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Poisson and Other Discrete Distributions

The Poisson distribution arises as a limit of the binomial distribution. This
chapter contains a brief discussion of some of its fundamental properties as
well as the Poisson limit theorem for null arrays of integer-valued random
variables. The chapter also discusses the binomial and negative binomial
distributions.

1.1 The Poisson Distribution

A random variable X is said to have a binomial distribution Bi(n, p) with
parameters n € Ny :={0,1,2,...} and p € [0, 1] if

P(X = k) = Bi(n, p; k) := (Z)pk(l -p)* k=0,...,n, (1.1)

where 0° := 1. In the case n = 1 this is the Bernoulli distribution with
parameter p. If Xy, ..., X, are independent random variables with such a
Bernoulli distribution, then their sum has a binomial distribution, that is

X +--+X,Lx, (1.2)

where X has the distribution Bi(n, p) and where < denotes equality in dis-
tribution. It follows that the expectation and variance of X are given by

E(X]=np,  VarX]=np(l - p). (1.3)

A random variable X is said to have a Poisson distribution Po(y) with
parameter y > 0 if

k
P(X = k) = Po(y; k) := %e—n k € N, (1.4)

If y = 0, then P(X = 0) = 1, since we take 0° = 1. Also we allow y = oo;
in this case we put P(X = c0) = 1 so Po(o0; k) = 0 for k € Nj,.
The Poisson distribution arises as a limit of binomial distributions as
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2 Poisson and Other Discrete Distributions

follows. Let p, € [0,1], n € N, be a sequence satisfying np, — 7y as
n — oo, with y € (0, o). Then, for k € {0, ...,n},
(np,)* () ¢

_ np,\" -
ot (125 o feas)

M\ koq -k _
(k)pn(l p)' =

as n — oo, where
)y =nn-1)---n—k+1) (1.6)

is the k-th descending factorial (of n) with (n)y interpreted as 1.
Suppose X is a Poisson random variable with finite parameter y. Then
its expectation is given by

ok o k-1
_ 04 - Y
E[X] =¢e” E k= =ey E
p k! — k—1)!

The probability generating function of X (or of Po(y)) is given by

=y. (1.7)

Xk s k
B =e7 Y L= Y L L pen e )

It follows that the Laplace transform of X (or of Po(y)) is given by
E[e™] = exp[-y(1 —e™)], t>0. (1.9)

Formula (1.8) is valid for each s € R and (1.9) is valid for each r € R. A
calculation similar to (1.8) shows that the factorial moments of X are given
by

E[(Xx] =" keN, (1.10)
where (0)y := 1 and (0); := 0 for k > 1. Equation (1.10) implies that
Var[X] = E[X?] - E[X]* = E[(X),] + E[X] - E[X]* = y. (1.11)
We continue with a characterisation of the Poisson distribution.

Proposition 1.1 An Ny-valued random variable X has distribution Po(y)
if and only if, for every function f: Ny — R,, we have

E[X (0] = yELF(X + D). (1.12)

Proof By a similar calculation to (1.7) and (1.8) we obtain for any func-
tion f: Ny — R, that (1.12) holds. Conversely, if (1.12) holds for all such
functions f, then we can make the particular choice f := 1y, for k € N, to
obtain the recursion

kP(X = k) = yP(X =k - 1).
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1.2 Relationships Between Poisson and Binomial Distributions 3

This recursion has (1.4) as its only (probability) solution, so the result fol-
lows. O

1.2 Relationships Between Poisson and Binomial Distributions

The next result says that if X and Y are independent Poisson random vari-
ables, then X + Y is also Poisson and the conditional distribution of X given
X + Y is binomial:

Proposition 1.2 Let X and Y be independent with distributions Po(y) and
Po(9), respectively, with 0 < y+6 < oo. Then X+Y has distribution Po(y+06)
and

PXX=k|X+Y=n)=Bin,y/(y+9);k), neNyk=0,...,n
Proof ForneNjandk € {0,...,n},

,yk o 6n—k s

T N

- () )

= Po(y + 6;n) Bi(n, y/(y + 6); k),

PX=kX+Y=n=PX=kY=n—k) =

and the assertions follow. O

Let Z be an Nj-valued random variable and let Z;, Z,, ... be a sequence
of independent random variables that have a Bernoulli distribution with
parameter p € [0,1]. If Z and (Z,),»; are independent, then the random
variable

z
X:=)7 (1.13)
=1
is called a p-thinning of Z, where we set X := 0 if Z = 0. This means that
the conditional distribution of X given Z = n is binomial with parameters
n and p.

The following partial converse of Proposition 1.2 is a noteworthy prop-

erty of the Poisson distribution.

Proposition 1.3 Let p € [0,1]. Let Z have a Poisson distribution with
parameter y > 0 and let X be a p-thinning of Z. Then X and Z — X are
independent and Poisson distributed with parameters py and (1 — p)y, re-
spectively.

© in this web service Cambridge University Press & Assessment www.cambridge.org



www.cambridge.org/9781107088016
www.cambridge.org

Cambridge University Press & Assessment
978-1-107-08801-6 — Lectures on the Poisson Process

Glnter Last, Mathew Penrose
Excerpt
More Information

4 Poisson and Other Discrete Distributions

Proof We may assume thaty > 0. The result follows once we have shown
that

P(X =m,Z - X = n) =Po(py;m)Po((1 — p)y;n), m,neN, (1.14)

Since the conditional distribution of X given Z = m + n is binomial with
parameters m + n and p, we have

PX=mZ-X=n=PZ=m+nPX=m|Z=m+n)
eTy™\ (m+n\ u
(22" -

(m + n)! m
_ (Pmym) P ((1 - p)nyn)e—(l—p)y’
m! n!
and (1.14) follows. O

1.3 The Poisson Limit Theorem

The next result generalises (1.5) to sums of Bernoulli variables with un-
equal parameters, among other things.

Proposition 1.4  Suppose for n € N that m, € N and X, 1, ..., Xym, are
independent random variables taking values in Ny. Let p,; = P(X,; > 1)
and assume that

lim max p,; = 0. (1.15)

n—oo 1<i<m,

Assume further that A, := Y\, ppi = v as n — oo, where y > 0, and that
lim ) P(X,;>2)=0. (1.16)

n—oo
i=

Let X, := 37" X,,;. Then for k € Ny we have
lim P(X, = k) = Po(y; k). (1.17)

Proof Let X;, := 1{X,; > 1} = min{X,;, 1} and X}, := Z;’:’l X,’”,. Since
X,’u, # X,,; if and only if X,,; > 2, we have

P(X, # X,) < ) P(X,; 2 2).
i=1

By assumption (1.16) we can assume without restriction of generality that
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1.4 The Negative Binomial Distribution 5

X,; = Xy;foralln € Nandi € {l,...,m,}. Moreover it is no loss of
generality to assume for each (n, i) that p,; < 1. We then have

H;nznl(l - pn,j)
Z Puis Pris *** P . (1.18)

P(X, =k) = (I =pui)-- (1= pui)

1<iy <ip<-+-<ix<my,

my

Let u, 1= max; <<, pn;- Since ZF

lpﬁ’j < Autty, = 0 as n — oo, we have

iy

log(]—[(l - pn,j)) = i(_pn,j +0(p; ) = —y asn—> oo, (1.19)

j=1 j=1
where the function O(-) satisfies lim sup,_, [r{"'|O(r)| < co. Also,

inf  (I-pu)(I=pu)=1—p) — lasn — co. (1.20)

1<i) <ip<--<ix<m,

Finally, with 3.7 ., . denoting summation over all ordered k-tuples
of distinct elements of {1,2,...,m,}, we have

k! Z Pniy Pnin *°* Py = Z# Priy Pnjiz *** Prjics

1<y <ia <<y <miy i1 sk €121}

and

My k
+
0< (Z pn,i] - Z Pniy Pnjir ** * Pni
i=1 i

(] yeeen ire{1,2,....m,}
my, my, k=2
< k 2 ;
— 2 pn,i pn,j b
i=1 j=1

which tends to zero as n — oo. Therefore

k! Z PniyPnjiy = Pnjiy ™ Yk asn — oo. (121)
1<iy<iy<-<ix<m,
The result follows from (1.18) by using (1.19), (1.20) and (1.21). |

1.4 The Negative Binomial Distribution

A random element Z of Ny is said to have a negative binomial distribution
with parameters r > 0 and p € (0, 1] if

P(Z = n) = I'(n+r)

= m(l -p)'p’, neN, (1.22)
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6 Poisson and Other Discrete Distributions

where the Gamma function T': (0, c0) — (0, c0) is defined by
I'(a) := f t“le'dt, a>0. (1.23)
0

(In particular I'(a) = (a—1)! for a € N.) This can be seen to be a probability
distribution by Taylor expansion of (1 — x)™" evaluated at x = 1 — p. The
probability generating function of Z is given by

E[s*1=p (1 -s+sp)”, sel01] (1.24)

For r € N, such a Z may be interpreted as the number of failures before
the rth success in a sequence of independent Bernoulli trials. In the special
case r = 1 we get the geometric distribution

PZ=n)=0-p)'p, neN,. (1.25)

Another interesting special case is r = 1/2. In this case
2n -1

2p)
where we recall the definition (B.6) for (2rn — 1)!!. This follows from the
fact that [(n + 1/2) = 2n — D! 27" y/m, n € N,.

The negative binomial distribution arises as a mixture of Poisson distri-
butions. To explain this, we need to introduce the Gamma distribution with

shape parameter a > 0 and scale parameter b > 0. This is a probability
measure on R, with Lebesgue density

P(Z=n)= (1-p)'p'?, neN, (1.26)

x - bT(a) x4 tetx (1.27)

on R,. If a random variable Y has this distribution, then one says that Y is
Gamma distributed with shape parameter a and scale parameter b. In this
case Y has Laplace transform

b a
Bl =(;—). 120 1.28
(] = (— (128)
In the case a = 1 we obtain the exponential distribution with parameter b.
Exercise 1.11 asks the reader to prove the following result.

Proposition 1.5 Suppose that the random variable Y > 0 is Gamma dis-
tributed with shape parameter a > 0 and scale parameter b > 0. Let Z be
an Ny-valued random variable such that the conditional distribution of Z
given Y is Po(Y). Then Z has a negative binomial distribution with param-
eters aand b/(b + 1).
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1.5 Exercises 7

1.5 Exercises

Exercise 1.1 Prove equation (1.10).

Exercise 1.2 Let X be a random variable taking values in Nj. Assume
that there is a y > 0 such that E[(X),] = y* for all k € Nj,. Show that X has
a Poisson distribution. (Hint: Derive the Taylor series for g(s) := E[s*] at
So = 1)

Exercise 1.3 Confirm Proposition 1.3 by showing that
E[s¥7%] = &P De=P =D g 1 e [0, 1],
using a direct computation and Proposition B.4.

Exercise 1.4 (Generalisation of Proposition 1.2) Let m € N and suppose
that X,,...,X,, are independent random variables with Poisson distribu-
tions Po(y,),...,Po(y,), respectively. Show that X := X; + --- + X, is
Poisson distributed with parameter y := y; + - -+ + ¥,,. Assuming y > 0,
show moreover for any k € N that

k! B\
POX = ks X = m|X=k)=—(ﬁ) (7—) (1.29)
kil k, !\ y 0%

for ky + -+ + k,, = k. This is a multinomial distribution with parameters k
and y1/y, ..., Ymly-

Exercise 1.5 (Generalisation of Proposition 1.3) Let m € N and suppose
that Z,, n € N, is a sequence of independent random vectors in R” with
common distribution P(Z; = ¢;) = p;, i € {1,...,m}, where ¢; is the i-th
unit vector in R” and p; + - -- + p,, = 1. Let Z have a Poisson distribution
with parameter y, independent of (Z,,Z,,...). Show that the components
of the random vector X := ZJZ-:1 Z; are independent and Poisson distributed
with parameters p1y,..., PnY-.

Exercise 1.6 (Bivariate extension of Proposition 1.4) Lety > 0,6 > 0.
Suppose for n € N that m,, € N and for 1 < i < m, that p,;,g,; € [0,1)
with 3™ pn; = v and X qui — 6, and max,<ic,, max{p,, gn;} — 0
as n — oo. Suppose for n € N that (X,,,Y,) = X", (X, Y,;), where each
(X,..i, Y1) is arandom 2-vector whose components are Bernoulli distributed
with parameters p,,;, ¢,.;, respectively, and satisfy X,,;Y,,; = 0 almost surely.
Assume the random vectors (X,,;, ¥,,;), 1 <i < m,, are independent. Prove

that X,,, Y, are asymptotically (as n — oo) distributed as a pair of indepen-
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8 Poisson and Other Discrete Distributions

dent Poisson variables with parameters v, d, i.e. for k, £ € N,

k ol
~ _ PNy
r}ggo PX, =k Y, =0 =e ik

Exercise 1.7 (Probability of a Poisson variable being even) Suppose X is
Poisson distributed with parameter y > 0. Using the fact that the prob-
ability generating function (1.8) extends to s = —1, verify the identity
P(X/2 € Z) = (1 + e%)/2. For k € N with k > 3, using the fact that
the probability generating function (1.8) extends to a k-th complex root of
unity, find a closed-form formula for P(X/k € Z).

Exercise 1.8 Lety > 0, and suppose X is Poisson distributed with param-
eter y. Suppose f: N — R, is such that E[f(X)'**] < oo for some & > 0.
Show that B[ f(X + k)] < oo for any k € N.

Exercise 1.9 Let0 <y <v’. Give an example of a random vector (X, Y)
with X Poisson distributed with parameter y and Y Poisson distributed with
parameter y’, such that Y—X is not Poisson distributed. (Hint: First consider
apair X', Y’ such that Y'—X" is Poisson distributed, and then modify finitely
many of the values of their joint probability mass function.)

Exercise 1.10 Suppose n € N and set [n] := {1,...,n}. Suppose that Z is
a uniform random permutation of [n], that is a random element of the space
%, of all bijective mappings from [#] to [n] such that P(Z = n) = 1/n! for
eachm e X,. Fora e Rlet[a] := min{k € Z : k > a}. Lety € [0, 1] and let
X, = card{i € [[yn]] : Z(i) = i} be the number of fixed points of Z among
the first [yn] integers. Show that the distribution of X, converges to Po(y),

that is
k

lim P(X, = k) = %ﬂ, k € Np.
(Hint: Establish an explicit formula for P(X, = k), starting with the case
k=0.)

Exercise 1.11 Prove Proposition 1.5.

Exercise 1.12 Lety > 0 and 6 > 0. Find a random vector (X, Y) such
that X, ¥ and X + Y are Poisson distributed with parameter y, 6 and y + 6,
respectively, but X and Y are not independent.
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2

Point Processes

A point process is a random collection of at most countably many points,
possibly with multiplicities. This chapter defines this concept for an arbi-
trary measurable space and provides several criteria for equality in distri-
bution.

2.1 Fundamentals

The idea of a point process is that of a random, at most countable, col-
lection Z of points in some space X. A good example to think of is the
d-dimensional Euclidean space R?. Ignoring measurability issues for the
moment, we might think of Z as a mapping w +— Z(w) from Q into the sys-
tem of countable subsets of X, where (Q2, #, P) is an underlying probability
space. Then Z can be identified with the family of mappings

w - n(w, B) :=card(Z(w)N B), BcCX,

counting the number of points that Z has in B. (We write card A for the
number of elements of a set A.) Clearly, for any fixed w € € the mapping
n(w, ) is a measure, namely the counting measure supported by Z(w). It
turns out to be a mathematically fruitful idea to define point processes as
random counting measures.

To give the general definition of a point process let (X, X) be a measur-
able space. Let N.,(X) = N, denote the space of all measures u on X
such that u(B) € Ny := N U {0} for all B € X, and let N(X) = N be the
space of all measures that can be written as a countable sum of measures
from N.. A trivial example of an element of N is the zero measure O that
is identically zero on X. A less trivial example is the Dirac measure J, at a
point x € X given by 6,(B) := 15(x). More generally, any (finite or infinite)
sequence ()cn)fZ= , of elements of X, where k € N := N U {co} is the number
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10 Point Processes

of terms in the sequence, can be used to define a measure

ﬂ226x,,- (2.1

Then u € N and
k
u(B)= ) 15(v). BeX.
n=1

More generally we have, for any measurable f: X — [0, co], that

k
f Fdu=Y" fx). 22)
n=1

We can allow for £ = 0 in (2.1). In this case u is the zero measure. The
points xi, Xz, ... are not assumed to be pairwise distinct. If x; = x; for
some i, j < k with i # j, then u is said to have multiplicities. In fact, the
multiplicity of x; is the number card{j < k : x; = x;}. Any p of the form
(2.1) is interpreted as a counting measure with possible multiplicities.

In general one cannot guarantee that any ¢ € N can be written in the
form (2.1); see Exercise 2.5. Fortunately, only weak assumptions on (X, X)
and y are required to achieve this; see e.g. Corollary 6.5. Moreover, large
parts of the theory can be developed without imposing further assumptions
on (X, X), other than to be a measurable space.

A measure v on X is said to be s-finite if v is a countable sum of finite
measures. By definition, each element of N is s-finite. We recall that a
measure v on X is said to be o-finite if there is a sequence B,, € X, m € N,
such that U,,B,, = X and v(B,;) < oo for all m € N. Clearly every o-finite
measure is s-finite. Any Ny-valued o-finite measure is in N. In contrast to
o-finite measures, any countable sum of s-finite measures is again s-finite.
If the points x,, in (2.1) are all the same, then this measure y is not o-finite.
The counting measure on R (supported by R) is an example of a measure
with values in Ny := N U {0}, that is not s-finite. Exercise 6.10 gives an
example of an s-finite Ny-valued measure that is not in N.

Let N(X) = N denote the o-field generated by the collection of all
subsets of N of the form

(ueN:uB) =k}, BelX, keN,

This means that N is the smallest o-field on N such that u — u(B) is
measurable for all B € X.
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