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Complexity theory aims to understand and classify computational problems, especially

decision problems, according to their inherent complexity. This book uses new

techniques to expand the theory for use with counting problems. The authors present

dichotomy classiications for broad classes of counting problems in the realm of P and

NP. Classiications are proved for partition functions of spin systems, graph

homomorphisms, constraint satisfaction problems, and Holant problems. The book

assumes minimal prior knowledge of computational complexity theory, developing

proof techniques as needed and gradually increasing the generality and abstraction of

the theory.

This volume presents the theory on the Boolean domain, and includes a thorough

presentation of holographic algorithms, culminating in classiications of computational

problems studied in exactly solvable models from statistical mechanics.

jin-yi cai is Professor of Computer Science and the Steenbock Professor of

Mathematical Sciences at the University of Wisconsin–Madison. He was born in

Shanghai, China. He studied at Fudan University (class of 77) and at Cornell

University, receiving his Ph.D. in 1986. He held faculty positions at Yale University

(1986–1989), Princeton University (1989–1993), and SUNY Buffalo (1993–2000),

where he rose from Assistant Professor to Full Professor in 1996. He received a

Presidential Young Investigator Award (1990), an Alfred P. Sloan Fellowship (1994),

and a John Simon Guggenheim Fellowship (1998). He is a Fellow of Association for

Computing Machinery (ACM) and American Association for the Advancement of

Science (AAAS).

xi chen is Associate Professor of Computer Science at Columbia University. He was

born in Suzhou, China. He studied at Tsinghua University and received his Ph.D. in

2007. His research focuses on complexity theory and algorithmic game theory. He is

the recipient of a National Science Foundation (NSF) CAREER Award, an Alfred P.

Sloan Fellowship (2012), and a European Association of Theoretical Computer

Science (EATCS) Presburger Award (2015).

www.cambridge.org/9781107062375
www.cambridge.org


Cambridge University Press
978-1-107-06237-5 — Complexity Dichotomies for Counting Problems
Jin-Yi Cai , Xi Chen 
Frontmatter
More Information

www.cambridge.org© in this web service Cambridge University Press

Complexity Dichotomies for

Counting Problems

Volume 1: Boolean Domain

JIN-YI CAI

University of Wisconsin, Madison

XI CHEN

Columbia University, New York, New York

www.cambridge.org/9781107062375
www.cambridge.org


Cambridge University Press
978-1-107-06237-5 — Complexity Dichotomies for Counting Problems
Jin-Yi Cai , Xi Chen 
Frontmatter
More Information

www.cambridge.org© in this web service Cambridge University Press

University Printing House, Cambridge CB2 8BS, United Kingdom

One Liberty Plaza, 20th Floor, New York, NY 10006, USA

477 Williamstown Road, Port Melbourne, VIC 3207, Australia

4843/24, 2nd Floor, Ansari Road, Daryaganj, Delhi - 110002, India

79 Anson Road, #06-04/06, Singapore 079906

Cambridge University Press is part of the University of Cambridge.

It furthers the University’s mission by disseminating knowledge in the pursuit of

education, learning, and research at the highest international levels of excellence.

www.cambridge.org

Information on this title: www.cambridge.org/9781107062375

DOI: 10.1017/9781107477063

© Jin-Yi Cai and Xi Chen 2017

This publication is in copyright. Subject to statutory exception

and to the provisions of relevant collective licensing agreements,

no reproduction of any part may take place without the written

permission of Cambridge University Press.

First published 2017

Printed in the United States of American by Sheridan Books, Inc.

A catalogue record for this publication is available from the British Library.

Library of Congress Cataloging-in-Publication Data

Names: Cai, Jin-Yi, 1961– | Chen, Xi (Computer science professor)

Title: Complexity dichotomies for counting problems / Jin-Yi Cai, University

of Wisconsin, Madison, Xi Chen, Columbia University, New York, New York.

Description: Cambridge : Cambridge University Press, 2017– | Includes

bibliographical references and index. Contents: volume 1. Boolean domain

Identiiers: LCCN 2017020174 | ISBN 9781107062375 (hardback : alk. paper)

Subjects: LCSH: Computational complexity. | Combinatorial enumeration

problems. | Homomorphisms (Mathematics) | Algebra, Boolean.

Classiication: LCC QA267 .C2187 2017 | DDC 511.3/52–dc23 LC record available at

https://lccn.loc.gov/2017020174

ISBN 978-1-107-06237-5 Hardback

Cambridge University Press has no responsibility for the persistence or accuracy of

URLs for external or third-party Internet Web sites referred to in this publication

and does not guarantee that any content on such Web sites is, or will remain,

accurate or appropriate.

www.cambridge.org/9781107062375
www.cambridge.org


Cambridge University Press
978-1-107-06237-5 — Complexity Dichotomies for Counting Problems
Jin-Yi Cai , Xi Chen 
Frontmatter
More Information

www.cambridge.org© in this web service Cambridge University Press

Contents

Preface page ix

1 Counting Problems 1

1.1 Counting Problems and Models of Computation 1

1.2 Three Classes of Counting Problems 4

1.3 Reductions 14

1.4 Further Discussion on Models of Computation 29

1.5 An Outline of This Book 30

2 Fibonacci Gates and Holant∗ Problems 35

2.1 Fibonacci Gates 35

2.2 Orthogonal Transformation of Fibonacci Gates 40

2.3 A Dichotomy Theorem for Holant∗(F ) 45

2.4 The Road Ahead 65

3 Boolean #CSP 66

3.1 The 0-1 Case and Nonnegative Boolean #CSP 66

3.2 Afine Functions A and F1 ∪ F2 ∪ F3 69

3.3 A Dichotomy for Boolean #CSP 72

3.4 Tractable Cases 75

3.5 Hardness 77

4 Matchgates and Holographic Algorithms 98

4.1 Pfafian Orientations and Kasteleyn’s Algorithm 98

4.2 Matchgates 105

4.3 The Theory of Matchgates 117

v

www.cambridge.org/9781107062375
www.cambridge.org


Cambridge University Press
978-1-107-06237-5 — Complexity Dichotomies for Counting Problems
Jin-Yi Cai , Xi Chen 
Frontmatter
More Information

www.cambridge.org© in this web service Cambridge University Press

vi Contents

5 2-Spin Systems on Regular Graphs 145

5.1 3-Regular Graphs 151

5.2 4-Regular Graphs 183

6 Holant Problems and #CSP 202

6.1 A Dichotomy for a Single Ternary Signature 203

6.2 Reductions Between Holant and #CSP 210

6.3 Holantc Problems 216

6.4 A Dichotomy for #CSPd 227

6.5 Eulerian Orientations and the Tutte Polynomial 242

6.6 Kirchhoff’s Matrix Tree Theorem 249

7 Holant Dichotomy for Symmetric Constraints 256

7.1 Vanishing Signatures 256

7.2 Theorem Statement and Proof of Tractability 268

7.3 A Sample of Problems 270

7.4 Outline of Hardness Proof for Theorem 7.19 274

7.5 Dichotomy for One Signature of Arity 4 276

7.6 Vanishing Signatures Revisited 293

7.7 A -transformable and P-transformable Signatures 305

7.8 Proof of Theorem 7.19 318

7.9 Decidability of the Dichotomy 323

8 Planar #CSP for Symmetric Constraints 328

8.1 Introduction 328

8.2 Unary Interpolation Revisited 332

8.3 Planar Pairing 336

8.4 Domain Pairing 339

8.5 No-Mixing of Tractable Signatures 342

8.6 Pinning for Planar Graphs 349

8.7 Planar #CSP Dichotomy 357

9 Planar Holant for Symmetric Constraints 362

9.1 Introduction 362

9.2 Some Known Results 366

9.3 A -, P-, and M -transformable Signatures 368

9.4 Dichotomy for Pl-#CSP2 376

9.5 Single-Signature Dichotomy 378

9.6 Mixing P2 and M4 – Equalities and Matchgates in

the Z Basis 384

9.7 Dichotomy for Planar Holant 405

www.cambridge.org/9781107062375
www.cambridge.org


Cambridge University Press
978-1-107-06237-5 — Complexity Dichotomies for Counting Problems
Jin-Yi Cai , Xi Chen 
Frontmatter
More Information

www.cambridge.org© in this web service Cambridge University Press

Contents vii

10 Dichotomies for Asymmetric Constraints 407

10.1 Planar #CSP with Asymmetric Constraints 408

10.2 Holant∗ Dichotomy 428

Bibliography 451

Index 459

www.cambridge.org/9781107062375
www.cambridge.org


Cambridge University Press
978-1-107-06237-5 — Complexity Dichotomies for Counting Problems
Jin-Yi Cai , Xi Chen 
Frontmatter
More Information

www.cambridge.org© in this web service Cambridge University Press

Preface

The raison d’être of computational complexity theory is to understand and clas-

sify computational problems according to their inherent complexity. In the past

ifteen years or so, there have been enormous advances in the study of the com-

plexity of counting problems. A substantial theory has been developed that clas-

siies every problem in a class of Sum-of-Product computations as being either

polynomial-time computable or #P-hard. Such theorems are called complexity

dichotomies.

This book presents the dichotomy theory for counting problems, express-

ible as Sum-of-Product computations. More speciically, it presents dichotomy

theorems for partition functions of Spin Systems, Graph Homomorphisms,

Constraint Satisfaction Problems, and Holant Problems. The theorems have the

consequence that, assuming the complexity theory hypothesis P �= #P, which is

implied by P �= NP, in broad classes of counting problems, up to polynomial-

time equivalence, there are only exactly two distinct levels for exact counting

complexity.

Volume I presents the theory on the Boolean domain; Volume II presents the

theory on general domains. In Volume I a particular feature is a thorough pre-

sentation of holographic algorithms, culminating in classiications of computa-

tional problems studied in Exactly Solvable Models from statistical mechanics.

Much of the material in the book is presented in book form for the irst

time. The book assumesminimal prior knowledge of computational complexity

theory. The proof techniques are developed as needed. The dichotomy theorems

are carefully organized, so that the theory is presented in gradually increasing

generality and abstraction.

We want to thank many colleagues who have read parts of the manuscript

and shared their thoughts on the subject. Their comments and criticisms have

been a source of inspiration, and we wish to express our gratitude for their help.

They are Manuel Blum, Andrei Bulatov, Sitan Chen, Martin Dyer, Alan Frieze,
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