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Preface

This essay is a work of historical fiction – the “What if Eleanor Roosevelt could

fly?” kind.1 The Borel conjecture is a central problem in topology: it asserts the

topological rigidity of aspherical manifolds (definitions below!). Borel made

his conjecture in a letter to Serre some 69 years ago,2 after learning of some

work of Mostow on the rigidity of solvmanifolds.

We shall reimagine Borel’s conjecture as being made after Mostow had

proved the more famous rigidity theorem that bears his name – the rigidity of

hyperbolic manifolds of dimension at least three – as the geometric rigidity of

hyperbolic manifolds is stronger than what is true of solvmanifolds, and the

geometric picture is clearer.

I will consider various related problems in a completely ahistorical order. My

motive in all this is to highlight and explain various ideas, especially recurring

ideas, that illuminate our (or at least my own) current understanding of this

area.

Based on the analogy between geometry and topology imagined by Borel,

one can make many other conjectures: variations on Borel’s theme. Many, but

perhaps not all, of these variants are false and one cannot blame them on Borel.

(On several occasions he described feeling lucky that he ducked the bullet and

had not conjectured smooth rigidity – a phenomenon indistinguishable to the

mathematics of the time from the statement that he did conjecture.)

However, even the false variants are false for good reasons, and studying

these can be quite fun (and edifying); all of the problems we consider en-

rich our understanding of the geometric and analytic properties of manifolds.

Verum ex erroris.

The tale I shall tell moves between topology and geometry, Lie groups,

1 See Saturday Night Live, season 4, episode 4.
2 May 2, 1953.
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x Preface

arithmetic, and operator theory, algebraic K-theory, and topics in Banach space

geometry that are also of interest in theoretical computer science. The goal is

to develop an appreciation for this landscape – not to explain the most recent

or important results on the conjecture itself.3

The extent of the canvas that forms the natural backdrop to this problem is

both a joy and a challenge. I cannot explain all the detail or even sketch all

action going on about this canvas, but I will try to tell some good stories4 –

simplifying enough to explain the key ideas, and providing references as best I

can to papers that have the missing parts, trying to do a bit more than that when

the results have not appeared elsewhere, but hopefully not overdoing it5 and

making anything unnecessarily complicated. The goal is to give a feeling for

what we understand rather than to give the most precise or complete statements

– a moving target that, even if hit at the moment of writing, quickly turns into

a miss.

While there is some overlap between this book and various other surveys,

almost always their treatments are superior. In particular, I recommend the

varied surveys (Farrell and Jones, 1991b; Ferry et al., 1995; Gromov, 1996;

Farrell, 2002; Farrell et al., 2002; Valette, 2002; Roe, 2003; Higson and Guent-

ner, 2004; Kreck and Lück, 2005; Lück, 2022) My hope is that the current

treatment will at the very least be useful to my own students as a response to

their FAQs and that the brevity of the discussion will be stimulating to some.

The astute reader should be able to figure out what’s in this book from its

table of contents, and the knowledgeable reader will be able to figure out what’s

missing.

This book grew out of two lecture series given in 2013, the “Frontiers

of Mathematics” lectures at Texas A&M University, and a mini-course two

weeks later at “Noncommutative Geometry and Operator Algebras XIII” at

Vanderbilt University, followed by another lecture series in Bloomington in

2014. It probably had its genesis in a lecture series I gave in memory of

Borel at ETH Zürich in 2005, although much of the material presented here

reflects developments that have occurred since then. I reworked the exposition

somewhat in the succeeding years, and finally gave up at the point when I

felt that my edits were ruining whatever sense of freshness and excitement

the original showed. Given the choice between two evils, I chose the one that

involved less work for me. I would like to thank my audiences in all these

venues for their suggestions, questions, and interest.

Even more, I am indebted to my collaborators, Arthur Bartels, Jean Bel-

3 Although the book would feel incomplete without some discussion of this.
4 More O’Henry than Homer.
5 I told myself that I didn’t want this to be more than 250 pages long!
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lissard, Jonathan Block, John Bryant, Sylvain Cappell, Stanley Chang, Jim

Davis, Mike Davis, Sasha Dranishnikov, Benson Farb, Michael Farber, Steve

Ferry, Erik Guentner, Nigel Higson, Bruce Hughes, Tadeusz Januszkiewicz,

Alex Lubotzky, Wolfgang Lück, Washington Mio, Alex Nabutovsky, Jonathan

Rosenberg, Julius Shaneson, Larry Taylor, Semail Ulgen-Yildirim, Zhizhang

Xie, Min Yan, and Guoliang Yu, for teaching me so much and sharing in the

joy of discovery of both theorems and counterexamples. I also owe a debt to my

collaborators Erik Pederson, John Roe and Bruce Williams whom I no longer

can thank. Chapters 6 and 7 owe a lot to unpublished joint work with Cappell

and with Cappell and Yan, and conversations with John Klein. I also owe a

large debt to my colleagues at Chicago, Danny Calegari, Frank Calegari, Kevin

Corlette, Matt Emerton, Alex Eskin, Benson Farb, Bob Kottwitz, Andre Neves,

Leonid Polterovich, Mel Rothenberg, Amie Wilkinson, David Witte-Morris,

and Bob Zimmer, and at Hebrew University, especially Hillel Furstenberg,

Gil Kalai, David Kazhdan, Nati Linial, Alex Lubotzky, Shachar Mozes, Ilya

Rips, Zlil Sela, and Benjy Weiss, who created such wonderful intellectual en-

vironments for discussing geometric problems, especially involving groups or

graphs. I believe that all of these people will be able to see reflections of our

conversations below, as will many friends and coworkers whose names I have

not mentioned. Comments I received from Bena Tshishiku, from David Tranah,

and from anonymous referees at Cambridge University Press were invaluable

in the revision process.

Finally, and most importantly, I need to thank my family, Devorah, Baruch,

and Esther, for many things that are more important than their encouragement

of my work and putting up with all that goes with the modern academic life.
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