homotopy sphere, 153
homotopy, homotopy equivalent, 314

immersion, 21
index of critical point, 134
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346 Index

inverse limit, 298
isotropy group, 72
isovariant, 184

jet, jet space, 101

Kervaire invariant, 216

Lagrangian, 202
length of path, 37
Lie group, 23
localisation, 329
loop space, 318

manifold with boundary, 29
manifold, smooth m-manifold, 9
mapping cone, mapping cylinder,
316

metastable range, 185
metric adapted to the boundary, 47
multijet, 102
mutually transversal, 113

n-connected map, pair, 316
non-degenerate critical point, 98
nonsingular pairing, 202
normal map, normal cobordism,
197

normal space, normal bundle, 38
nul set, 95

orbit, orbit space, 72
orientable, orientation covering, 26

partition of unity, 13
path, 15
plumbing, 228
Poincaré complex, 208
Poincaré series, 267
Pontrjagin class, 265
primary obstruction, 327
proper group action, 74, 304
proper map, 300

reduction, 24
regular homotopy, 169
regular point, 96
residual set, 104

Riemannian metric, 37
Riemannian structure, 25

side, 64
skeleton, 315
slice, 76
smash product, 222, 316
smooth action, 23, 72
smooth embedding, 20
smooth functions, 9
smooth mapping, 16
smooth part, 33
source, 101
spectrum, 329
spherical fibration, 221
spherical modification, 196
stable group, 244
stably isomorphic, 24
Steenrod algebra, 328
Stiefel manifold, 170
Stiefel–Whitney class, 263
Stiefel–Whitney number, 268
straightening the corner, 61
stratification, 83
strictly subordinate, 13
submanifold, 19
submanifold with boundary, 31
subordinate, 13
support of diffeotopy, 50
support of function, 13
suspension, 316
symplectic basis, 204

tangent bundle, 25
tangent space, tangent vector, 17
target, 101
Thom class, Thom space, 221
Thom construction, 239
totally geodesic, 41
transverse, 105
trivial bundle, 24
tubular neighbourhood, 46

vector bundle, 23
vector field, 25

weak homotopy equivalence, 169, 316
Whitney sum (of vector bundles), 24
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