
Index

additive white Gaussian noise (AWGN), 254, 269,
283, 301, 321

adjoint operator, 21, 32, 36, 37, 51, 52, 54, 91,
94, 109

alternating direction method of multipliers
(ADMM), 262, 263, 319

analysis window
arbitrary function in Lp, 80, 191, 195, 223
rectangular, 12, 58, 80

analytic continuation, 329
augmented Lagrangian method, 261, 319
autocorrelation function, 12, 51, 54, 152, 153, 159,

161, 163, 167, 169

B-spline factorization, 136–137
B-splines, 21, 127

exponential, 125–126, 138–139, 150
fractional, 139–141, 204
generalized, 127–142, 160, 197–198
minimum-support property, 21, 132, 134, 138
polyharmonic, 141
polynomial, 8, 137

basis functions
Faber-Schauder, 13
Haar wavelets, 12

Bayes’ rule, 254
belief propagation, 279–282
beta function, 345
BIBO stability, 93, 94
binomial expansion (generalized), 204
biomedical image reconstruction, 2, 24, 263, 276,

298
deconvolution microscopy, 265–269, 298–299
MRI, 269–272
X-ray CT, 272–276

biorthogonality, 145, 250, 253
Blu, Thierry, 204
boundary conditions, 9, 92, 102–103, 167
bounded operator, 41

convolution on Lp(Rd), 40–43
Riesz–Thorin theorem, 41, 94

Brownian motion, 4, 11, 163, 173, 220

cardinal interpolation problem, 5
Cauchy’s principal value, 62, 333, 334
causal, 5, 90, 95, 98, 105
central-limit theorem, 245, 246, 312
characteristic function, 45, 192, 206, 225, 240, 251,

337
SαS, 234

characteristic functional, 46, 47, 85, 154, 156, 158,
164, 188, 194, 225

domain extension, 195–197
of Gaussian white noise, 75
of innovation process, 53, 73
of sparse stochastic process, 153

compound-Poisson process, 10, 174, 185
compressed sensing, 2, 255, 284, 288
conditional positive definiteness, 62, 339

of generalized functions, 340
Schoenberg’s correspondence, 69

continuity, 27, 32, 45, 46
of functional, 85

convex optimization, 2, 263
convolution, 39, 40–43, 89, 92–94, 158–159, 161,

334
semigroup, 239–242

correlation functional, 11, 50, 81, 153, 155, 188
covariance matrix, 215, 216, 258
cumulants, 209, 213, 237–239

cumulant-generating function, 238, 239
cycle spinning, 299

through averaging, 317–318

Döblin, Wolfgang, 17
decay, 132, 235

algebraic, 132–133, 235
compact support, 12, 125, 132, 134
exponential, 132, 235
supra-exponential, 235

decorrelation, 202, 217
decoupling of sparse processes, 23, 191

generalized increments, 20, 170–172, 197–205,
211, 251

increments, 11, 191, 193
increments vs. wavelets, 191–194,
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wavelet analysis, 21, 205–206,
wavelets vs. KLT, 220

denoising, 1, 24, 277, 290
consistent cycle spinning, 318–320,
iterative MAP, 318–320
MAP vs. MMSE, 283
MMSE (gold standard), 281
wavelet-domain

shrinkage/thresholding, 296
soft-threshold, 290

differential entropy, 215
differential equation, 5, 89

stable, 95–97
unstable, 19, 97–103

dilation matrix, 142, 206
Dirac impulse, 6, 9, 34, 35, 83, 121
discrete AR(1) process, 211, 220, 278
discrete convolution, 110

inverse, 110
discrete cosine transform (DCT), 1, 14, 211, 217,

220
discrete whitening filter, 202
discretization, 194–195

deconvolution, 268
MRI, 270
X-ray CT, 273

dual extension principle, 36
dual space

algebraic, 32
continuous, 32, 35, 46
of topological vector space, 32

duality product, 33–35

estimators
comparison of, 283–286, 303, 321
LMMSE, 258
MAP, 255
MMSE (or conditional mean), 278
pointwise MAP, 301
pointwise MMSE, 301–312
wavelet-domain MAP, 290, 292–293

expected value, 44

filtered white noise, 19, 53–54, 91, 159
finite difference, 7, 192, 201
finite rate of innovation, 2, 9, 78, 173
fluorescence microscopy, 265
forward model, 249, 264, 270
Fourier central-slice theorem, 273
Fourier multiplier, 40, 93, 119

Lp characterization theorem, 41
Mikhlin’s theorem, 43

Fourier transform, 1, 34
basic properties, 37
of generalized functions, 37
of homogeneous distributions, 331
of singular functions, 332

fractional derivative, 104, 119, 176, 204
fractional integrator, 185
fractional Laplacian, 107, 108, 135, 176, 185
frequency response, 5, 7

factorization, 95
rational, 39, 95, 162

function, 25
notion, 28

function spaces, 25–32
complete-normed, 28–29
finite-energy (L2), 34
generalized functions (S ′), 34
Lebesgue (Lp), 29
nuclear, 29–32
rapidly decaying (R), 29
smooth, rapidly decaying (S ), 30–31
topological, 28

functional, 32

gamma function, 344
properties, 344–345

Gaussian hypothesis, 1, 54, 258–259
Gaussian stationary process, 1, 161–162
generalized compound process, 78, 185–187
generalized functions, 35–40
generalized increment process, 160–161, 195,

198–199
generalized increments, 199–205

probability law of, 199–200
generalized random field, 47
generalized stochastic process, 47–54, 84–87,

existence of, 86
isotropic, 154
linear transform of, 51–52, 57, 84
self-similar, 154–155
stationary, 154–155

Gibbs energy minimization, 287
Green’s function, 7, 93, 95, 119–120

reproduction, 129–130

Hölder smoothness, 9, 135
Haar wavelets, 12, 114–116,

analysis of Lévy process, 12–15, 193–194,
synthesis of Brownian motion, 15–16

Haar, Alfréd, 147
Hadamard’s finite part, 106, 332–334, 343
Hilbert transform, 42, 105, 334
Hurst exponent, 154, 156, 177, 178, 245

impulse response, 5, 38, 41, 158–160, 162
first-order system, 90, 150

impulsive Poisson noise, 76–78,
increments, 11, 165, 178, 192
independence at every point, 79, 164
independent component analysis (ICA), 218–220
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infinite divisibility, 24, 60, 80
heavy-tail behavior, 58, 235
Lévy–Khintchine representation, 61
link with sparsity, 59, 68
semigroup property, 239

infinitesimal generator, 240
inner product, 34, 194
innovation model, 11–12, 19–22, 48, 57

finite-dimensional, 71–73
generalized, 84–87

innovation process, 4, 9, 52–54, 73–75
integrator, 10, 91

shift-invariant, 91
stabilized adjoint, 92, 165
stabilized, scale-invariant, 92

interpolator, 3, 126, 144, 152, 159
inverse operator, 19, 89, 91

left vs. right inverse, 84, 86, 100
shift-invariant, 92–97
stabilized, 98–101, 102
stabilized, scale-invariant, 108–109

iterative MAP reconstruction, 261–263
iterative solver

conjugate gradient (CG), 259
Landweber algorithm, 295
steepest descent, 295

iterative thresholding, 24, 290, 295, 298
FISTA, 297–298
ISTA, 296–297

joint characteristic function, 49, 200, 207, 209,
213

Joint Photographic Experts Group
JPEG 2000, 1
JPEG compression standard, 1, 211

Karhunen–Loève transform (KLT), 3, 14, 216, 220
kriging, 18

L-spline, 120–121
�1-norm minimization, 2, 248, 255, 265, 276,

284
left inverse, 92, 98, 99, 101, 102, 105, 108, 109
Lévy density, 60

modified, 223, 225
Lévy exponent, 22, 59, 60–64, 293

p-admissible, 63, 152, 196
Gaussian, 66
Lévy triplet, 62
Lévy–Schwartz admissible, 74, 152, 196
modified, 223, 256, 291
Poisson family, 64
SαS family, 64

Lévy process, 4, 11, 163–166, 278, 283
alpha-stable, 11, 174, 220
classical definition of, 163–164
higher-order extensions, 166–167

Lévy, Paul Pierre, 4, 16–18
continuity theorem, 46
synthesis of Brownian motion, 15–16

Lévy–Khintchine formula, 61, 64–67, 70–71, 225,
228, 342–343

Gaussian term, 66
Poisson atoms, 66

linear inverse problem, 248
Bayesian formulation, 252
discretization, 249–254
wavelet-based formulation, 291
wavelet-based solution, 294–298

linear least-squares, 295
linear measurements, 194, 253
linear methods, 1, 2, 258, 263
linear predictive coding (LPC), 211
linear transform, 212

decoupling ability, 218, 220, 221
transform-domain statistics, 212–216

localization, 21, 125, 129, 132–135, 203
Loève, Michel, 17

M-term approximation
wavelets vs. KLT, 14

magnetic resonance, 269
Mandelbrot, Benoit B., 17

fractional Brownian motion, 178, 180–184
marginal distribution, 213
Matheron, Georges, 17
maximum a posteriori (MAP), 24, 255–256, 293
Minlos–Bochner theorem, 46, 74, 86
modified Bessel functions, 344
modulation transfer function, 267
moments, 50, 235–238

generalized, 235, 236
Mondrian process, 187
multi-index notation, 30, 208
multiresolution analysis, 113, 142–144
mutual information, 218–220

negentropy, 215
non-Gaussian stationary process, 158–159
norm, 28
null space, 118–119

operator, 20, 89
continuous, 27
derivative, 6, 111, 164
differential, 19, 96, 125, 166, 191
discrete, 20, 197
factorization, 96, 97, 101–102, 162, 166
fractional, 89, 104, 107
linear, 27
linear shift-invariant, 90, 92, 156
partial differential, 120
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rotation-invariant, 90, 107
scale-invariant, 90, 104–109, 143, 156
spline-admissible, 118–120

operator-like wavelets, 124, 142
fast algorithm, 314
first-order, 126–127, 221, 313
general construction, 144–146,
generalized, 142–147

Ornstein–Uhlenbeck process, 150

Paley–Wiener theorem, 134
Parseval’s identity, 34, 161, 300, 316, 318
partial differential equation, 240

diffusion, 241
fractional diffusion, 241

partial differential operator
elliptic, 120

partition of unity, 114, 132
point-spread function (PSF), 266

Airy pattern, 266
diffraction-limited model, 266
resolution limit, 266, 268

Poisson summation formula, 132
poles and zeros, 95, 141, 162, 166
polygamma function, 257, 345
polynomial reproduction, 130–132

Strang-Fix conditions, 131
positive definiteness, 45, 336

Bochner’s theorem, 45, 337–338
of functional, 85
of generalized function, 338

potential function, 256–258, 299
wavelet-domain, 293–294,

power spectrum, 81, 152, 159, 163
principal component analysis (PCA), 216
probability density function (pdf), 43
probability law, 65

Cauchy, 58, 311
compound-Poisson, 58, 64, 67, 307
Gaussian, 58
hyperbolic secant, 305
Laplace, 58, 304
Meixner, 310
Poisson, 66
Student, 306
symmetric gamma (sym gamma), 309
symmetric-alpha-stable (SαS), 64, 234, 346

probability measure
finite-dimensional, 43–44, 45
infinite-dimensional, 46, 47

proximal operator, 259, 263, 296
as MAP estimator, 301

Radon transform, 272
of polynomial B-spline, 275

random field, 19
reconstruction subspace, 249

regularization, 2, 249, 255, 256, 286
parameter, 263, 284
quadratic, 287
total-variation, 284, 287
wavelet-domain, 295, 298–299

regularizing singular integrals, 107, 329–331
ridge regression, 287
Riesz basis, 9, 114, 121, 122, 129, 250
Riesz transform, 335
right inverse, 99, 101, 103, 105, 109

sampling, 3
constant-rate, 3
generalized, 249
in Fourier domain, 270, 271

sampling step, 249
scaling function, 114
Schoenberg, Isaac Jacob, 9, 147

B-spline formula, 8
correspondence theorem, 69

Schwartz, Laurent
kernel theorem, 38–39
Schwartz–Bochner theorem, 338
space of test functions (S ), 30
tempered distributions (S ′), 34

score, 260
self-decomposable distribution, 232
self-similar process, 154, 176–180

wide-sense, 155, 176
seminorm, 28
sequence spaces (�p), 110
Shepp–Logan phantom, 275
shrinkage function, 259, 290, 300–313

asymptotic behavior, 260, 302
for Cauchy distribution, 311
for compound-Poisson, 307
for hyperbolic secant, 306
for Laplace distribution, 260, 304
for Meixner family, 310
for Student distribution, 306
for symmetric gamma (sym gamma), 309
linear, 260, 303
MAP vs. MMSE, 302
soft-threshold, 260

signal
as element of a function space, 28
continuous-domain, 3
discrete (or sampled), 6, 195

singular integral, 20, 61, 62, 100, 108, 328–335
sinogram, 273
Sobolev smoothness, 135–136
sparse representations, 191
sparse signal recovery, 248, 255
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sparse stochastic process, 3, 23, 150–187
bandpass, 174
CARMA, 162–163, 201
Lévy and extension, 163–175
lowpass, 173
mixed, 175
non-Gaussian AR(1), 150–152, 211
self-similar, 23, 176–187

sparsity, 1, 68
spectral mixing, 224, 229
spline knots, 6, 121
splines, 23, 113

cardinal, 5, 120
definition of, 120–121
non-uniform, 7, 121
piecewise-constant, 5–7, 113

stable distribution, 234, 246
stationary process, 79, 154, 158–160, 163

wide-sense (WSS), 155
stochastic difference equation, 201–202, 211
stochastic differential equation (SDE), 4, 19, 84,

164
Nth-order, 162, 166
first-order, 91, 150, 166, 211
fractional, 176

stochastic integral, 4, 163
stochastic modeling of images, 264
structure

algebraic, 27
topological, 27

submultiplicative function, 235
system matrix, 253, 259, 263, 292

Taylor series, 208, 238, 239
Tikhonov regularization, 248, 255, 286
topological vector space, 28
total variation, 42, 284, 287, 288
transform-domain statistics, 223

cumulants, 239
infinite divisibility, 224

rate of decay, 235
self-decomposability, 232
stability, 234
unimodality, 230, 231

two-scale relation, 114, 143–144, 314

unimodal, 230, 231, 232, 256, 303

vanishing moments, 147
variogram, 179
vector-matrix notation, 72, 212
Vetterli, Martin, 9

wavelet frame, 1, 315–318
improved denoising, 317
pseudo-inverse, 316
union of ortho bases, 316

wavelet-domain statistics, 206
correlations, 207
cumulants, 208–210, 244, 245
evolution across scale, 242–247
probability laws, 206–207

wavelets, 1, 113, 290
admissible, 124
Haar, 12, 114–116, 220
Haar 2-D, 298
orthogonal transform, 13, 116, 301
semi-orthogonal transform, 146

white Lévy noise, 4, 10, 73–84
as limit of random impulses, 83–84
canonical id distribution, 80
definition, 73
infinite divisibility, 80–81

whitening operator, 19, 23, 113, 152
Wiener, Norbert

Wiener filter, 3, 258
Wiener’s lemma, 111
Wiener–Khintchine theorem, 88, 152

Young’s inequality, 40, 94, 110

www.cambridge.org© in this web service Cambridge University Press

Cambridge University Press
978-1-107-05854-5 - An Introduction to Sparse Stochastic Processes
Michael Unser and Pouya D. Tafti
Index
More information

http://www.cambridge.org/9781107058545
http://www.cambridge.org
http://www.cambridge.org

	http://www: 
	cambridge: 
	org: 


	9781107058545: 


