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Abel’s limit theorem, 39

absolute value, 4

analytic function

at a point, 20

between Riemann surfaces, 226

in an open set, 20

weakly, 121

analytic continuation

along a curve, 217

direct, 216

annulus, 72

arc, 43

analytic, 125, 138

geodesic, 125

Jordan, 195

one-sided, 134

two-sided, 134

arc length integral, 46

arg, argument, 4

argument principle, 76

Arzela–Ascoli theorem, 158

barrier, local, 209

Blaschke product, 183

Bloch’s constant, 167

Bloch’s theorem, 167

bootstrap technique, 208

Bouligand’s lemma, 210

boundary Harnack inequality, 117

branch point, 228

Brennan conjecture, 137

C, complex numbers, 3

C(""), 207

C("), 157

C
∗, extended plane, 9

Carathéodory’s theorems, 130, 202

Cauchy integral, 109

Cauchy principal value integral, 146

Cauchy product, 23

Cauchy transform, 109

Cauchy–Riemann equations, 111

Cauchy–Schwarz inequality, 7

Cauchy’s estimate, 51

Cauchy’s integral formula, 64

Cauchy’s theorem, 63

chart, coordinate, 221

chordal metric, 10

“circle”, 10, 83

circle, generalized, 83

circular triangle, 231

complex number

absolute value, |z|, 4

argument, arg z, 4

complex conjugate, z, 5

imaginary part, Imz, 4

i, (0,1), 4

modulus, |z|, 4

real part, Rez, 4

complex numbers, C, 3

addition, 3

multiplication, 3

components

closed, 60

open, 60

conformal map, 93

continuous functions

on boundary of region ", C(""), 207

on a region ", C("), 157

convergence

locally uniform, 157

non-tangential, 39

normal, 157

quadratic, 29

convergence type, 254

convergent series, 7

coordinate chart, 221

coordinate disk, 221

coordinate function, 221

coordinate map, 221

cover-up method, 17

covering lemma, 59

crosscut, 206

curve, 43

closed, 43

Jordan, 195

length, �(³ ), |³ |, 46

lift, 224

piecewise continuous differentiable, 43

simple, 43

sum or union, 45

cycle, 46
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"D, unit circle, 5

D, unit disk, 5

deck transformation, 226

�, Laplacian, 105

dipole Green’s function, 239

Dirichlet problem, 207

Perron solution, 209

Dirichlet–Neumann problem, mixed, 139

“disk”, 83

disk

coordinate, 221

hyperbolically strictly convex, 126

disk-chain, 127

closed, 127

dist("", K), 54

divergence type, 254

divergent series, 7

dog bone contour, 155

double, of a Riemann surface, 244

doubly-connected region, 213

elliptic curve, 258

elliptic function, 138, 248

elliptic integral, 138

enclosed point, 76

entire function, 50

equicontinuity

at a point, 158

on a set, 158

uniformly, 158

error, round-off, 30

essential singularity, 75

Euler’s constant, 184

evenly covered set, 224

exp, exponential function, 28

extended plane, C
∗, 9

ez, exponential function, 28

F , 251

Fb, 255

Fourier series, 110

Fourier sine series, 110

Fourier transform, 145

Fuchsian group, 251

fundamental domain, 248

fundamental group, 226, 228

fundamental theorem of algebra, 15

�(z), 184

gamma function, 184

genus, of a product, 178

geodesic, 99, 125

geodesic arc, 125

geodesic zipper algorithm, 123

Green’s function, 213, 214

dipole, 239

on a Riemann surface, 233

H, upper half-plane, 32

Hadamard’s three-circles theorem, 114

Hadamard’s three-lines theorem, 116

harmonic conjugate, 112

harmonic function, 105

harmonic measure, on a Riemann surface, 235

Harnack’s inequality, 116

Harnack’s principle, 118

Harnack’s theorem, 116

Herglotz integral, 109

Herglotz kernel, 109

Hölder, O., 6

Hölder’s inequality, 116

holomorphic function, 47

homologous, to 0, 67

homologous curves, 67

homotopic curves, 218

homotopy, 218

Hurwitz’s theorems, 129

hyperbolic disk, convexity, 126

hyperbolic geodesic, 125

hyperbolic geometry, 99

hyperbolic metric, 41, 99

i, complex number (0,1), 4

identity theorem, 23

index, 65

inner normal, 68

integers, Z, 247�
³ f (z)dz, 44, 59

�
³ f (z)|dz|, 46

integral

on a continuous curve, 59

on a piecewise continuous differentiable curve, 44, 46

irregular point, 209

isolated singularity, 74

at ∞, 75

Janiszewski’s lemma, 198

Jensen’s theorem, 181

Jordan arc, 195

Jordan curve, 195

with positive area, 195

Jordan curve theorem, 199

Jordan region, 202

Joukovski map, 89

jump theorem, 109

Jørgensen’s theorem, 125

keyhole contour, 148

Koebe conjecture, 214

Koebe’s theorem, 167

L, Laplace transform, 150

Lakes of Wada, 197

Landau’s constant, 167

Landau’s theorem, 167
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Laplace transform, L, 150

inverse, 151

Laplace’s equation, 105, 112

Laurent series, 72

Legendre’s duplication formula, 190

length of a curve, 46

length–area principle, 202

LFT, 82

lift of a curve, 224

Lindelöf’s maximum principle, 115

linear fractional transformation, 82

Liouville’s theorem, 35

local barrier, 209

locally bounded family of functions, 160

locally conformal function, 34

locally connected set, 205

log, logarithmic function, 70

MacMillan twist point, 206

Marty’s theorem, 162

maximum principle, 31, 106

mean-value inequality, 106

mean-value linear theorem fails, 30

mean-value property, 31, 105

Mellin transform, 148

Mercator projection, 101

meromorphic function, 75

mesh, 46

Mittag–Leffler’s theorem, 170

Möbius transformation, 82

modular function, 232

modulo 2Ã , 5

modulus, 4

monodromy theorem, 219

Montel’s theorem, 165

Morera’s theorem, 52

multiple-valued function, 70

n(³ , a), winding number, 65

Neumann problem, 139

Newton iterate, 29

Newton’s method, 29

approximate, 30

non-Euclidean geometry, 99

non-tangential cone, 38

normal family

chordal metric, 160

Euclidean metric, 156

normal fundamental domain, F , 251

north pole, 9

one pole in each hole, 56

one-dimensional Hausdorff measure

zero, 71

one-to-one function, 33

one-sided boundary arc, 134

open map, 33

P , Weierstrass P function, 174

Painlevé’s theorem, 71

parking-lot ramp, 220

partial fractions, 16

Perron family, 207

Perron solution, 209

Ã1(", b), fundamental group, 228

Picard’s great theorem, 166

Picard’s little theorem, 166, 231

Poisson integral, 108

Poisson kernel, 108, 215

polar grid, standard, 81

pole

of a rational function, 55

order of, 74

simple, 75

polygonal curve, 60

polygonal tree, 137

polynomial, 13

degree of, 13

linear, 13

zero of, 15

positive orientation, 68

power series

convergent, 18

uniqueness of, 22

prevertices, 135

prime number theorem, 191

principal value integral, 146

product

absolute convergence of, 176

convergence of, 176, 177

genus of, 178

of two curves, 227

proper function, 41

properly discontinuous group, 227

pseudohyperbolic metric, 41, 251

R, real line, 5

radius of convergence, 19

Rado’s theorem, 242

rational function, 16, 24

pole of, 55

real line, R, 5

reflection

about a circle, 230

across "D, 137

across R, 5

reflection principle, 133

region, 22

doubly-connected, 213

regular point, 209

regular region, 209

removable set, 72

removable singularity, 74

reparameterization, 44

Resa, residue, 141

residue, Resa, 141
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residue theorem, 141

Riemann hypothesis, 186

Riemann mapping theorem

via the Dirichlet problem, 212

via Harnack’s principle, 132

via normal families, 163

Riemann sphere, S
2, 9, 222

Riemann surface, 221

evenly covered, 224

of an analytic function, 222

simply-connected, 222

Riemann zeta function, 61, 186

Riemann’s removable singularity theorem, 70

for harmonic functions, 120

Robin constant, 259

root test, 19

Rouché’s theorem, 76

Runge’s theorems, 54, 57

S
2, Riemann sphere, 9

Schwarz reflection principle, 133

Schwarz’s lemma, 35

for harmonic functions, 120

invariant form, 36

Schwarz’s theorem, 107

Schwarz–Christoffel theorem, 136

separates, 198

series

convergent, 7

absolutely convergent, 7

divergent, 7

radius of convergence, 19

simply-connected region, 68

and homology, 68

and homotopy, 219

Riemann surface, 222

singular part, 170

singularity

essential, 75

isolated, 74

pole, 74

removable, 74

spherical derivative, 161

spherical distance, 162

standard polar grid, 81

stereographic projection, 8

Stirling’s formula, 190

Stolz angle, 38

subharmonic, 106

symmetric about R, 132

torus, 222

transition map, 221

triangle inequality, 6

trigonometric functions, 91

inverse, 92, 93

two-sided boundary arc, 134

two-to-two function, 33

uniformization theorem, 242

case 1, 237

case 2, 239

uniqueness theorem, 23

unit circle, "D, 5

unit disk, D, 5

universal covering map, 225

universal covering surface, 225

upper half-plane, H, 32

walking the dog, 14, 31

weakly-analytic function, 121

Weierstrass P function, 174

Weierstrass M-test, 18

Weierstrass’s product theorem, 177

Weierstrass’s theorem, 57

welding homeomorphism, 140

Weyl’s lemma, 121

winding number, n(³ , a), 65

winds, around a point, curve, 66

world’s greatest function, 38, 97

Z, 247

Zalcman’s lemma, 164

zero, 22

order of, 74

simple, 75

· (z), 61, 186

zeta function, · (z), 61, 186

zipper algorithm, 123
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