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Preliminaries

In this chapter, we review some concepts from elementary linear algebra and discuss
mathematical induction. We document some facts about complex polynomials (including the
Fundamental Theorem of Algebra, the division algorithm, and Lagrange interpolation) and
introduce polynomial functions of a matrix.

0.1 Functions and Sets
N EEEEEEEEEEEEEE———
Let 2 and % be sets. The notation f : 2~ — ¢ indicates that f is a function whose domain
is 2 and codomain is %. That is, f assigns a definite value f(x) € % to each x € 2 .
A function may assign the same value to two different elements in its domain, that is, x; # x»
and f(x1) = f(xp) is possible. But x| = xp and f(x1) # f(x2) is not possible.
The range of f : & — ¥ is

ranf = {f(x):xe Z}={ye ¥ :y=f(x) forsomex € 2},

which is a subset of #". A function f : 2~ — % is onto if ranf = %, that is, if the range and
codomain of f are equal. A function f : 2~ — % is one to one if f(x;) = f(xp) implies that
x1 = xp. Equivalently, f is one to one if x; # x, implies that f(x1) # f(x2); see Figure 0.1.

We say that elements x1, x2, . . ., x¢ of a set are distinct if x; # x; wheneveri,j € {1,2,...,k}
and i # j.

0.2 Scalars
e

We denote the real numbers by R and the complex numbers by C. Real or complex numbers
are called scalars. The only scalars that we consider are complex numbers, which we
sometimes restrict to being real. See Appendix A for a discussion of complex numbers.

0.3 Matrices
e

An m x n matrix is a rectangular array

ay a2 -+ dip
azl ayp - azn

A=lagl=| . . . . 03.1)
aml Am2 -  dmn
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2 Preliminaries

(a) One to one and onto (b) Not one to one and not onto
a X a x
b y
y b
c Z
d < ¢ w
(c) Onto and not one to one (d) One to one and not onto

Figure 0.1 Properties of functions: one to one and onto.

of real or complex numbers. The (i, /) entry of A is a;;. Two matrices are equal if they have
the same size (the same number of rows and columns) and if their corresponding entries are
equal. An n x n matrix is a square matrix. The set of all m x n matrices with complex entries
is denoted by M,;;x,(C), or by M,,(C) if m = n. For convenience, we write M,,(C) = M,, and
M, (C) = M,,«,. The set of m x n matrices with real entries is denoted by M,,«,(R),

or by M,(R) if m = n. In this book, we consider only matrices with real or complex
entries.
Rows and Columns For each i = 1,2,...,m, the ith row of the matrix A in (0.3.1) is the

1 x n matrix
lait aiz .. ain].

Foreachj=1,2,...,n, the jth column of A is the m x 1 matrix

alj

ayj

aj =

amj

It is often convenient to write the matrix (0.3.1) as a 1 x n array of columns

A=[a; a ... a,].

Addition and Scalar Multiplication If A = [a;] and B = [b;;] are m x n matrices, then
A + B is the m x n matrix whose (i, /) entry is a;; + b;j. If A € M, and c is a scalar, then
cA = [cajj] is the m x n matrix obtained by multiplying each entry of A by c. A zero matrix is
an m X n matrix whose entries are all zero. Such a matrix is denoted by 0, although subscripts
can be attached to indicate its size. Let A, B € M,,,«,, and let ¢, d be scalars.
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0.3 Matrices 3

(a) A+ B=B+A.

by A+ B+C)=(A+B)+C.

(c) A+0=A=0+A.

(d) ¢c(A+B)=cA+cB.

(e) c(dA) = (cd)A = d(cA).

® (c+dA=cA+dA.

Multiplication IfA = [a;] € M, and B = [b;j] € M,,, then the (i, j) entry of the product
AB = [cij] € Myxp is

r

cij = Zaikbkj- (0.3.2)
k=1

This sum involves entries in the ith row of A and the jth column of B. The number of columns
of A must be equal to the number of rows of B. If we write B = [b; by ... b,]Jasal xn
array of its columns, then (0.3.2) says that

AB = [Aby Aby ... Ab,].

See Chapter 3 for other interpretations of matrix multiplication.

We say that A, B € M,, commute if AB = BA. Some pairs of matrices in M,, do not commute.
Moreover, AB = AC does not imply that B = C. Let A, B, and C be matrices of appropriate
sizes and let ¢ be a scalar.

(a) A(BC) = (AB)C.

(b) A(B+ C) = AB+AC.
(¢) (A+B)C =AC + BC.
(d) (cA)B = c(AB) = A(cB).

Identity Matrices The matrix

100 0
010 0
=0 01 0| em,
000 - 1

is the n x n identity matrix. That is, I, = [§;;], in which

1 ifi=j,
j= e
0 ifi#j,
is the Kronecker delta. 1f the size is clear from context, we write / in place of I,,. For every
A € Mle’l:
Al, = A =L,A.
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4 Preliminaries

Triangular Matrices Let A = [a;] € M,. We say that A is upper triangular if a; = 0
whenever i > j; lower triangular if a;; = 0 whenever i < j; strictly upper triangular if
a;j = 0 whenever i > j; and strictly lower triangular if a;; = 0 whenever i < j. We say that A
is triangular if it is either upper triangular or lower triangular.

Diagonal Matrices We say that A = [a;] € M, is diagonal if a; = 0 whenever i # j.
That is, any nonzero entry of A must lie on the main diagonal of A, which consists of the
diagonal entries ayy,az, . .., au,; the entries a;; with i # j are the off-diagonal entries of A.
The notation diag(Xy, A2, ..., ;) is used to denote the n x n diagonal matrix whose diagonal
entries are Ai,Ap,..., Ay, in that order. A scalar matrix is a diagonal matrix of the form
diag(c,c,...,c) = cl for some scalar c. Any two diagonal matrices of the same size commute.

Superdiagonals and Subdiagonals The (first) superdiagonal of A = [a;] € M, contains
the entries aj2,a23,...,an—1,,. The kth superdiagonal contains the entries ajj+1,d2k+2,
..., ap—kn. The kth subdiagonal contains the entries ax+1,1, dk+2.2, - - - » Ann—k-

Tridiagonal and Bidiagonal Matrices A matrix A = [a;;] is tridiagonal if a;; = 0 whenever
li —j| > 2. A tridiagonal matrix is bidiagonal if either its subdiagonal or its superdiagonal
contains only zero entries.

Submatrices A submatrix of A € M,,«, is a matrix whose entries lie in the intersections of
specified rows and columns of A. A k x k principal submatrix of A is a submatrix whose entries

lie in the intersections of rows iy, s, ..., i and columns iy, ip,...,i; of A, for some indices
i1 <ip < - < ix. Ak X kleading principal submatrix of A is a submatrix whose entries
lie in the intersections of rows 1,2, ...,k and columns 1,2,... k. A k X k trailing principal

submatrix of A is a submatrix whose entries lie in the intersections of rowsn —k+ 1,n — k +
2,...,nandcolumnsn —k+1,n—k+2,...,n.

Inverses We say that A € M,, is invertible if there exists a B € M,, such that
AB =1, = BA. (0.3.3)

Such a matrix B is an inverse of A. If A has no inverse, then A is noninvertible. Either of the
equalities in (0.3.3) implies the other. That is, if A, B € M,,, then AB = [ if and only if BA = I,
see Theorem 2.2.19 and Example 3.1.8.

Not every square matrix has an inverse. However, a matrix has at most one inverse. As a
consequence, if A is invertible, we speak of the inverse of A, rather than an inverse of A. If A
is invertible, then the inverse of A is denoted by A™!. It satisfies

AAT =1 =A"TA.

r 14 1 [d —q
- . (0.3.4)
c d ad—bc|—c a

A'=71 and A*=4AA...A.
N ——’

k times

If ad — bc # 0, then

For A € M,,, define
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0.3 Matrices 5

If A is invertible, we define A= = (A~1)K for k = 1,2,.... Let A and B be matrices of
appropriate sizes, let j, k be integers, and let ¢ be a scalar.

(a) AJAF = ATtk = Akp),

(b)y A H =4

(©) W) t=a".

(d) Ifc 0, then (cA)~! =147
(e) AB)"!=B"1A"1

Transpose The franspose of A = [a;;] € My, is the matrix AT € M, whose (i, j) entry is
aji. Let A and B be matrices of appropriate sizes and let ¢ be a scalar.

(@ ADT=A.
(b) A+BT =AT+B".
(c) (cA)T =cAT.
(d) (AB)T = BTAT.
(e) IfA isinvertible, then (A1)~ = (A~HT. We write (A~ HT =A~T.
Conjugate The conjugate of A € M,,,, is the matrix A € M,,., whose (i, /) entry is a;j, the
complex conjugate of a;;. Thus,
E:A, A+B=A+B, and AB = AB.

If A has only real entries, then A = A.

Conjugate Transpose The conjugate transpose of A € M, is the matrix A* = AT =
(A)T € M, x.n whose (i, j) entry is aj;. If A has only real entries, then A* = AT. The conjugate
transpose of a matrix is also known as its adjoint. Let A and B be matrices of appropriate sizes
and let ¢ be a scalar.

(@) Ii' =1,
(®) 055 = Onscm-
() (AH* =A.

(d) (A£B)* =A* £ B*.

(e) (cA)* =A™,

(f) (AB)* = B*A*.

(g) IfA is invertible, then (A*)~! = (A~1)*. We write (A~1)* =A™,

Special Types of Matrices Let A € M,,.
(a) IfA* = A, then A is Hermitian; if A* = —A, then A is skew Hermitian.

(b) If AT = A, then A is symmetric; if AT = —A, then A is skew symmetric.
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6 Preliminaries

(c) IfA*A = I, then A is unitary; if A is real and ATA = I, then A is real orthogonal.
(d) IfA*A = AA*, then A is normal.

(e) IfA% = I, then A is an involution.

(f) IfA% = A, then A is idempotent.

(g) If A¥ = 0 for some positive integer k, then A is nilpotent.

Trace The trace of A = [a;;] € M, is the sum of the diagonal entries of A:

trA = i aj.
i=1
Let A and B be matrices of appropriate sizes and let ¢ be a scalar.
(@) tr(cA£B) =ctrA+trB.
(b) trAT =trA.
(c) trA = trA.
(d) trA* =trA.

If A = [a;;] € Myux, and B = [bjj] € M, i, let AB = [c;;] € M, and BA = [d;;] € M,,. Then

m

m n nom n
trAB = Z Cii = Z Za,’jbji = Z ijiaij = Zd]j = tr BA. (0.3.5)
i=1

i=1 j=1 j=1 i=1 j=1
Be careful: tr ABC need not equal tr CBA or tr ACB. However, (0.3.5) ensures that

trABC = tr CAB = tr BCA.

0.4 Systems of Linear Equations

An m x n system of linear equations (a linear system) is a list of linear equations of the form

anxy + apxy + -+ 4+ awxy = by,
anxy + axnxy + .-+ awmxy, = by,
0.4.1)
amx1 + amxy + - A+ auxyn = bu.
It involves m linear equations in the n variables (or unknowns) x1,xz, ..., x,. The scalars a;;
are the coefficients of the system (0.4.1); the scalars b; are the constant terms.
By asolution to (0.4.1) we mean a list of scalars xp, x2, . . . , x;, that satisfy the m equations in

(0.4.1). A system of equations that has no solution is inconsistent. If a system has at least one
solution, it is consistent. There are exactly three possibilities for a system of linear equations:
it has no solution, exactly one solution, or infinitely many solutions.

Homogeneous Systems The system (0.4.1) is homogeneous if by = by = --- = by, = 0.
Every homogeneous system has the trivial solution x; = x, = --- x, = 0. If there are
other solutions, they are called nontrivial solutions. There are only two possibilities for a
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0.4 Systems of Linear Equations 7

homogeneous system: it has infinitely many solutions, or it has only the trivial solution.
A homogeneous linear system with more unknowns than equations has infinitely many
solutions.

Matrix Representation of a Linear System The linear system (0.4.1) is often written as

AX = b, (0.4.2)
in which
ayl ap - a X by
a1 ayp - ay X2 by
A= , x=| .|, and b= |. (0.4.3)
aml am2 -  Amn Xn b

The coefficient matrix A = [a;;] € My, of the system has m rows and n columns if the
corresponding system of equations (0.4.1) has m equations in n unknowns. The matrices x
and b are n x 1 and m x 1, respectively. Matrices such as x and b are column vectors. We
sometimes denote M, 1 (C) by C" and M,, 1 (R) by R”. When we need to identify the entries
of a column vector in a line of text, we often write X = [x] x ... x,] instead of the tall
vertical matrix in (0.4.3).

An m x n homogeneous linear system can be written in the form Ax = 0,,, in which
A € M,,x, and 0, is the m x 1 column vector whose entries are all zero. We say that 0,, is
a zero vector and write 0 if the size is clear from context. Since A0, = 0,,, a homogeneous
system always has the trivial solution.

If A € M, is invertible, then (0.4.2) has the unique solution x = A~ 'b.

Reduced Row Echelon Form Three elementary operations can be used to solve a system
(0.4.1) of linear equations:

(I) Multiply an equation by a nonzero constant.
(II) Interchange two equations.

(III) Add a multiple of one equation to another.

One can represent the system (0.4.1) as an augmented matrix

ainl ap - al, b
a axn - ay b

[Ab]l=| . . ) ) (0.4.4)
aml am2 -+ Amp bn

and perform elementary row operations on (0.4.4) that correspond to the three permissible
algebraic operations on the system (0.4.1):

(I) Multiply a row by a nonzero constant.
(II) Interchange two rows.

(III) Add a multiple of one row to another.

Each of these operations is reversible.
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8 Preliminaries

The three types of elementary row operations can be used to row reduce the augmented
matrix (0.4.4) to a simple form from which the solutions to (0.4.1) can be obtained by
inspection. A matrix is in reduced row echelon form if it satisfies the following:

(a) Rows that consist entirely of zero entries are grouped together at the bottom of the matrix.

(b) If a row does not consist entirely of zero entries, then the first nonzero entry in that row
is a one (a leading one).

(c) A leading one in a higher row must occur further to the left than a leading one in a
lower row.

(d) Every column that contains a leading one must have zero entries everywhere else.

Each matrix has a unique reduced row echelon form.

The number of leading ones in the reduced row echelon form of a matrix is equal to its
rank; see Definition 2.2.6. Other characterizations of the rank are discussed in Section 3.2.
It is always the case that rank A = rank AT; see Theorem 3.2.1.

Elementary Matrices An n X n matrix is an elementary matrix if it can be obtained from
I, by performing a single elementary row operation. Every elementary matrix is invertible;
the inverse is the elementary matrix that corresponds to reversing the original row operation.
Multiplication of a matrix on the left by an elementary matrix performs an elementary row
operation on that matrix. Here are some examples:

() Multiply a row by a nonzero constant:
k Oflain a2 kay  kapz
0 1]||axn ax ay  axn |

(II) Interchange two rows:
0 1||an anz _ | a2 a2
1 Of|an axn any ap |

(III) Add a nonzero multiple of one row to another:

I k|lan an| |ain+kay ap+kan
0 1||au ax asy axn .

Multiplication of a matrix on the right by an elementary matrix corresponds to performing
column operations. An invertible matrix can be expressed as a product of elementary
matrices.

0.5 Determinants
- |
The determinant function det : M,,(C) — C is of great theoretical importance, but of limited
numerical use. Computation of determinants of large matrices should be avoided in
applications.
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0.5 Determinants

Laplace Expansion We can compute the determinant of an n x n matrix as a certain sum of
determinants of (n — 1) x (n — 1) matrices. Let det[a;1] = a1, letn > 2, let A € M,,, and let
Ajj € M,,_1 denote the (n — 1) x (n — 1) matrix obtained by deleting row i and column j of A.

Then for any i,j € {1,2,...,n}, we have

n n
detA = Z(—I)H'kaik detAy = Z(—l)kﬂ'akj det Ay;.

k=1 k=1

(0.5.1)

The first sum is the Laplace expansion by minors along row i and the second is the Laplace
expansion by minors along column j. The quantity det A;; is the (i, j) minor of A; (— it detA;

is the (i,j) cofactor of A.
Using Laplace expansions, we compute

al  ap
det = aq detlaxz] — a1z det[az;]
azy  dax
= ajpaz — apazl
and

apr a2 as

azz a3 az) a3
det a1 axp ax | =dail det [ i| — ajp det |: :| + a3 det |:

azp  asz asz]  asz

as az asz
= a1a22a33 + ajpazzaz) + a13azas)

— adj1a23a3z — dz2da13d3] — d33dagzazi.

022:|
asp

Following the same rule, the determinant of a 4 x 4 matrix can be written as a sum of four

terms, each involving the determinant of a 3 x 3 matrix.

Determinants and the Inverse If A € M,,, the adjugate of A is the n x n matrix

adjA = [(—1)i+j detAj;],

which is the transpose of the matrix of cofactors of A. The matrices A and adj A satisfy

AadjA = (adjA)A = (detA)I.

If A is invertible, then
A" = (detA) ! adjA.

Properties of Determinants Let A, B € M,, and let ¢ be a scalar.
(a) detl =1.

(b) detA # 0 if and only if A is invertible.

(c) detAB = (detA)(detB).

(d) detAB = detBA.

(e) det(cA) = " detA.

(f) detA = detA.

(0.5.2)

(0.5.3)
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(g) detAT = detA.

(h) detA* = detA.

(i) IfA is invertible, then det(A~") = (detA)~!.

() IfA = [a;j] € M,, is upper or lower triangular, then detA = ajjaz - - - aun.
(k) detA e RifA € M,(R).

Be careful: det(A + B) need not equal detA + det B. Property (c) is the product rule for
determinants.

Determinants and Row Reduction The determinant of an n x n matrix A can be computed
with row reduction and the following properties:

(I) If A’ is obtained by multiplying each entry of a row of A by a scalar ¢, then detA’ =
cdetA.

(II) IfA’is obtained by interchanging two different rows of A, then detA’ = — detA.

(TIT) If A’ is obtained from A by adding a scalar multiple of a row to a different row, then
detA’ = detA.

Because det A = detAT, column operations have analogous properties.

Permutations and Determinants A permutation of the list 1,2,...,n is a one-to-one
function o : {1,2,...,n} — {1,2,...,n}. A permutation induces a reordering of 1,2,...,n.
For example, (1) = 2, 0(2) = 1, and 0 (3) = 3 defines a permutation of 1, 2, 3. There are n!
distinct permutations of the list 1,2,...,n.

A permutation 7 : {1,2,...,n} — {1,2,...,n} that interchanges precisely two elements of
1,2,...,n and leaves all others fixed is a transposition. Each permutation of 1,2,...,n can
be written as a composition of transpositions in many different ways. However, the parity
(even or odd) of the number of transpositions involved depends only upon the permutation.
We say that a permutation o is even or odd depending upon whether an even or odd number
of transpositions is required to represent 0. The sign of o is

1 if o is even,
sgno = e .
—1 ifo isodd.

The determinant of A = [a;;] € M,, can be written

n
detA = Z (sgna l—[aiﬂ(i)> ,
o i=1

in which the sum is over all n! permutations of 1,2, ... ,n.

Determinants, Area, and Volume If A = [a; a3] € M(R), then | detA]| is the area of the
parallelogram determined by a; and a, (its vertices are at 0, a|, ap, and a; + a3). If B =
[b; by b3] € M3(R), then | det B| is the volume of the parallelopiped determined by by, by,
and bs.
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