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mathematics
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degeneration of, 103, 153
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formalist philosophy of, 1–5
foundations of, 58
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measure theory, 132–3, 159, 162
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Newtonian, 52
rational, 132–3
wave, 130

metamathematics, 1, 3, 5, 59
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monster-barring
and content, 94
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definitions, 104, 106
disguised, 151
the method of, 15–28, 44, 49, 53, 70, 89
and rigour, 59
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optics, Newtonian, 147
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perfect, 81
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crested cube, 36–7, 40, 83
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cylinder, 24, 30, 45, 50, 56, 85, 88, 102, 105–6,
129

defined in vector-algebraic terms, 114, 126
definitions of, 15–25, 97–8
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polytopes, 115
see also polyhedra

power series, 141–4
pragmatism, 57
probability theory, 132–3, 162
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out to solve, 96

problem situation, 153
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scientific inquiry begins and ends with
problems, 111

proof-analysis, ix, 45–60, 140
approximate, 54
as a fermenting agent for refutations, 50
can make proof infallible, 147
concludes with a proof, 113
discovery of, 144–50
domain of, 68
and lemma-incorporation, 38
may decrease content, 61
no limitations on the tools of, 113
perfect, 50

and proof, 53, 87
reduced to a triviality, 134
and revolution in rigour, 59
rigorous, 50
safe, 62
without proof, 53

proof and refutations, rechristened ’the
method of proofs and refutations’, 68

the dialectical unity of, 39
the heuristic rules of, 53, 61–2
the method of, 50–3
see also proofs and refutations

proof procedure, 112, 152
see also proofs and refutations

proofs, 7–10
changing standards of, 110
criticism of, 10–13, 141
crystal clear, 55
deeper, 60, 67, 70, 127
different proofs yield different theorems,
69–70

domain of, 68
Euclidean, 113
final, 67–9, 102
formal, 1, 131–2
to improve, 11, 31, 39, 44
inductive, 146
infinite regress of, 43
and meaning, 132
more rigorous and more embracing, 128
perfect versus imperfect, 147
and proof-analysis, 87
proofs ancestor, 163
proving after improving, 112
rules of, 60
as stage in method of proofs and
refutations, 135

as tests, 31
that do not prove, 30, 39, 44
trivial extensions of, 102
valid, 106
without a conjecture, 83
see also proof analysis, proof procedure,
thought-experiment

proofs and refutations
and concepts, 95–6
discovery of, 144–9
logic of, 5
method of, 68, 89, 135–6, 144
see also proof and refutations

proportion, theory of, 132–3
psychologism
and crystal-clear proof, 55
versus objectivity, 55
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and the context of discovery, 152–3
translated into physiology, 132–3

rationalism, critical, 4, 57, 72
rational reconstructions, 5, 90
rectifiable curves, 159
refutations: fermenting agents for
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heuristic, 100
important and unimportant, 92, 104
lack of refutations causes neglect of
proof-analysis, 52

logical and heuristic, 98–9
proof-generated, 51
their diminishing returns, 103
theoretical versus naive, 101–5
see also counterexamples

retransmission of falsity, principle of, 50, 61, 67
rigour, 45–60
Abel’s and Cauchy’s concept of, 146
absolute, 30, 55
Cauchy–Weierstrass revolution in, 59, 128,
132–3

connections with more embracing proofs,
128

degrees of, 55, 57
and Fourier’s counterexamples, 139
and proof-analysis, 54–5, 58–60
and scepticism, 128
sufficient, 57
see also proofs

scepticism, 5, 108
and linguistic communication, 54
religious, 57
and rigour, 128
sceptic turned into dogmatist, 49

set theory, 21–2, 59
simplicity, 69
social sciences, methodology of, 155
surrender, method of, 14–15
synthesis, 10
as proof thought-experiment, 80
see also analysis

tautologies, theorems as, 132
Taylor’s theorem, 142

terms: clear and distinct, 129–30
and counterexamples, 131–2
logical and descriptive, 109–10
perfectly known (formative), 132
primitive, 115, 122
specific and non-specific, 115, 131
technical, 153
see also translation

theorem, 57
domain of validity, 55, 148
master-theorem, 67
proof-generated, 54, 93, 135
versus conjecture, 7–8, 44

theories
formalised, 113
growing (informal), 2, 45, 113, 148
mature, 45
method of, 113

thought-experiment, 7, 10, 14–15, 79,
83, 135

deductive, 86
distinct from its linguistic articulation, 54
quasi-experiment, 9
stimulated by counterexamples, 87
see also proof

topology, 19, 65, 68, 97–8, 102
translation: and definitions, 129–30
problem of, 112–23
procedure, 128
some examples, 132–3
true translation, 128

truth
certain, 70
retransmission of, 67
vacuous, 47

tunnels, 23, 71, 97

uniform convergence, 139–41, 153–5
as a hidden lemma in other proofs, 150
discovery of, 141–4
textbook presentation of, 154
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sum of, 121
undefined, 113
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