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THE COSMIC MICROWAVE BACKGROUND

The cosmic microwave background (CMB), the radiation left over from the Big

Bang, is arguably the most important topic in modern cosmology. Its theory

and observation have revolutionized cosmology from an order-of-magnitude

science to a precision science. This graduate textbook describes CMB physics

from first principles in a detailed yet pedagogical way, assuming only that the

reader has a working knowledge of general relativity. Among the changes in

this second edition are new chapters on non-Gaussianities in the CMB and on

large-scale structure, and extended discussions on lensing and baryon acoustic

oscillations, topics that have developed significantly in the past decade. Dis-

cussions of CMB experiments have been updated from Wilkinson Microwave

Anisotropy Probe (WMAP) data to the new Planck data. The CMB success story

in estimating cosmological parameters is then treated in detail, conveying the

beauty of the interplay of theoretical understanding and precise experimental

measurements.

ruth durrer is a full professor at the Department of Theoretical Physics

at Geneva University and was the department director for about 10 years. She

previously held junior positions at Zürich, Princeton, and Cambridge Universities.

Among her other duties, she was a member of the Swiss Research Council and

of the evaluation board for European Research Council Advanced Grants. She

has written more than 230 research papers and reviews on different topics in

cosmology. Her main research subjects are the CMB and large-scale structure,

topological defects, cosmological phase transitions, cosmic magnetic fields, and

gravitational waves.
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Description: Second edition. | New York : Cambridge University Press, 2020. |

Includes bibliographical references and index.

Identifiers: LCCN 2020034137 (print) | LCCN 2020034138 (ebook) |

ISBN 9781107135222 (hardback) | ISBN 9781316471524 (epub)

Subjects: LCSH: Cosmic background radiation.

Classification: LCC QB991.C64 D87 2020 (print) |

LCC QB991.C64 (ebook) | DDC 523.1–dc23

LC record available at https://lccn.loc.gov/2020034137

LC ebook record available at https://lccn.loc.gov/2020034138

ISBN 978-1-107-13522-2 Hardback

Additional resources for this publication at www.cambridge.org/9781107135222.

Cambridge University Press has no responsibility for the persistence or accuracy

of URLs for external or third-party internet websites referred to in this publication

and does not guarantee that any content on such websites is, or will remain,

accurate or appropriate.

www.cambridge.org/9781107135222
www.cambridge.org


Cambridge University Press
978-1-107-13522-2 — The Cosmic Microwave Background
Ruth Durrer 
Frontmatter
More Information

www.cambridge.org© in this web service Cambridge University Press

To Martin, Florian, Melchior, Anna, and Sacha

www.cambridge.org/9781107135222
www.cambridge.org


Cambridge University Press
978-1-107-13522-2 — The Cosmic Microwave Background
Ruth Durrer 
Frontmatter
More Information

www.cambridge.org© in this web service Cambridge University Press

www.cambridge.org/9781107135222
www.cambridge.org


Cambridge University Press
978-1-107-13522-2 — The Cosmic Microwave Background
Ruth Durrer 
Frontmatter
More Information

www.cambridge.org© in this web service Cambridge University Press

Contents

Preface page xi

1 The Homogeneous and Isotropic Universe 1

1.1 Homogeneity and Isotropy 2

1.2 The Background Geometry of the Universe 3

1.3 Recombination and Decoupling 14

1.4 Nucleosynthesis 29

1.5 Inflation 44

2 Perturbation Theory 60

2.1 Introduction 60

2.2 Gauge-Invariant Perturbation Variables 61

2.3 The Perturbation Equations 74

2.4 Simple Examples 84

2.5 Light-Like Geodesics and CMB Anisotropies 92

2.6 Power Spectra 98

2.7 Sources 112

2.8 Final Remarks 122

3 Initial Conditions 127

3.1 Scalar Field Perturbations 128

3.2 Perturbations of the Scalar Field Action in Unimodular Gauge 133

3.3 Generation of Perturbations during Inflation 135

3.4 Non-Gaussianities from Inflation 146

3.5 Mixture of Dust and Radiation Revisited 150

4 CMB Anisotropies 163

4.1 Introduction to Kinetic Theory 163

4.2 The Liouville Equation in a Perturbed FL Universe 168

vii

www.cambridge.org/9781107135222
www.cambridge.org


Cambridge University Press
978-1-107-13522-2 — The Cosmic Microwave Background
Ruth Durrer 
Frontmatter
More Information

www.cambridge.org© in this web service Cambridge University Press

viii Contents

4.3 The Energy–Momentum Tensor 173

4.4 The Ultrarelativistic Limit, the Liouville Equation for Massless

Particles 179

4.5 The Boltzmann Equation 186

4.6 Silk Damping 200

4.7 The Full System of Perturbation Equations 202

5 CMB Polarization and the Total Angular Momentum Approach 208

5.1 The Stokes Parameters and the E-, B-Modes 209

5.2 The Small-Scale Limit and the Physical Meaning of E and B 215

5.3 Polarization-dependent Thomson Scattering 218

5.4 Total Angular Momentum Decomposition 220

5.5 The Spectra 225

5.6 The Boltzmann Equation 232

6 Non-Gaussianities 244

6.1 Introduction 244

6.2 The Bispectrum in Fourier Space 245

6.3 The CMB Bispectrum 251

6.4 Beyond the Bispectrum 258

7 Lensing and the CMB 268

7.1 An Introduction to Lensing 268

7.2 The Lensing Power Spectrum 272

7.3 Lensing of the CMB Temperature Anisotropies 275

7.4 Lensing of the CMB Polarization 283

7.5 Non-Gaussianity 292

7.6 Other Second-Order Effects 293

8 Observations of Large-Scale Structure 296

8.1 Introduction 296

8.2 Redshift Space Distortion and Lensing 297

8.3 The Fully Relativistic Angular Matter Power Spectrum 305

8.4 The Correlation Function 315

8.5 Intensity Mapping 322

9 Cosmological Parameter Estimation 329

9.1 Introduction 329

9.2 The Physics of Parameter Dependence 331

9.3 Reionization 336

9.4 CMB Data 337

9.5 Statistical Methods 345

www.cambridge.org/9781107135222
www.cambridge.org


Cambridge University Press
978-1-107-13522-2 — The Cosmic Microwave Background
Ruth Durrer 
Frontmatter
More Information

www.cambridge.org© in this web service Cambridge University Press

Contents ix

9.6 Degeneracies 367

9.7 Non-Gaussianity 374

9.8 Large-Scale Structure Observations 375

9.9 Complementary Observations 383

10 The Frequency Spectrum of the CMB 388

10.1 Collisional Processes in the CMB 388

10.2 A Chemical Potential 402

10.3 The Sunyaev–Zel’dovich effect 410

Appendix 1 Fundamental Constants, Units and Relations 416

Appendix 2 General Relativity 420

Appendix 3 Perturbations 425

Appendix 4 Special Functions 430

Appendix 5 Entropy Production and Heat Flux 454

Appendix 6 Mixtures 459

Appendix 7 Statistical Utensils 461

Appendix 8 Approximation for the Tensor Cℓ Spectrum 468

Appendix 9 Boltzmann Equation in a Universe with Curvature 473

Appendix 10 Perturbations of the Luminosity Distance 482

References 487

Index 498

www.cambridge.org/9781107135222
www.cambridge.org


Cambridge University Press
978-1-107-13522-2 — The Cosmic Microwave Background
Ruth Durrer 
Frontmatter
More Information

www.cambridge.org© in this web service Cambridge University Press

www.cambridge.org/9781107135222
www.cambridge.org


Cambridge University Press
978-1-107-13522-2 — The Cosmic Microwave Background
Ruth Durrer 
Frontmatter
More Information

www.cambridge.org© in this web service Cambridge University Press

Preface

Cosmology, the quest concerning the Universe as a whole, has been a primary

interest of study since the beginnings of mankind. For a long time our ideas about

the Universe were dominated by religious beliefs – tales of creation. Only since

the advent of general relativity in 1915 have we had a scientific theory at hand that

might be capable of describing the Universe. Soon after Einstein’s first attempt

of assuming a static universe, Edwin Hubble and collaborators discovered that

the observable Universe is expanding [Hubble, 1929; see, however, Nussbaumer

& Bieri (2009) recounting the discovery of the expansion of the Universe]. This,

together with the discovery of the cosmic microwave background (CMB) by

Penzias and Wilson (Nobel Prize 1978), has established the theory of an expanding

and cooling universe that started in a “big bang.”

For a long time observations that have led to the determination of cosmological

parameters, such as the rate of expansion, the so-called Hubble parameter, and the

mean matter density of the Universe or its curvature, have been very sparse and we

could only determine the order of magnitude of these parameters.

Roughly since the beginning of this century, this situation has changed drasti-

cally and cosmology has entered an era of precision measurements. This major

breakthrough is to a large extent due to precise measurement and analysis of the

CMB. In this book I develop the theory that is used to analyze and understand

measurements of the CMB, especially of its anisotropies and polarization, but also

its frequency spectrum. The 2006 Nobel Prize in Physics was awarded to George

Smoot and John Mather, for the discovery of these anisotropies and for precise

measurements of the CMB spectrum.

The book is directed mainly toward graduate students and researchers who want

to obtain an overview of the main developments in CMB physics, and who want

to understand the state-of-the-art techniques that are used to analyze CMB data.

I believe that the theory of CMB physics is sufficiently mature for a book on this

topic to be useful. I shall not enter into any details concerning CMB experiments.

xi
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xii Preface

This is by no means because I consider them less interesting, but rather that they

are still in development and will hopefully make significant progress, especially

in polarization measurements, in the near future. Of course, my background is

also that of a theoretical physicist and my main interest lies in the theoretical

aspects of CMB physics. I hope, however, that this book will also be useful to

CMB experimentalists, or more precisely analysts, who want to know what happens

inside their cosmic parameter estimation routines.

It is assumed that the reader is familiar with undergraduate physics including

the basics of general relativity, and has an elementary knowledge of quantum field

theory and particle physics. The beauty of cosmology lies in the fact that it employs

more or less all fields of physics starting with general relativity over thermody-

namics and statistical physics to electrodynamics, quantum mechanics, and particle

physics. In this book I do not want to present an introduction to these topics as well,

since, first of all, there exist wonderful textbooks on all of them, and second, you

have learned them in your undergraduate physics courses.

Before we start, let me sketch the content of the different chapters and provide a

guide on how to read this book.

The first chapter is an overview of the homogeneous and isotropic universe. We

present and discuss the Friedmann equations, recombination, nucleosynthesis, and

inflation. Readers familiar with cosmology may skip this chapter or just skim it to

familiarize themselves with the notation used.

In Chapter 2 we develop cosmological perturbation theory. This is the basics of

CMB physics. The main reason why the CMB allows such an accurate determina-

tion of cosmological parameters lies in the fact that its anisotropies are small and

can be determined mainly within first-order perturbation theory. In Fourier space

the linear perturbation equations become a series of ordinary linear differential

equations, which can be solved numerically to high precision without any difficulty.

We derive the perturbations of Einstein’s equations and the energy–momentum

conservation equations and solve them for some simple but relevant cases. We

also discuss the perturbation equation for light-like geodesics. This is sufficient

to calculate the CMB anisotropies in the so-called instant recombination approx-

imation. The main physical effects that are missed in such a treatment are Silk

damping on small scales and polarization. We then introduce the matter and CMB

power spectrum and draw our first conclusions for its dependence on cosmological

and primordial parameters. For example, we derive an approximate formula for the

position of the acoustic peaks. Section 2.7 discusses fluctuations not laid down at

some initial time but continuously sourced by some inhomogeneous component, a

so-called source. This section lies somewhat outside the main scope of this book

and can be skipped in a first reading. An experimentalist mainly interested in
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Preface xiii

parameter estimation may jump, after Chapter 2, directly to Chapter 9 and skip

the more theoretical parts between.

The third chapter is devoted to the initial conditions. Here we explain how the

unavoidable quantum fluctuations are amplified during an inflationary phase and

lead to a nearly scale-invariant spectrum of scalar and tensor perturbations. We also

calculate the small non-Gaussianities generated during single-field inflation and

discuss the initial conditions for mixed adiabatic and isocurvature perturbations.

In Chapter 4 we derive the perturbed Boltzmann equation for CMB photons.

After a brief introduction to relativistic kinetic theory, we first derive the Liouville

equation, that is, the Boltzmann equation without collision term. We also discuss

the connection between the distribution function and the energy–momentum tensor.

We then derive the collision term, that is, the right-hand side of the Boltzmann

equation, due to Thomson scattering of photons and electrons. In this first attempt

we neglect the polarization dependence of Thomson scattering. This treatment,

however, includes the finite thickness of the last scattering surface and Silk damp-

ing. The chapter ends with a list of the full system of perturbation equations for a

�CDM universe, including massless neutrinos.

In Chapter 5 we discuss polarization. Here we derive the total angular momen-

tum method that is perfectly adapted to the problem of CMB anisotropies and

polarization, taking into account its symmetry, which allows a decomposition into

modes with fixed total angular momentum. The representation theory of the rotation

group and the spin weighted spherical harmonics that are extensively used in this

chapter are deferred to an appendix. We interpret some results using the flat sky

approximation, which is valid on small angular scales. This is the most technical

chapter of this book and may be glanced over by readers not interested in the gory

details.

In Chapter 6 we present an introduction to the vast subject of non-Gaussian

perturbations. We mainly concentrate on the bispectrum and the trispectrum. We

define some standard shapes of the bispectrum in Fourier space and translate them

to angular space. For a description of an arbitrary N-point function in the sky

we introduce a basis of rotation-invariant functions on the sphere in Appendix 4,

Section A4.2.5. This chapter has been added in the second edition.

In Chapter 7 we introduce weak lensing due to foreground structures with the

aim of treating lensing of CMB anisotropies and polarization. This second-order

effect is especially important on small scales but has to be taken into account for

ℓ >
∼ 400 if we want to achieve an accuracy of better than 1%. We first derive the

deflection angle and the lensing power spectrum. Then we discuss lensing of CMB

fluctuations and polarization in the flat sky approximation, which is sufficiently

accurate for angular harmonics with ℓ >
∼ 50 where lensing is relevant.
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xiv Preface

In Chapter 8 we present the analysis of the large scale matter distribution within

linear perturbation theory in a fully relativistic way. We take into account that only

directions and redshifts are observable while lengths scales are always inferred

from a cosmological model. We first introduce the traditional density and redshift

space distortion contribution to the observed fluctuations and then proceed to dis-

cuss the smaller lensing and large-scale relativistic terms. We express the clustering

properties of matter in terms of directly observable quantities and study their scale

and redshift dependence. We also discuss “intensity mapping,” a new observational

technique that will hopefully bear fruit in the near future. This chapter has been

newly added in the second edition.

Chapter 9 is devoted to parameter estimation. We first discuss the physical

dependence of CMB anisotropies on cosmological parameters. After a section on

CMB data we then treat in some detail statistical methods for CMB data analysis.

We discuss especially the Fisher matrix and explain Markov chain Monte Carlo

methods. We also address degeneracies, combinations of cosmological parameters

on which CMB anisotropies and polarization depend only weakly. Because of

these degeneracies, cosmological parameter estimation also makes use of other,

non-CMB related, observations, especially observations related to the large-scale

matter distribution. We summarize them and other cosmological observations in

two separate sections.

In the final chapter, spectral distortions of the CMB are discussed. We first

introduce the three relevant collision processes in a universe with photons and

nonrelativistic electrons: Compton scattering, Bremsstrahlung, and double Comp-

ton scattering. We derive the corresponding collision terms and Boltzmann equa-

tions. For Compton scattering this leads us to the Kompaneets equation, for which

we present a detailed derivation. We introduce timescales corresponding to these

three collision processes and determine at which redshift a given process freezes

out, that is, becomes slower than cosmic expansion. We also discuss the generation

of a chemical potential in the CMB spectrum by a hypothetical particle decay

and by Silk damping of small-scale fluctuations. Finally, we study the Sunyaev–

Zel’dovich effect of CMB photons that pass through hot cluster gas.

All chapters are complemented with some exercises at the end.

In the appendices we collect useful constants and formulas, information on spe-

cial functions, and some more technical derivations. The solutions to a selection of

exercises can be found in Appendix 11 available online.

This book has grown out of a graduate course on CMB anisotropies that I have

given on several occasions. Thanks are due to the students of these courses, who

have motivated me to write it up in the form of a textbook. I am also indebted to

many collaborators and colleagues with whom I have discussed various aspects

of the book and who have helped me to clarify many issues. I especially want
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to mention Camille Bonvin, Chiara Caprini, Martin Kunz, Toni Riotto, Uros

Seljak, Norbert Straumann, and Filippo Vernizzi. I am also immensely grateful to

students and colleagues who have read parts of the draft and helped me correct

numerous typographical errors and other mistakes: Giulia Cusin, Jean-Pierre

Eckmann, Jérémie Francfort, Alice Gasparini, Basundhara Ghosh, Goran Jelic-

Cizmek, Francesca Lepori, Ermis Mitsou, Sandro Scodeller, Vittorio Tansella,

Szabolcs Zakany, and others. Of course any remaining mistakes are entirely my

responsibility. Basundhara Ghosh, Francesca Lepori, Vittorio Tansella, Marcus

Ruser, and Martin Kunz have also helped me with some of the figures. Finally,

I wish to thank Susan Staggs, who provided me with a most useful dataset of the

CMB frequency spectrum (which unfortunately had no need to be updated for the

second edition of the book).
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