
Electricity and Magnetism for Mathematicians

This text is an introduction to some of the mathematical wonders of Maxwell’s
equations. These equations led to the prediction of radio waves, the realization that light
is a type of electromagnetic wave, and the discovery of the special theory of relativity.
In fact, almost all current descriptions of the fundamental laws of the universe can
be viewed as deep generalizations of Maxwell’s equations. Even more surprising is
that these equations and their generalizations have led to some of the most important
mathematical discoveries of the past thirty years. It seems that the mathematics behind
Maxwell’s equations is endless.

The goal of this book is to explain to mathematicians the underlying physics behind
electricity and magnetism and to show their connections to mathematics. Starting with
Maxwell’s equations, the reader is led to such topics as the special theory of relativity,
differential forms, quantum mechanics, manifolds, tangent bundles, connections, and
curvature.

T H O M A S A . G A R R I T Y is the William R. Kenan, Jr. Professor of Mathematics at
Williams, where he was the director of the Williams Project for Effective Teaching for
many years. In addition to a number of research papers, he has authored or coauthored
two other books, All the Mathematics You Missed [But Need to Know for Graduate
School] and Algebraic Geometry: A Problem Solving Approach. Among his awards
and honors is the MAA Deborah and Franklin Tepper Haimo Award for outstanding
college or university teaching.

www.cambridge.org© in this web service Cambridge University Press

Cambridge University Press
978-1-107-07820-8 - Electricity and Magnetism for Mathematicians: A Guided Path from 
Maxwell’s Equations to Yang-Mills
Thomas A. Garrity
Frontmatter
More information

http://www.cambridge.org/9781107078208
http://www.cambridge.org
http://www.cambridge.org


www.cambridge.org© in this web service Cambridge University Press

Cambridge University Press
978-1-107-07820-8 - Electricity and Magnetism for Mathematicians: A Guided Path from 
Maxwell’s Equations to Yang-Mills
Thomas A. Garrity
Frontmatter
More information



ELECTRICITY AND MAGNETISM
FOR MATHEMATICIANS

A Guided Path from Maxwell’s
Equations to Yang-Mills

THOMAS A. GARRITY

Williams College, Williamstown, Massachusetts
with illustrations by Nicholas Neumann-Chun

www.cambridge.org© in this web service Cambridge University Press

Cambridge University Press
978-1-107-07820-8 - Electricity and Magnetism for Mathematicians: A Guided Path from 
Maxwell’s Equations to Yang-Mills
Thomas A. Garrity
Frontmatter
More information



32 Avenue of the Americas, New York, NY 10013-2473, USA

Cambridge University Press is part of the University of Cambridge.

It furthers the University’s mission by disseminating knowledge in the pursuit of
education, learning, and research at the highest international levels of excellence.

www.cambridge.org
Information on this title: www.cambridge.org/9781107435162

c© Thomas A. Garrity 2015

This publication is in copyright. Subject to statutory exception
and to the provisions of relevant collective licensing agreements,
no reproduction of any part may take place without the written

permission of Cambridge University Press.

First published 2015

Printed in the United States of America

A catalog record for this publication is available from the British Library.

Library of Congress Cataloging in Publication Data
Garrity, Thomas A., 1959– author.

Electricity and magnetism for mathematicians : a guided path from Maxwell’s
equations to Yang-Mills / Thomas A. Garrity, Williams College, Williamstown,

Massachusetts; with illustrations by Nicholas Neumann-Chun.
pages cm

Includes bibliographical references and index.
ISBN 978-1-107-07820-8 (hardback) – ISBN 978-1-107-43516-2 (paperback)

1. Electromagnetic theory–Mathematics–Textbooks. I. Title.
QC670.G376 2015

537.01′51–dc23 2014035298

ISBN 978-1-107-07820-8 Hardback
ISBN 978-1-107-43516-2 Paperback

Cambridge University Press has no responsibility for the persistence or accuracy of
URLs for external or third-party Internet Web sites referred to in this publication

and does not guarantee that any content on such Web sites is, or will remain,
accurate or appropriate.

www.cambridge.org© in this web service Cambridge University Press

Cambridge University Press
978-1-107-07820-8 - Electricity and Magnetism for Mathematicians: A Guided Path from 
Maxwell’s Equations to Yang-Mills
Thomas A. Garrity
Frontmatter
More information



Contents

List of Symbols page xi
Acknowledgments xiii

1 A Brief History 1
1.1 Pre-1820: The Two Subjects of Electricity and Magnetism 1
1.2 1820–1861: The Experimental Glory Days of

Electricity and Magnetism 2
1.3 Maxwell and His Four Equations 2
1.4 Einstein and the Special Theory of Relativity 2
1.5 Quantum Mechanics and Photons 3
1.6 Gauge Theories for Physicists:

The Standard Model 4
1.7 Four-Manifolds 5
1.8 This Book 7
1.9 Some Sources 7

2 Maxwell’s Equations 9
2.1 A Statement of Maxwell’s Equations 9
2.2 Other Versions of Maxwell’s Equations 12

2.2.1 Some Background in Nabla 12
2.2.2 Nabla and Maxwell 14

2.3 Exercises 14

3 Electromagnetic Waves 17
3.1 The Wave Equation 17
3.2 Electromagnetic Waves 20
3.3 The Speed of Electromagnetic Waves Is Constant 21

3.3.1 Intuitive Meaning 21

v

www.cambridge.org© in this web service Cambridge University Press

Cambridge University Press
978-1-107-07820-8 - Electricity and Magnetism for Mathematicians: A Guided Path from 
Maxwell’s Equations to Yang-Mills
Thomas A. Garrity
Frontmatter
More information



vi Contents

3.3.2 Changing Coordinates for the Wave Equation 22
3.4 Exercises 25

4 Special Relativity 27
4.1 Special Theory of Relativity 27
4.2 Clocks and Rulers 28
4.3 Galilean Transformations 31
4.4 Lorentz Transformations 32

4.4.1 A Heuristic Approach 32
4.4.2 Lorentz Contractions and Time Dilations 35
4.4.3 Proper Time 36
4.4.4 The Special Relativity Invariant 37
4.4.5 Lorentz Transformations, the Minkowski Metric,

and Relativistic Displacement 38
4.5 Velocity and Lorentz Transformations 43
4.6 Acceleration and Lorentz Transformations 45
4.7 Relativistic Momentum 46
4.8 Appendix: Relativistic Mass 48

4.8.1 Mass and Lorentz Transformations 48
4.8.2 More General Changes in Mass 51

4.9 Exercises 52

5 Mechanics and Maxwell’s Equations 56
5.1 Newton’s Three Laws 56
5.2 Forces for Electricity and Magnetism 58

5.2.1 F = q(E + v× B) 58
5.2.2 Coulomb’s Law 59

5.3 Force and Special Relativity 60
5.3.1 The Special Relativistic Force 60
5.3.2 Force and Lorentz Transformations 61

5.4 Coulomb + Special Relativity
+ Charge Conservation = Magnetism 62

5.5 Exercises 65

6 Mechanics, Lagrangians, and the Calculus of Variations 70
6.1 Overview of Lagrangians and Mechanics 70
6.2 Calculus of Variations 71

6.2.1 Basic Framework 71
6.2.2 Euler-Lagrange Equations 73
6.2.3 More Generalized Calculus of Variations Problems 77

6.3 A Lagrangian Approach to Newtonian Mechanics 78

www.cambridge.org© in this web service Cambridge University Press

Cambridge University Press
978-1-107-07820-8 - Electricity and Magnetism for Mathematicians: A Guided Path from 
Maxwell’s Equations to Yang-Mills
Thomas A. Garrity
Frontmatter
More information



Contents vii

6.4 Conservation of Energy from Lagrangians 83
6.5 Noether’s Theorem and Conservation Laws 85
6.6 Exercises 86

7 Potentials 88
7.1 Using Potentials to Create Solutions for Maxwell’s Equations 88
7.2 Existence of Potentials 89
7.3 Ambiguity in the Potential 91
7.4 Appendix: Some Vector Calculus 91
7.5 Exercises 95

8 Lagrangians and Electromagnetic Forces 98
8.1 Desired Properties for the Electromagnetic Lagrangian 98
8.2 The Electromagnetic Lagrangian 99
8.3 Exercises 101

9 Differential Forms 103
9.1 The Vector Spaces �k(Rn) 103

9.1.1 A First Pass at the Definition 103
9.1.2 Functions as Coefficients 106
9.1.3 The Exterior Derivative 106

9.2 Tools for Measuring 109
9.2.1 Curves in R

3 109
9.2.2 Surfaces in R3 111
9.2.3 k-manifolds in R

n 113
9.3 Exercises 115

10 The Hodge � Operator 119
10.1 The Exterior Algebra and the � Operator 119
10.2 Vector Fields and Differential Forms 121
10.3 The � Operator and Inner Products 122
10.4 Inner Products on �(Rn) 123
10.5 The � Operator with the Minkowski Metric 125
10.6 Exercises 127

11 The Electromagnetic Two-Form 130
11.1 The Electromagnetic Two-Form 130
11.2 Maxwell’s Equations via Forms 130
11.3 Potentials 131
11.4 Maxwell’s Equations via Lagrangians 132
11.5 Euler-Lagrange Equations for the Electromagnetic

Lagrangian 136
11.6 Exercises 139

www.cambridge.org© in this web service Cambridge University Press

Cambridge University Press
978-1-107-07820-8 - Electricity and Magnetism for Mathematicians: A Guided Path from 
Maxwell’s Equations to Yang-Mills
Thomas A. Garrity
Frontmatter
More information



viii Contents

12 Some Mathematics Needed for Quantum Mechanics 142
12.1 Hilbert Spaces 142
12.2 Hermitian Operators 149
12.3 The Schwartz Space 153

12.3.1 The Definition 153
12.3.2 The Operators q( f ) = x f and p( f ) = −id f /dx 155
12.3.3 S(R) Is Not a Hilbert Space 157

12.4 Caveats: On Lebesgue Measure, Types of Convergence,
and Different Bases 159

12.5 Exercises 160

13 Some Quantum Mechanical Thinking 163
13.1 The Photoelectric Effect: Light as Photons 163
13.2 Some Rules for Quantum Mechanics 164
13.3 Quantization 170
13.4 Warnings of Subtleties 172
13.5 Exercises 172

14 Quantum Mechanics of Harmonic Oscillators 176
14.1 The Classical Harmonic Oscillator 176
14.2 The Quantum Harmonic Oscillator 179
14.3 Exercises 184

15 Quantizing Maxwell’s Equations 186
15.1 Our Approach 186
15.2 The Coulomb Gauge 187
15.3 The “Hidden” Harmonic Oscillator 193
15.4 Quantization of Maxwell’s Equations 195
15.5 Exercises 197

16 Manifolds 201
16.1 Introduction to Manifolds 201

16.1.1 Force = Curvature 201
16.1.2 Intuitions behind Manifolds 201

16.2 Manifolds Embedded in R
n 203

16.2.1 Parametric Manifolds 203
16.2.2 Implicitly Defined Manifolds 205

16.3 Abstract Manifolds 206
16.3.1 Definition 206
16.3.2 Functions on a Manifold 212

16.4 Exercises 212

www.cambridge.org© in this web service Cambridge University Press

Cambridge University Press
978-1-107-07820-8 - Electricity and Magnetism for Mathematicians: A Guided Path from 
Maxwell’s Equations to Yang-Mills
Thomas A. Garrity
Frontmatter
More information



Contents ix

17 Vector Bundles 214
17.1 Intuitions 214
17.2 Technical Definitions 216

17.2.1 The Vector Space R
k 216

17.2.2 Definition of a Vector Bundle 216
17.3 Principal Bundles 219
17.4 Cylinders and Möbius Strips 220
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