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50/50 rule, 361

accident year, 15, 17, 23

accruals

reinsurance, 366

acknowledgements, xi

Actual vs Expected procedure, 350, 353

actuarial best estimate, 7, 147

actuarial software, see software

actuarial standards, see professional standards

Actuarial Standards Board, 386

actuary in the box, 288

Additional Amount for Unexpired Risk, see Unexpired

Risk Reserve

age-period-cohort model, 285, 313

Age-to-age factor, 15, 43

Akaike Information Criterion, 190

ALEA, see Allocated Loss Adjustment Expenses

Allocated Loss Adjustment Expenses, 6

Anscombe residual, 209

as-if data triangles, 20, 95, 398

asbestos, 373

reserving, 446–464

US, 376

Asia

motor, 442–446

ASTIN survey, 36, 143, 153, 328

attritional claims

and London Market reserving, 431

AURR, see Unexpired Risk Reserve

Average Cost Per Claim Methods, see

Frequency–Severity methods

banding

by claim size, 406, 412

Bayesian Information Criterion, 190

Bayesian methods, 244–251

worked example, 245

BBMW model, 182

and Mack’s method, 183

multivariate extension, 271

behavioural factors, 327

benchmarking

for tail factors, 50

using external data sources, 397

Benktander method, 83, 86

Benktander–Hovinen method, 83, 86

Berquist–Sherman, 402

best estimate, 9, 225, 231, 286, 316, 321, 324, 338,

339, 342, 388

definition, 7

Solvency II definition, 389

BF method, see Bornhuetter–Ferguson method

binders, 428

bodily injury, 406, 412, 416, 442

bootstrap method, 202–244

allowing for a tail factor, 235

alternative residual definition, 238

and outwards reinsurance, 234

applied to incurred claims, 233

assessment of models and results, 240

incorporating process error, 216

non-parametric resampling, 239

numerical example for Mack, 229

parametric version, 237

R code, 475

scaling the mean, 231

selecting residuals, 231

using in practice, 230

worked example for ODP, 221

bootstrapping

general statistical background, 203

GLM models, 243

in a statistical modelling context, 207

in general insurance context, 210

lognormal model, 242

Mack’s method, 218

mathematical description, 204

Munich Chain Ladder, 244

ODP model, 210

parametric, 237

plug-in principle, 204
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Schnieper’s model, 243

separation method, 244

simple example, 205

synchronous, 296, 305

Bornhuetter–Ferguson method, 79–91

derivation of priors example, 88

iterated version, 83

mathematical formulation, 84

stochastic version, 266

business mix

allowing for changes in, 95, 310, 329, 337, 397,

398, 423, 431, 436

calendar period

and Taylor and Ashe (1983) data, 313

and bootstrapping, 232

and Chain Ladder method, 52

and data triangles, 25

and Frequency–Severity methods, 100, 115

and Mack’s method, 181

and residual plots, 312

and stochastic methods, 269, 276, 285

cash flow distribution, 308

effects, 75

separation method, 133

Canada

motor, 95

Cape Cod method, 124–133

generalised, 126

mathematical formulation, 127

worked example, 129

capital requirements, 148, 157, 286, 298

case reserves

allowing for changes in, 399

philosophy, 38, 305, 323, 415, 420, 423

cash flow, 56, 69, 76, 146, 193, 203, 221, 230, 244,

308, 385, 386, 388

cash flow pattern, see Payment pattern

Casualty Actuarial Society, 277

casualty classes

London Market, 418–427

catastrophe

excess of loss, 428

modelling software, 433

reserving, 432

CDR, see Claims Development Result

ceded reserves, see outwards reinsurance

Chain Ladder method, 41–78

as regression model, 56

as stochastic model, 155

column sum average estimator, 44

curve fitting, 49

description of, 42

generalised procedure, 76

inflation-adjusted, 75

limitations and assumptions, 51

mathematical formulation, 54–60

origins of, 42

R code, 471

tail factor estimation, 48–51

types of link ratio estimator, 47

using graphs, 61–65

worked example, 65–75

China, 443

claimants per claim, 416

Claims Development Result, 158, 252, 260, 286, 305

claims made basis, 418

claims outstanding, 14

claims reserve, 6

Clark’s LDF model, 277

R code, 476

cohort, 14, 17, 18

and development frequency, 23

column sum average estimator, 44

communication

of results, 344

of uncertainty, 342

compound Poisson model, 281

concepts

basic, 3

claims development, 17

data triangle, 18

conditional resampling, 183

confidence interval

for reserves, 404

continuous Chain Ladder, 285

contract boundaries, 387, 390, 395

copula

and aggregating bootstrap results, 299

brief introduction, 297

for aggregating distributions, 301, 304

gaussian, 299

re-sorting approach, 299

t, 299

correlation

between reserving categories, 294, 304

Cross-Classified model, 186

CSA, see column sum average estimator

currency

London Market, 420, 422, 424, 429

curve fitting

description, 49

mathematical formulation, 58

worked example, 70

cyber risk, 419

DAC, see Deferred Acquisition Costs

data, 16–39, 325

external sources, 397

grouping and subdivision, 26, 36

quality, 36

subdividing by claim size, 406

types of, 19

data triangle
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calendar period dimension, 25

cohorts, 23

concept, 18

development frequency, 23

examples of, 27

further details, 21

graphical representation of, 30

mathematical notation, 33

of estimated ultimates, 29

practical points, 24–27

squaring, 21

Deferred Acquisition Costs, 5, 408

degrees of freedom

and ODP Bootstrap, 214

dependency

between reserving categories, 294, 304

deterministic methods, 40–145

Bornhuetter–Ferguson, 79–91

Cape Cod, 124–133

Chain Ladder, 41–78

Frequency–Severity, 91–124

granular, 144

Initial Expected Loss Ratio, 78

Munich Chain Ladder, 141

Projected Case Estimates, 144

separation, 133–141

development factor method, see Chain Ladder method

development frequency, 23, 33, 77, 356

and stochastic methods, 310

development technique, see Chain Ladder method

deviance residual, 209

Directors’ and Officers’ Liability, 419

discounting, 379–386

under Solvency II, 395

disposal rates, 99, 102, 113, 290, 381, 403

documentation, 12, 344

reserving governance, 324

reserving software, 329

under Solvency II, 396

double bootstrap, 240

double Chain Ladder, 267

early close procedure, 350, 355

earned exposure

deriving estimates for, 426

ELRF, see Extended Link Ratio Family

emergence pattern methods, see recognition pattern

methods

ENID, see Events Not in Data

Environmental Impairment Liability, 419

Equalisation Reserve, 6

error

prediction, 150

process, 149

standard, 151

types of, 149

estimation

error, 149

risk, 171

variance, 150

Events Not in Data, 390, 395

examinations

actuarial, 2

expected method, 79

exposure-based

analytics, 427

methods, 378, 427, 433, 456

Extended Complementary Loss Ratio method, 284

Extended Link Ratio Family, 275

fast close procedure, 350, 355

FGU loss estimate, see From-Ground-Up loss estimate

Fisher scoring algorithm, 188

Fisher–Lange method, 102

forecasting, 152, 207, 209

Frequency–Severity methods, 91–124

Australian, 101

data considerations, 93

Fisher–Lange, 102

for UK Asbestos, 451

operational time, 104

Payments Per Active Claim, 103

Payments Per Claim Finalised, 99

Payments Per Claim Incurred, 101

types of, 96

using cumulative averages, 98

worked examples, 105–124

frequentist statistical methodology, 266

From-Ground-Up loss estimate, 434

Gamma model, 281

R code, 477

Gaussian copula, 298, 299, 301

Gaussian model, 281

General Insurance, 2

General Insurance Reserving Taskforce, 338, 422

general multivariate Chain Ladder model, 272

generalised additive model, 269

generalised Cape Cod method, 126

mathematical formulation, 128

worked example, 132

generalised linear mixed model, 269

Generalised Linear Model, 156, 185, 207, 209, 211,

218, 236, 242, 243, 266, 268, 274, 280, 282

GLM, see Generalised Linear Model

governance

for reserving, 324

granular reserving methods, 144

graphs

of data triangles, 30

using to review and select results, 335

with Chain Ladder, 61–65

GRIT, see General Insurance Reserving Taskforce

hat matrix, 190, 239

health hazards, 374
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heat maps, 314

heteroscedasticity, 217, 313

Hoerl curve, 268, 282

homogeneity

balancing with stability, 10, 36

reserving subdivisions, 26

Hong Kong, 444

IAA, see International Actuarial Association

IBNER, see Incurred But Not Enough Reported

IBNR, see Incurred But Not Reported

IELR Method, see Initial Expected Loss Ratio method

IFRS, see International Financial Reporting

Standards, 386

IFRS 17 Insurance Contracts, 148, 386, 407

Iman–Conover technique, 297

Incurred But Not Enough Reported, 6

Incurred But Not Reported, 5

early references to, 42

individual claim reserving, see granular reserving

methods

Industrial Deafness, see Noise Induced Hearing Loss

inflation, 20, 25, 52, 75, 89, 97, 99, 104, 106, 115,

125, 134, 244, 268, 288, 293, 347, 384, 413, 439,

448, 463

Initial Expected Loss Ratio method, 78

worked example, 86

International Actuarial Association, 325

International Financial Reporting Standards, 27, 148,

386

inverse Gaussian model, 281

inwards reinsurance, 347

iterated Bornhuetter–Ferguson method, 83

mathematical formulation, 85

worked example, 90

judgement

and claims development, 49

and data, 37

and professional requirements, 325

and reserving process, 2, 82, 87, 321, 333

and reserving software, 11

and selecting tail factors, 51

and stochastic methods, 148

expert, 305

of correlations, 305

large claims

and banding by size, 412

and London Market Casualty business, 420

and London Market Property business, 431

and UK Motor, 411

stochastic modelling, 415

subdivision for reserving, 406

LASPO, see Legal Aid, Sentencing and Punishment

of Offenders Act

latent claims, 372–379

asbestos, 373, 446–464

health hazards, 374

Noise Induced Hearing Loss, 374

pollution, 374

reserving methods, 376

types of, 373

layering

by claim size, 406, 412

least squares fitting method, 188

Legal Aid, Sentencing and Punishment of Offenders

Act, 416

LGD, see Loss-Given-Default

liability business, see casualty classes

linear regression, 207

bootstrapping, 208

Link Ratio, 15, 43

estimator, 15, 43, 47

method, 41–78

Lloyd’s

and Chain Ladder origins, 42

and London Market, 418

casualty risk codes, 419

minimum standards for reserving, 426

Reinsurance To Close, 418

reserving cycle, 425

risk code triangles, 30, 421

Statements of Actuarial Opinion, 407

location mapping, 296

log-linear regression model, see Lognormal Stochastic

model

Lognormal

confidence intervals, 405

stochastic model, 273

London Market, 406

casualty classes, 418–427

property classes, 428–436

loss development tables, 27

loss reserve, see claims reserve

Loss-Given-Default, 369

Loss-Rate method, 439

losses occurring basis, 418

Mack Bootstrap, 218

Mack’s method, 158–185

adding a cross-product term, 182

allowing for a tail factor, 177

and Merz–Wüthrich method, 256

and ODP Bootstrap, 218

bootstrapping, 218

different development factors, 184

mathematical formulation, 159

multivariate, 271

R code, 473

recursive formulation, 170

recursive worked example, 173–176

testing validity, 179

worked example, 163–170

Malaysia, 443, 445

Management Best Estimate, 7
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margin in reserves, 7, 286, 324, 338–340, 380

market practice

ASTIN Survey, 36, 41, 92, 143, 153, 328

UK survey, 417, 427, 436

Markov Chain Monte Carlo, 245

reversible jump, 251

mathematical notation, 13

Maximum Likelihood Estimation, 188, 218, 238, 273,

274, 278

quasi, 284

MCMC, see Markov Chain Monte Carlo

Mean-Squared Error of Prediction, 152

mathematical details, 465

Merz–Wüthrich method, 251–265

and Mack’s method, 256

extension to multi-year, 261

mathematical formulation, 253

R code, 476

worked example, 257

methods

applying in practice, 320–345

ASTIN Survey, 41, 92

bayesian, 244–251

bootstrap, 202–244

Bornhuetter–Ferguson, 79–91

Cape Cod, 124–133

Chain Ladder, 41–78

Clark’s LDF model, 277

deterministic, 40–145

Double Chain Ladder, 267

ELRF, see Extended Link Ratio Family

Expected, 79

Frequency–Severity, 91–124

granular, 144

Initial Expected Loss Ratio, 78

lognormal, 273

Mack’s, 158–185

Merz–Wüthrich, 251–265

multivariate stochastic, 270

Munich Chain Ladder, 141

ODP model, see Over-dispersed Poisson model

Over-dispersed Negative Binomial model, 280

Over-dispersed Poisson model, 185–202

Projected Case Estimates, 144

PTF, see Probabilistic Trend Family

selection of, 327

Separation, 133–141

stochastic, 146–319

stochastic Bornhuetter–Ferguson, 266

Wright’s model, 281

micro-level reserving, see granular reserving methods

mixed model

and ODP Bootstrap, 211

generalised linear, 269

MLE, see Maximum Likelihood Estimation

model error, 149

Monte Carlo simulation, 203, 210, 298, 299

Motor

Asia, 442–446

Canada, 95

UK Personal, 411–417

MSEP, see Mean-Squared Error of Prediction

multi-collinearity, 277

multivariate stochastic methods, 270

General Multivariate Chain Ladder model, 272

Mack version, 271

Munich Chain Ladder method, 141

stochastic, 283

New York method, 361

Newton–Raphson, 188

nil claims, see zero claims

Noise Induced Hearing Loss, 374

non-informative priors, 244

non-life, 2

normal copula, see Gaussian copula

ODP Bootstrap, 210

and Mack’s method, 218

degrees of freedom adjustment, 214

hat matrix, 239

incorporating process error, 216

non-constant scale parameters, 217

R code, 475

worked example, 221

ODP model, see Over-dispersed Poisson model

Ogden discount rate, 416

on-level adjustment, 125, 439

one-step-ahead prediction errors, 314

one-year reserve risk, 252, 290, 291

operational time, 104

worked example, 120

out of sample predictive testing, 314

outstanding claims, 5, 14, 25

outwards reinsurance, 234, 310, 346–350

Over-dispersed Negative Binomial model, 280

Over-dispersed Poisson model, 185–202

bootstrapping, 210

mathematical formulation, 185

R code, 474

results for Taylor and Ashe (1983) dataset, 200

worked example, 195

P–P plot, 314

P&C, see Property & Casualty

Paid-Incurred Chain method, 283

Paid-to-Paid method, 361

parameter error, see estimation error

parameter risk, see estimation risk

parametric bootstrapping, 237

payment pattern, 290, 380, 384, 390, 442

Payment Per Claim Handled method, see Payments

Per Active Claim method

Payments Per Active Claim method, 103

Payments Per Claim Finalised method, 99, 112

Payments Per Claim Incurred method, 101, 117
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Pearson residual, 192, 209

percentage developed concept, 46

Periodical Payment Order, 411, 415, 421

and US Workers’ Compensation, 439

Phillippines, 443

philosophy

case reserves, 38, 305, 323, 415, 420, 423

reserve margin, 318

reserving, 22, 79, 324, 332, 339

plug-in principle, 204

Poisson model, 272

equivalence to Chain Ladder, 273

policy

reserving, 22, 79, 148

policy year, 23, 419

pollution, 374

PPAC method, see Payments Per Active Claim method

PPCF method, see Payments Per Claim Finalised

method

PPCI method, see Payments Per Claim Incurred

method

PPO, see Periodical Payment Order

prediction error, 148, 150

mathematical representation, 152

premium rate changes, 20, 89, 110, 125, 127, 323,

421, 427, 431

prior

and bootstrap method, 237

Frequency–Severity methods, 92

in Bayesian methods, 244

in Bornhuetter–Ferguson method, 78, 79, 82, 329,

332, 421, 425, 430

in Cape Cod method, 124

in Iterated Bornhuetter–Ferguson method, 83

prior year development, 158, 286

Probabilistic Trend Family, 275, 285, 313

process

error, 149

risk, 149, 171

variance, 150

Professional Indemnity, 418

professional standards, 9, 11, 148, 321, 325, 334, 338,

344, 386

Projected Case Estimates method, 144

Property & Casualty, 2

property classes

London Market, 428–436

provision, 5

PTF, see Probabilistic Trend Family

pure IBNR, 5, 94, 233, 361

PYD, see Prior year development

Q–Q plot, 314

R software, 13, 57, 60, 70, 72, 144, 229, 247, 251,

279, 284

ChainLadder package, 161, 164, 183, 196, 200,

217, 243, 261, 312

for Chain Ladder, 471

for Clark’s LDF model, 476

for Double Chain Ladder method, 268

for gamma and other GLM models, 477

for General Multivariate Chain Ladder model, 272

for log-linear regression model, 275

for Mack’s method, 473

for Merz–Wüthrich method, 260, 476

for ODP Bootstrap, 475

for Over-dispersed Poisson model, 474

for stochastic methods, 473

R/I IBNR, see Reinsurance IBNR

RAA, see Reinsurance Association of America

random effects model, 251

range of reserves, 40, 77, 338, 340

re-sorting algorithm, 296

recognition pattern methods, 290

regression

and bootstrapping, 207

and Chain Ladder, 56

and Mack’s method, 184

log-linear, 273

seemingly unrelated, 272, 296

reinsurance, 2, 7, 20, 36, 76, 323, 326

accruals, 366

and discounting, 384

and stochastic methods, 310

and UK asbestos reserving, 463

and ULAE, 359

bootstrap method, 234

IBNR, 349, 368, 371, 426

inwards, 347

London Market, 426, 428

outwards, 234, 310, 346–350

PPO claims, 415

premiums, 350, 435

under Solvency II, 393

UPR, 408

Reinsurance Association of America, 30, 421

reinsurance Bad Debt, 366–372

methods for estimating, 368

reinsurance To Close, 418

reopened claims, 6, 94

report period

cohort, 93

Fisher–Lange method, 102

for asbestos claims, 450

Report to Report factor, 15

reporting, 344

results tables for, 329

resampling bootstrap, 208

reserve

ALAE, 6

case, 5

claims, 6

equalisation, 6

IBNER, 6
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IBNR, 5

outstanding Claims, 5

pure IBNR, 5, 233, 361

range, 40, 77, 338, 340

types of, 5

ULAE, 6

unearned premium, 5

unexpired risk, 5

reserving cycle, 323, 420, 425

reserving exercise

elements of, 8

reserving in practice, 320–345

analysis stage, 326

applying methods, 328

behavioural factors, 327

documentation and reporting, 344

estimating and communicating uncertainty, 338

for particular contexts, 410

governance, 324

method selection, 327

professional and regulatory requirements, 325

selecting results, 332

understanding the business, 322

using graphs, 335

Reserving Oversight Committee, 338

residual

alternative definition, 238

and GLM error structure, 209

and ODP Bootstrap, 212

Anscombe, 209

bias-adjustment in ODP Bootstrap, 214

Deviance, 209

for Mack Bootstrap, 220

heteroscedasticity, 217

Normality, 314

partitioning, 231

Pearson, 192, 209, 212

plots, 164, 181, 190, 226, 276, 278, 312

removal of, 232

sampling, 208

selection of, 231

standardised Pearson, 238

types of, 209

worked example, 222

zero-averaging, 232

results

selection of, 332

Reversible Jump Markov Chain Monte Carlo, 251

risk

estimation, 149, 171

measuring over single or multi year, 286

process, 149, 171

systemic, 150

Risk Excess of Loss, 428

risk margin

run-off, 263

risks attaching basis, 418

RITC, see Reinsurance To Close

RJMCMC, see Reversible Jump Markov Chain Monte

Carlo

RMSEP, see Root Mean-Squared Error of Prediction

ROC, see Reserving Oversight Committee

Roll-forward procedure, 350

Root Mean-Squared Error of Prediction, 152

run-off result, 286

scale parameter

in Bayesian example, 247

non-constant, 217, 226

ODP Bootstrap, 212

ODP model, 185

Schemes of Arrangement, 379

Schnieper’s model, 284

seemingly unrelated regressions, 272, 296

separation method, 133–141

mathematical formulation, 134

worked example, 137

Shapiro–Wilk test, 314

Singapore, 442

skewed distribution, 7, 303

smoothing-type models, 268

software

catastrophe modelling, 429, 433

for bayesian methods, 245

for curve fitting, 49, 60

for graphs, 32, 62, 65, 70, 335

for Merz–Wüthrich method, 260, 261

for PTF and ELRF models, 277

for reserving, 11, 12, 316, 321, 327, 329

JAGS, 251

WinBUGS, 245, 247

Solvency II, 8, 37, 148, 157, 264, 292, 361, 386–397

components of Technical Provisions, 388

contract boundaries, 387, 390, 395

speed of settlement

allowing for changes in, 399

SST, see Swiss Solvency Test

Stanard–Bühlmann method, see Cape Cod method

Standard Error, 151

stochastic error, 149

stochastic methods, 146–319

age-period-cohort model, 285

and discounting, 385

applying in practice, 307

bayesian, 244–251

bootstrap, 202–244

Bornhuetter–Ferguson, 266

Chain Ladder Link Ratio Family model, 284

Clark’s LDF model, 277

combining results across categories, 293–307

confidence interval derivation, 404

continuous chain ladder, 285

development frequency, 310

Double Chain Ladder, 267
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ELRF, see Extended Link Ratio Family

Extended Complementary Loss Ratio method, 284

for reinsurance bad debt, 372

gamma, 280

GLM, 280

lognormal, 273

Mack’s, 158–185

Merz–Wüthrich, 251–265

micro-level, 265

multi-period time horizon, 286

multivariate, 270

Munich Chain Ladder, 283

one-year time horizon, 286

Over-dispersed Negative Binomial model, 280

Over-dispersed Poisson model, 185–202

Paid-Incurred Chain method, 283

Poisson model, 272

PTF, see Probabilistic Trend Family

Schnieper’s model, 284

selection and testing of, 310

smoothing-type models, 268

time horizon, 157

types of, 152

uses, 147

validation and communication of results, 315

Wright’s model, 281

Wright’s operational time model, 284

Swiss Solvency Test, 252

synchronous bootstrapping, 296, 305

t-copula, 299

tail dependency, 298, 304

tail factor

estimation, 48–51

concept, 23

Tail Value at Risk, 238

Technical Provisions, 4

under Solvency II, 386–397

terminology, 14

Thailand, 442

Third Party Bodily Injury, 412, 415, 417, 442, 445

Third Party Fire and Theft, 411

Third Party Property Damage, 412, 417, 442, 444, 446

time horizon

for stochastic methods, 286

time series

model equivalent to Chain Ladder, 182

multivariate model for Chain Ladder, 271

TPBI, see Third Party Bodily Injury

TPFT, see Third Party Fire and Theft

TPPD, see Third Party Property Damage

triangle, see data triangle

triangle-free reserving, see granular reserving

methods

TVaR, see Tail Value at Risk

Tweedie model, 186, 281

ULEA, see Unallocated Loss Adjustment Expenses

ULR, see Ultimate Loss Ratio

ultimate

and Chain Ladder method, 46

and graphs, 61

and IBNR, 41

and reserve, 41

claims, 4, 10, 13, 18, 19

development factor, 15, 48

development of, 27

estimating, 35

for unearned business, 409

goal of reserving, 40

premiums, 10, 21

projection of, 42

selection of, 332

Ultimate Loss Ratio, 19, 28, 333

Unallocated Loss Adjustment Expenses, 6, 358–366

50/50 rule, 361

New York method, 361

paid-to-paid method, 361

uncertainty

aggregate across categories, 293

and asbestos claims, 462

and benchmarking, 398

and calendar period inflation, 53

and Chain Ladder method, 77

and discounting reserves, 380

and fan-charts, 317

and reserving cycle, 425

around claims development result, 252

around prior estimate, 245

around reserve estimate, 147

breaking down by year, 261

communication, 338, 342

estimation, 338

for recent cohorts, 46, 99

in castastrophe estimates, 433

in claims development result, 286

in reserve estimation process, 7

in triangle construction, 26

mathematical representation, 152

over one-year, 157

professional requirements, 325

reporting and, 12

sources of, 340

types of, 148

underwriting cycle, 89, 305, 323, 420, 425

underwriting year, 23, 419, 426, 427, 430, 434, 435

and stochastic methods, 311

Unearned Premium Reserve, 5, 406

24ths method, 408

Unexpired Risk Reserve, 5, 406

UPR, see Unearned Premium Reserve

URR, see Unexpired Risk Reserve

vague priors, 244

Value at Risk, 238, 291, 307
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VaR, see Value at Risk

variance

estimation, 150

prediction, 150

process, 150

Variance–Covariance aggregation approach, 303

Vietnam, 443

Workers’ Compensation, 437–442

Wright’s model, 281, 313

Wright’s operational time model, 284

zero claims, 21, 94, 453

zero-averaging residuals, 232
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