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analysis, 10
Platonic, as, 10, 112
test thought-experiments, 79
can turn tests into proofs, 100
see also synthesis
a priori synthetic judgments, 115
authoritarianism, 151, 155, 163
axioms
absolute truth of, 115
complicated and artificial, 151
fallibility of, 60

background knowledge, 60, 74
bounded variation: origin and discovery
155-62

capital, Marx’s theory of, 155
Cauchy’s theorem
on continuity, ix, 136-50, 154
on integrals, 149
cavities, 97
certainty, 92, 108, 131
and finality, 67, 128
chains, k-, 119-25
properties of, 120
form a vector space, 123
circuit, k-, 120
form a subset of the chain space, 123
classification
naive versus theoretical, 97
nominal versus real, 97
clear and distinct ideas, 34
concept-formation, 70, 89-104
see also concepts, concept-stretching
concepts
naive, 95
naive and theoretical, 99-100
precise versus vague, 106, 129
proof-generated, 95-6, 136, 139, 153-63
refutation-generated, 91
see also concept-formation,
concept-stretching

of,

178

concept—stretching, 22-4,89-92,99-101, 106-8

and lemma-incorporation, 94
limits to, 101, 105-11
may refute a theorem, 104-5
surreptitious versus open, 109
theoretical versus naive, 99-100
see also concept formation, concepts
conceptual instrumentalism, 161
conditions
difficult to achieve for
Descartes—Euler conjecture, 127
sufficient and necessary, 67-9
see aslo theorem
conjectures, 80
ad hoc, 53
improving, 28-9, 3545
inductive, 77
naive (primitive), 44, 78, 96, 135
plausible and implausible, 13
proving false, 14-15, 39, 80
rejection of, 13
subconjectures, 10-15

conjectures and refutations, method of, 78, 158

content, 60-89
and depth, 103
and finality-certainty conditions, 67
increasing, 60-7, 85, 101-5
comparison of proofs for, 69
context of discovery and context of
justification, 152
continuity
Abel’s theorem on, 142
Cauchy’s characterisation of, 154, 156
Fourier’s conception of, 137
piecewise, 161
of principle, 135, 153
conventionalist strategem, 105
conventions, 121, 126
convergence, 13544, 149
infinitely slow, 138
uniform, see uniform convergence
corroborations, 7
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and counterexamples, 92
logical and heuristic, 87
counterexamples, 11, 87-9
as a reflection on the mathematician, 147
eccentric, 56
global, 11, 15, 35, 46, 143, 153
global and local, 32, 50, 67, 88, 135, 140, 154
global but not local, 45-60, 67, 88
local, 11, 14-15, 46
local but not global, 10-12, 60-70, 88
logical and heuristic, 87-9, 92, 98-9
mock, 154
not necessary for proof-analysis, 51
petty, 55
rejection of, 15-26
theoretical and naive, 99-101
see also Descartes—Euler conjecture, proofs,
refutations
criticism
fake, 15
and growth, 119
heuristic, 110
literary, 147
mathematical, 87
may turn mathematical truth into logical
truth, 105-11
of a conjecture, 10
crystals, 14

decision procedure, 4, 113
deduction

generalisation by, 101

as heuristic pattern of mathematics, 152-3

and increased content, 86

and infallibility, 128, 133—4, 146
deductivist style, 151-63
definitions, 1

ad hoc, 25

essentialism in, 20

essentialist versus nominalist theory of, 98,

126-34, 162

"hidden’ clauses of, 23

monster-including, 91

Pascal’s rules of, 113

of polyhedra, 15-25

proof-generated, 129-30, 151, 163

rigorous, 106

translatory, 129-31

zero, 143
degeneration, mathematical, 163
depth of a proof, 634, 102-3, 127
Descartes—Euler conjecture, 6, 9

Becker’s version of, 103

Cauchy’s proof of, 7-8, 63, 69, 94, 96, 146
counterexamples to, (cylinder) 50, (crested
cube) 74, (nested cube) 36, (picture frame)
46, (twintetrahedron) 40, (urchin), 18-19
decomposed into two parts, 123
different versions are the result of different
proofs, 69-70
formulated in vector-algebraic terms, 121-3
further generalised to include ringshaped
faces, 83
generalised to n-spheroid polyhedra, 83
Gergonne’s proof of, 63, 69, 96
irrefutable master-theorem, 54, 67
Jordan’s version of, 103
Legendre’s proof, 64, 69
naive version, 43, 70
original problem situation of, 89
perfect formulations of, 28, 43
Poincaré’s proof of, 96, 112, 124-5
relations analogous to, 74
restricted to convex, 30, 32, 44
restricted to quasi-convex
polyhedra, 63
restricted to simple polyhedra, 36
restricted to simple polyhedra with simply-
connected faces, 39, 44, 112
‘safe’ formulation of, 31-2, 40
dialectic, 5, 39, 100, 155
accounts for change without criticism, 58
divergent series, 146
dogmatism, 4-5
and the theory of error, 33
see also scepticism
dominant theory, 130-3; see Euclideanism

edges
as the boundary of a face, 119
Cayley’s definition of, 102
invented by Euler, 6
undefined, 113
education, 151-2
error, 34, 158
essentialism: and the Euclidean programme,
131
in definitions, 20, 126-34
modified, 129-30
Euclideanism, 113, 129, 146-7, 153
deleterious effect on mathematics, 148
Euclidean style, 151-63
separates guessing and proving, 146
evolution, 4, 24
exception-barring, 26-32, 44, 62, 70, 89, 92,
1414, 148
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exception-barring (cont.)
as the standard method before
Seidel, 144
Cauchy’s method and the revolution in
rigour, 145

combined with proof-analysis and lemma-

incorporation, 40
continuum of methods, 39
modified, 30

faces
boundary of, 119
undefined, 113
see also polyhedra
fallibilism, 147
finality, 126-34
and certainty, 67, 113, 128
and depth, 127
formalism
eighteenth-century, 1, 146
Hilbert’s, 59
twentieth-century, 130
four-colour conjecture, 7, 77
Fourier’s conjecture, 150, 157
counterexamples to, 157, 159
proved and improved by Dirichlet,
157-9
proved by Cauchy, 157
Fourier series, 138, 141
functions, as monsters, 21-2, 25, 160
see also Cauchy’s theorem, convergence,
Fourier’s conjecture, uniform
convergence

geometry
analytical, 20
as a 'dominant’ theory, 130, 132-3
Euclidean, 52
non-Euclidean, 27, 59, 147

Godel sentences, 2

Goldbach’s conjecture, 77

graph theory, 98

guessing
deductive, 98-9
deductive versus naive, 74-81
guesswork versus insight, 32
as a heuristic pattern, 99-101
increased content by deductive guessing,

81-7

Hegelianism, 147

and heuristic, 151

see also dialectic, Hegelian triad
Hegelian triad, 132-3, 151, 158

heuristic, x, 3, 12
counterexamples, 88, 98-9
criticism, 110
deductive, 77, 152-3
dogmas, 40
follows a zig-zag path, 44
Hegelian conception of, 151
helps to ignore refutations, 79
and historical variation, 99-100
inductive, 77
language dynamics, 98
like scientific heuristic, 78
may deviate from the historical pattern,
135
Pappian, 67, 80
rules of the method of proofs and
refutations, 53, 61, 68, 70, 80, 104
and vagueness, 106
versus deductivist approach, 151-63
historicism, 57

ideology, political, 52
incidence matrices, 114, 118, 1234
induction: Abel’s criticism of, 142
and analysis, 10
as the basis of the method of proofs and
refutations, 72-4, 95
eighteenth-century inductivism, 146
inductive conjectures and inductive
heuristic, 77
inductivist style, 151
infallibilist theory, 160
see also Euclideanism, fallibilism
infinite regress, 43, 56
see also proofs, vicious infinity
integral
Cauchy’s, 156, 158
Dirichlet’s, 158
Lesbesgue’s, 159
Riemann’s, 161
Riemann’s criticism of Cauchy’s, 158, 161
Riemann-Stieltjes, 156
textbook presentation of, 129-30
interpretations
dogmatic versus sceptical, 105
intended and unintended, 89-91
intuitionism, 55, 59
see also language
intuitions
as a source of definitions and axioms, 114
clear and distinct, 129-30
conjectures turned into, 114
deductive, 147
mature, 54
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knowledge
autonomy of, 155
growth of, 87-9, 99-100, 101
see also conjectures

language

and the growth of knowledge, 99

and the problem of universals, 98

changes in, 99

formalised, 99

irrelevant to mathematics, 55

laws of, 87

linguistic precision, 85

naive versus theoretical, 97

natural language reflects the essence of an

object, 122

vagueness of, 55
lemma—incorporation, 35-45, 70

dogmatist interpretation of, 49-50

playing for safety, 61

rechristened the method of proof and

refutations, 53

relies on the proof, 44

versus exception-barring, 38
lemmas, 10

ad hoc versus suitable, 53

discovery of, 54

false, 11

hidden, 46-50, 59, 135, 140, 143, 154

improved, 13

trivially true, 42-3, 48-9

see also lemma-incorporation
logic

ancient, 867

Bolzano’s, 109

and deductive infallibility, 147

depends upon translation, 131

of discovery, 3, 152-3

as the dominant theory, 133—4

and exception-barring, 26-7

inductive, 29, 77

informal, 101

informal theorems of, 60

and language statics, 99

logical constants, 132

logical form, 109-10

mathematical, 21-2, 128

of mathematics, 152

situational, 1, 3—4

theory and practice of, 87

three-valued, 57

union with mathematics, 59
logical positivism, 2, 99
logicism, 59

mathematics
autonomy of, 155
degeneration of, 103, 153
as eternal truth, 151
formalist philosophy of, 1-5
foundations of, 58
teaching of, ix, 151-3
union with logic, 59
measure theory, 132-3, 159, 162
Carathéodory’s definition of measurable
set, 162-3
outer measure, 162
mechanics
Newtonian, 52
rational, 132-3
wave, 130
metamathematics, 1, 3, 5, 59
and the search for a dominant
theory, 132-3
monster-adjustment, 32-5, 59, 103
monster-barring
and content, 94
in defence of the theorem, 45
definitions, 104, 106
disguised, 151
the method of, 15-28, 44, 49, 53, 70, 89
and rigour, 59
versus exception barring, 31
monsters, 24, 53, 102, 104, 131
examples of, 15-26, 160

optics, Newtonian, 147

paradoxes
inventor’s paradox, 72
of set theory, 59
piecemeal engineering, 42
playing for safety, 26-32, 40
polygons, 6
heptagon, 20, 76
inner, 85, 97-8
multiply-connected, 85, 97-8
perfect, 81
ringshaped, 34, 37, 41, 85, 97-8
star, 18-19, 33, 116
systems of, 15-16, 74-6
triangular, 20, 76
polyhedra, 6
almost convex, 64
boundary of, 107, 119, 126
Cauchy, 54, 71
with cavities, 85, 97, 102
complex, 91
concave and convex, 23, 30, 44, 89, 91-2
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polyhedra (cont.)
crested cube, 36-7, 40, 83
cube, 62
cylinder, 24, 30, 45, 50, 56, 85, 88, 102, 105-6,
129
defined in vector-algebraic terms, 114, 126
definitions of, 15-25, 97-8
dodecahedron, 62
essence of, 113
heptahedron, 116-19
Lhuilier’s classification of, 97
naive concept of, 105
nested cube, 14
normal, 81
n-spheroid, 83
octahedron, 116
one-sided, 88, 103, 116
open, 103
picture frame, 20, 23, 35, 51, 71, 82, 88
primitive, 115
prisms and pyramids, 90
regular, 6, 89
simple, 36, 90, 93, 106, 120
simply-connected, 91, 103, 105, 115, 127
spherical, 35
star, 17-18, 33, 35, 45, 65-6, 90, 96, 103
tabulated values for F, V, and E, 73
torus, 36
triangular, 35
twintetrahedron, 16, 28, 85, 103, 106
uneigentliche, 17
polytopes, 115
see also polyhedra
power series, 141-4
pragmatism, 57
probability theory, 132-3, 162
problems, 6
one does not solve the problem one has set
out to solve, 96
problem situation, 153
problem to prove, 7, 43
scientific inquiry begins and ends with
problems, 111
proof-analysis, ix, 45-60, 140
approximate, 54
as a fermenting agent for refutations, 50
can make proof infallible, 147
concludes with a proof, 113
discovery of, 144-50
domain of, 68
and lemma-incorporation, 38
may decrease content, 61
no limitations on the tools of, 113
perfect, 50

and proof, 53, 87
reduced to a triviality, 134
and revolution in rigour, 59
rigorous, 50
safe, 62
without proof, 53
proof and refutations, rechristened "the
method of proofs and refutations’, 68
the dialectical unity of, 39
the heuristic rules of, 53, 61-2
the method of, 50-3
see also proofs and refutations
proof procedure, 112, 152
see also proofs and refutations
proofs, 7-10
changing standards of, 110
criticism of, 10-13, 141
crystal clear, 55
deeper, 60, 67, 70, 127
different proofs yield different theorems,
69-70
domain of, 68
Euclidean, 113
final, 67-9, 102
formal, 1, 131-2
to improve, 11, 31, 39, 44
inductive, 146
infinite regress of, 43
and meaning, 132
more rigorous and more embracing, 128
perfect versus imperfect, 147
and proof-analysis, 87
proofs ancestor, 163
proving after improving, 112
rules of, 60
as stage in method of proofs and
refutations, 135
as tests, 31
that do not prove, 30, 39, 44
trivial extensions of, 102
valid, 106
without a conjecture, 83
see also proof analysis, proof procedure,
thought-experiment
proofs and refutations
and concepts, 95-6
discovery of, 144-9
logic of, 5
method of, 68, 89, 135-6, 144
see also proof and refutations
proportion, theory of, 132-3
psychologism
and crystal-clear proof, 55
versus objectivity, 55
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psychology
and the context of discovery, 152-3

translated into physiology, 132-3

rationalism, critical, 4, 57, 72
rational reconstructions, 5, 90
rectifiable curves, 159
refutations: fermenting agents for
proof-analysis, 50
heuristic, 100
important and unimportant, 92, 104
lack of refutations causes neglect of
proof-analysis, 52
logical and heuristic, 98-9
proof-generated, 51
their diminishing returns, 103
theoretical versus naive, 101-5
see also counterexamples
retransmission of falsity, principle of, 50, 61, 67
rigour, 45-60
Abel’s and Cauchy’s concept of, 146
absolute, 30, 55
Cauchy-Weierstrass revolution in, 59, 128,
132-3
connections with more embracing proofs,
128
degrees of, 55, 57
and Fourier’s counterexamples, 139
and proof-analysis, 54-5, 58-60
and scepticism, 128
sufficient, 57
see also proofs

scepticism, 5, 108
and linguistic communication, 54
religious, 57
and rigour, 128
sceptic turned into dogmatist, 49
set theory, 21-2, 59
simplicity, 69
social sciences, methodology of, 155
surrender, method of, 14-15
synthesis, 10
as proof thought-experiment, 80
see also analysis

tautologies, theorems as, 132
Taylor’s theorem, 142

terms: clear and distinct, 129-30
and counterexamples, 131-2
logical and descriptive, 109-10
perfectly known (formative), 132
primitive, 115, 122
specific and non-specific, 115, 131
technical, 153
see also translation

theorem, 57
domain of validity, 55, 148
master-theorem, 67
proof-generated, 54, 93, 135
versus conjecture, 7-8, 44

theories
formalised, 113
growing (informal), 2, 45, 113, 148
mature, 45
method of, 113

thought-experiment, 7, 10, 14-15, 79,

83,135
deductive, 86
distinct from its linguistic articulation, 54
quasi-experiment, 9
stimulated by counterexamples, 87
see also proof

topology, 19, 65, 68, 97-8, 102

translation: and definitions, 129-30
problem of, 112-23
procedure, 128
some examples, 132-3
true translation, 128

truth
certain, 70
retransmission of, 67
vacuous, 47

tunnels, 23, 71, 97

uniform convergence, 13941, 153-5
as a hidden lemma in other proofs, 150
discovery of, 1414
textbook presentation of, 154

verification, 86
vertices, 6
boundary of, 121
sum of, 121
undefined, 113
vicious infinity, 56-7, 59, 67, 104, 109
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