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Abel sum, 81 analytic function, 112

abelian group, 222
absolute, 376, 377, 380
infinite, 244
truth, 202, 232
value, 59, 82
absolutely convergent, 80
absoluteness, 377, 380
abstract nonsense, 182
abundant number, 63
acceleration, 95
addition
cardinal, 151, 325
Cauchy class, 60
complex, 107

antichain, 363
Anti-foundation Axiom, 270

antilexicographic order, 138, 139

antisymmetric relation, 37
Archimedean field, 105
argument, 113
arithmetic, 76, 181, 412
consistency, 421
theory, 421
arithmetization, 75, 392
arrow paradox, 95, 167
associative laws, 190
associativity of addition
cardinal, 151

integer, 40 natural, 29
natural, 29 order type, 137
order type, 136 PA, 412

ordinal, 303, 305
polynomial, 127

associativity of multiplication
cardinal, 151

Q[v2], 52 natural, 30
rational, 45 order type, 138
real, 56 PA, 412
additive atom, 15, 197, 250
identity, 30, 84 atomic formula, 204, 210
inverse, 41 Axiom
affine plane geometry, 231 of Abstraction, 209, 240
aleph, 153, 172, 326, 356 of Choice, 12, 13, 20, 85, 151, 171,
algebraic 173, 176, 179, 197, 209, 281,
closure, 129 335-337, 339, 340, 342, 343,
number, 127, 129, 131 346, 347, 349, 350, 352, 354,
algebraically closed field, 129 374, 383, 387, 388, 390, 400,
aliquot sequence, 64 408, 418
almost universal, 386 of Choice (strong form), 335, 387
alternating series, 80 of Constructibility, 334, 386-390,
alternative algebra, 126 397, 401
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of Countable Choice, 337
of Countable Dependent Choice,
338
of Definable Determinacy, 362
of Determinacy, 261, 347, 348, 361
of Extensionality, 209, 236, 380,
417
of Foundation, 267
of Infinity, 289, 380, 417
of Pairing, 256, 266, 380, 417
of Powers, 260, 261, 380, 401, 417
of Regularity, 267-270, 274, 290,
298, 301, 380, 417
of Separation, 262
of Symmetry (Freiling), 357
of Unions, 259, 380, 417
of Weak Extensionality, 235
Schema of Replacement, 246, 263—
266, 290, 295, 380, 381, 398,
401, 417
axiom schema, 179, 213, 263, 375
axiomatic method, 181, 232
axioms of infinity, 334

back-and-forth, 140
Baire
Class, 147
line, 362
Banach—Tarski paradox, 343, 344, 346—
348, 361
generalized, 345
barber paradox, 178
Basel problem, 96
basis, 84
Bell number, 281
Benacerraf’s problem
epistemological, 257
identification, 257
Bernoulli number, 25
Bernstein decomposition, 358
Berry’s paradox, 243
best approximation, 66
betweenness, 229
bi-interpretable, 381
bijection, 10
bijective, 10
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Boolean algebra, 409
Borel set, 358
bound variable, 204, 205
bounded
above, 57
sequence, 77
Bunyakovsky conjecture, 17
Burali-Forti paradox, 148, 241, 285, 322

C, 107
calculus, 15, 75, 77, 88-90, 92, 94, 95,
100, 102, 168, 169
Cantor normal form, 312, 313, 316
Cantor’s
paradox, 322
ternary set, 358, 359
Theorem, 134, 153, 322, 353, 389
Cantor—-Bendixson Theorem, 358
Cantor—Bernstein Theorem, 11, 70, 71,
133, 319, 342
cardinal number, 149-153, 319, 325
cardinality, 10, 325
cartesian product, 34, 273
categorical theory, 373
category theory, 182
Cauchy
complete, 77
sequence, 59, 60, 77, 87, 88
Cauchy—Riemann equations, 113
Cayley’s Theorem, 220
Cayley—Dickson
algebra, 125
process, 125
ccc partially ordered set, 363
Cesaro
mean, 80
summable, 80
chain, 350
Chaitin’s Theorem, 243
character of cofinality, 328
choice function, 335
Church—Kleene ordinal, 309
class, 7
name, 422
closed curve, 118
codomain, 10
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cofinal, 328
commutativity of addition
cardinal, 151
natural, 29
PA, 413
commutativity of multiplication
cardinal, 151
natural, 30
PA, 413
Compactness Theorem, 370, 371
compatible, 363
complete
Cauchy, 77
Dedekind, 87, 88
induction, 23, 292
line, 359
logically complete, 370
negation, 370
normal form, 312, 314, 316
ordered field, 57, 59, 60

real number, 362

set, 384-387, 390

universe, 383, 386, 401
Constructivist, 200
continued fraction, 65
continuity, 82
continuous, 147

function, 81, 82, 146

Index

nowhere differentiable function, 99

ordinal function, 308
continuum, 54

Continuum Hypothesis, 20, 104, 144,
171, 172, 176, 179, 326, 334,
353, 354, 356-358, 362, 374,

400, 408
contradiction, 191, 290
contrapositive, 12
convergent

sequence, 77
series, 80

sequence (of forcing conditions), 406 countable, 41

theory, 356, 370
Completeness Theorem, 370
completion, 78
complex
analysis, 107, 108, 111
conjugation, 111
differentiable, 111
dynamics, 123
integration, 118
logarithm, 120
number, 18, 107, 108, 111, 114
plane, 114
composite, 275
computable number, 231
computable set, 216
conditionally convergent, 80
conformal
equivalence, 115
mapping, 115
congruent by finite decomposition, 345
conjunction, 188
connected set, 111
conservative extension, 179
consistent, 4, 20, 215, 339, 424, 426
constructible

chain condition, 363
cover, 333
cubic equation, 108
cumulative hierarchy, 254
curve, 118
cut, H4

Darboux integral, 92
De Morgan’s Laws, 190, 207
de Moivre’s formula, 113
decidable sentence, 424
decimal representation, 61
Dedekind

complete, 57

cut, 54, 105
finite, 12, 323
set, 55
deficient number, 63
definable
number, 231
set, 231

definite integral, 88, 90
definiteness, 262
definition, 189, 195
degree
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of a formula, 403

of a polynomial, 128
A, -formula, 217
dense, 359, 363

ordered set, 140
derivative, 88, 90, 95
derived set, 145, 357
descriptive set theory, 357
detachment, 207
determined set, 361
diagonal

function, 423

proof, 73, 242
diagonalization, 73, 392, 420, 423
dichotomy paradox, 164
differentiation, 88, 90, 94, 95
dimension, 84, 85
Diophantine set, 216
direct unity, 110
directed

graph, 270

set, 308
discontinuity, 82
disjoint, 35
disjunction, 187, 255
disprovable sentence, 422
distributive laws, 191
distributivity

natural, 30

PA, 412
divergent

sequence, 77

series, 80
divisible group, 222
domain, 10, 275
dyadic normal form, 312

effective theory, 211, 371

element, 6

elementarily equivalent, 373

elementary theory of the successor func-
tion, 415

elliptic geometry, 225

elucidation, 200

empty set, 14, 21, 249, 250, 254, 265,
376
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ensembles extraordinaires, 268
Entscheidungsproblem, 215
epsilon-delta, 90, 92
epsilon number, 309
equality, 34, 233
equipollence, 11, 319
of [0,00) and [0,1), 69
of [0,1] and [0,1), 69
of [0,1) x [0,1) and [0,1), 71
of all intervals, 68
of N and A, 131
of N and Q, 47
of N and Z, 41
of Nand Z x Z, 42
of N and Z", 42
of R and (—1,1), 68
of R and P(N), 133
of R and R™, 71
equivalence, 188, 208
class, 35
relation, 34-36
essential singularity, 116
Euclid’s proof (infinitely many primes),
26
Euclid—Mullin sequence, 26
Euclidean geometry, 102, 200, 225, 229,
230, 356
Euler-Mascheroni constant, 129
Euler’s
formula, 112
number, 87, 93
eventually
null sequence, 127
periodic representation, 63
positive sequence, 60
everywhere discontinuous integrable
function, 100
exclusive or, 187
existential quantifier, 189
exponential function, 93
exponentiation
cardinal, 152, 325
complex, 112
integer, 45
naive Peano Arithmetic, 30
PA, 414
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real, 93
expressed (by a class name), 422
expressible set, 423
expression, 422
extended real line, 78, 334
extensional relation, 379

field, 18, 45, 52, 84, 128, 129
Archimedean, 105
extension, 18, 52, 129
isomorphism, 57
field of constructible points, 128
filter, 363
finite
character, 352
plane, 232
set, 286
simple group, 223
finiteness, 6, 12, 13, 322
Finitist, 160, 161, 163, 176
First Principle of Generation, 143
first uncountable ordinal, 309
first-order
completeness axiom schema, 58
logic, 368, 370
theory, 210
forcing, 390, 400, 404, 408
condition, 404, 408
set, 406
Formalism, 215
Formalist, 16, 20, 202
foundational relation, 277
Fourier
analysis, 80
coefficient, 95
series, 96, 97
free variable, 204
Freiling’s Axiom of Symmetry, 357
full theory, 414
function, 9, 273
fundamental operation, 385, 386, 401
Fundamental Theorem
of Algebra, 107
of Calculus, 90
fusion, 14, 265
fuzzy set, 236

Index

Galois theory, 128
game theory, 105, 360
Gelfond—Schneider Theorem, 130
General Convergence Principle, 87
General Principle of Limitation, 144
Generalized Continuum Hypothesis, 134,
171, 172, 331, 353-355, 383,
387, 388, 390
generalized well-formed formula, 248
geometry, 53, 75, 76, 94, 111, 181, 202,
224, 229, 230
Gibbs phenomenon, 98
Godel
number, 391, 393, 398, 423
number (limited), 403
number (unlimited), 403
numbering, 391, 393, 423
sentence, 424
sequence number, 393
Godel-Bernays set theory, 179, 180
Godel-Rosser sentence, 421
Godel’s Incompleteness Theorem, 73,
215, 231, 356, 370, 392, 419
first, 423
second, 293, 331, 375, 380
Goldbach conjecture, 198
ternary, 198
Goldbach’s comet, 200
golden ratio, 65
Goodstein sequence, 314-316
Goodstein’s Theorem, 316
graph, 81
Great Picard Theorem, 116
Grelling—Nelson paradox, 243
Grothendieck universe, 329
group, 219, 368
abelian, 222
divisible, 222
first-order theory, 220
theory, 219
torsion, 223
torsion-free, 223

H, 125
Hartogs number, 340, 354
Hartogs’ Theorem, 340
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Hausdorff inside, 118
dimension, 85 integer, 38—41, 46
space, 363 integrable, 90
Hausdorft’s maximal principle, 351 integration, 88, 90, 94
hereditarily finite sets, 381 interior point, 345
Hessenberg sum, 313 intersection, 35
heterologicality, 243 interval, 67
Hilbert’s Intuitionism, 170, 198
Hotel, 13 Intuitionist, 170
tenth problem, 216 Intuitionistic logic, 198
holomorphic, 111 inverse unity, 110
homeomorphism, 85 inversion, 124
hyperbolic geometry, 225, 226 irrational number, 18, 55, 63
hyper-inaccessible cardinal, 331 irreducible formula, 204
hyperreals, 103 isolated singularity, 116
isometry, 345
ideal, 103 isomorphism, 28, 57, 281
image, 275
imaginary part, 111 Jordan curve, 118
implication, 188 Jordan Curve Theorem, 118

inaccessible cardinal, 329, 331, 333, 380 Jourdain’s paradox, 244
incidence, 229

inclusion, 14 k-additive measure, 333
incommensurable, 48, 49 Khinchin’s constant, 67
inconsistent, 370, 424 Kleene—Mostowski arithmetical hierar-
independence, 176, 180, 230, 380, 390, chy, 217

400, 401, 408 Klein model, 225, 226
index, 119 Kuratowski’s principle, 351

individuals, 15
induction, 22-24, 27, 28, 48, 268, 286, large cardinal axiom, 332, 361

292, 293, 412 lateral unity, 110
inductive set, 57, 290 Laurent expansion, 120
infinite least
cardinal, 323, 325, 330 number principle, 23, 24
dimensional vector space, 84 upper bound, 57
element, 103 Lebesgue
ordinal product, 317 integral, 90
ordinal sum, 317 measurable set, 333
set, 286 measure, 333
infinitesimal, 90, 102 left
element, 103 continuous, 83
injective, 10 distributivity (order type), 139
class, 275 Leibniz’s Law, 235
inner lexicographic order, 139, 385
equality, 235 limit, 61, 77, 81, 87, 111
model, 368, 400 ordinal, 144, 285, 308
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limitation of size, 252, 253
limited

Godel number, 403

quantifier, 403
Lindstrém’s Theorem, 374
line, 47, 53, 54, 68, 100, 200, 225, 226,

229, 359

linearly independent, 84
Liouville number, 130
Liouville’s Theorem, 124
logical

axiom, 206

paradox, 241, 245
logically

complete, 370

equivalent, 207, 367
long line, 172
Lowenheim—Skolem Theorem, 372, 374,

375

Downward, 372

Upward, 372
lower

integral, 90

sum, 90, 91

Mandelbrot set, 121
manifold, 53
many-valued logic, 199
Martin’s Axiom, 362, 363, 408
mathematical paradox, 241
Matiyasevich’s Theorem, 216
maximal element, 350
measurable, 333, 346, 347

cardinal, 333, 388
measure, 332, 333

theory, 78, 332-334, 338
mechanics, 95
membership, 14, 185

chain, 290

loop, 267, 268, 270
mereology, 15
Mersenne prime, 63
metric, 78

space, 77
minimal model, 389, 390, 400
model, 366, 368

Index

theory, 213, 368
modulus, 111
modus ponens, 207
monadic second-order logic, 213
Morley’s Theorem, 373
Morse—Kelley set theory, 179
Mostowski Collapse

Lemma, 379, 388
Mostowski collapse, 379
multi-valued mapping, 120
multiplication

cardinal, 151, 325

Cauchy class, 60

complex, 107

integer, 40

natural, 30

ordered set, 138

ordinal, 305

polynomial, 128

Q[v2], 52

rational, 45

real, 57
multiplicative

axiom, 336

identity, 30

inverse, 45
musical intervals, 50

N, 29
naive set, 16
theory, 16
NAND, 192
natural
logarithm, 93
number, 13, 19, 21, 22, 24, 27, 28,
32, 72, 285-287
product, 313, 314
sum, 313, 314
negation, 187, 197
complete, 370
complete theory, 424
incomplete theory, 424
negative number, 18, 38
net, 308
n-gonal number, 25
Nichomachus’ Theorem, 25
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no-class theory, 252 Ostrowski’s Theorem, 78
Noetherian induction, 301 outer
non-constructible set, 390 equality, 235
non-Euclidean geometry, 225, 229, 368 measure, 333
non-logical axiom, 206, 207 outside, 118
non-standard
analysis, 102, 104 PA, 28
model, 58, 103 p-adic
non-well-founded set, 270 absolute value, 78
theory, 270 analysis, 78
NOR, 191 integer, 79
norm, 82 number, 78, 79
normal form, 312 paradox, 148, 163-169, 177, 185, 209,
null sequence, 59, 77 240-244, 248, 267, 285, 343,
number base, 62 344, 374
Number Class, 143, 144, 153 Achilles and the tortoise, 164
arrow, 95, 167
0, 125 Banach—Tarski, 343, 344, 346348,
object language, 245 361
octonion, 125 Banach—Tarski (generalized), 345
w-consistent, 421 barber, 178
On, 142 Berry’s, 243
one-to-one, 10 Burali-Forti, 148, 241, 285, 322
onto, 10 Cantor’s, 322
open dichotomy, 164
interval, 67, 359 Epimenides the liar, 241
set, 82, 111, 358 Grelling—Nelson, 243
order Jourdain’s, 244
equivalent, 135 logical, 241, 245
isomorphism, 135, 142 mathematical, 241
of constructibility, 386 Quine’s, 245
topology, 308 Richard’s, 242
type, 135, 136, 140, 142, 283 Russell’s, 148, 177, 185, 241, 244,
ordered 248
pair, 34, 256, 257 semantic, 241-243, 245
product, 138 Skolem’s, 374
set, 135, 136, 138, 140, 142, 283 Smale’s, 346
sum, 136 sorites, 155
ordinal, 142 stadium, 166
class, 284 Zeno’s, 163, 168, 169
division, 305 paradoxical decomposition, 346
limit, 308 parallel postulate, 202, 224-226, 335,
number, 96, 135, 142, 143, 145, 356
283-285, 312 parity of a formula, 403
subtraction, 305 partial
ordinary finite, 12 order, 363
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sum, 80 projective
partition, 35 determinacy, 362
path, 118 plane geometry, 228, 232
pathological function, 98 set, 348, 362
PCF theory, 331 proper
Peano class, 7
Arithmetic, 28, 58, 103, 293, 314, subset, 11
370, 372, 392, 411, 412, 414, provability predicate, 425
415 provable sentence, 422
curve, 85 punctured neighbourhood, 145
Peano’s Postulates, 27-29, 31, 285 Pythagoras’ Theorem, 48, 49
perfect
number, 63 Q, 44
set, 357, 358, 361 quadratic
IIp-formula, 217 algebra, 126
II;-formula, 217 equation, 108
II,,-formula, 217 quartic equation, 108
plane, 53, 100, 111, 200, 226, 229 quaternion, 125
Platonism, 16, 246 Quine atom, 270
Platonist, 16, 20, 200 Quine’s paradox, 245
Playfair’s Axiom, 225 quintic equation, 109
point, 200, 226, 229
pointwise limit, 146 R, 55
pole, 116 ramified theory of types, 252
Polish notation, 192 Ramsey Theorem (finite), 316
polynomial, 107, 127, 128 range, 275
power set, 133, 134, 260, 261, 353 rank, 254, 298, 301
predicate, 205 Rasiowa-Sikorski Lemma, 363
n-predicate, 205 rational
predicative function, 104
extension, 180 number, 44-48, 63
functions, 252 real
Presburger Arithmetic, 415 algebra, 126
prime closed field, 230, 231
formula, 397 number, 18, 32, 49, 52-55, 59, 61
number theorem, 300 part, 111
primes of the form n? + 1, 17 real projective plane, 228
primitive, 2 rearrangement of series, 80
n-ary operator, 210 rectifiable curve, 118
n-ary relation symbol, 210 recursion with a parameter, 294
recursive arithmetic, 293 recursive
principal argument, 113 ordinal, 309
principle sequences, 294
of finite induction, 23, 286, 292 recursively enumerable set, 216
of finite recursion, 294, 295 Reflection Principle, 375, 377
of purity, 197 reflexive relation, 34
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reflexivity of equality, 233
region, 111
regular cardinal, 329
relation, 34, 274
antisymmetric, 37
equivalence, 34, 35
foundational, 277
reflexive, 34
symmetric, 34
transitive, 34
relatively constructible set, 386, 387
relativization, 367
removable singularity, 116
residue, 120
restriction, 275
reverse order type, 136
Richard’s paradox, 242
Riemann
Mapping Theorem, 115
integrable, 90, 91
integral, 90
sphere, 121
surface, 120
right continuous, 83
ring, 37, 103
R-initial segment, 277
R-minimal element, 277
root, 128
R-predecessor, 277
rules of inference, 207
Russell’s paradox, 148, 177, 185, 241,
244, 248

salient ordinal, 312
satisfaction, 365
sawtooth wave, 97
schema
of comprehension, 246
of separation, 246
Second Principle of Generation, 143,
144, 148
second-order
Peano Arithmetic, 414
completeness axiom, 58
logic, 212, 213
sedenions, 125

471

self-reference, 244
semantic paradox, 241-243, 245
sentence, 205, 422

of Goldbach type, 217
sequence, 59
sequential convergence, 77
sequentially compact, 309
set, 7
Sheffer stroke, 191
sigma algebra, 333, 358
31-formula, 217
Yp-formula, 217
Silver’s Theorem, 330
singleton, 255
single-valued class, 275
singular cardinal, 329
Singular Cardinals Hypothesis, 330
singularity, 116

essential, 116

isolated, 116

pole, 116

removable, 116
Skolem Arithmetic, 415
Skolem’s paradox, 374
Smale’s paradox, 346
sociable number, 64
sorites paradox, 155
sound theory, 421, 423
Soundness Theorem, 370
Souslin line, 359
Souslin’s Hypothesis, 359, 363, 388, 408
space-filling curve, 85
span, 84
sphere eversion, 347
square wave, 97
stadium paradox, 165, 166
standard

model, 368

structure, 366

transitive model, 377, 380, 384, 387,

388
Standard Model Hypothesis, 388, 390,
398

strategy, 361
strong induction principle, 23
subset, 11
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substitution schema, 234
substitutivity of equality, 234
subtraction (integer), 40
successor, 27, 29, 286, 287, 290
ordinal, 143, 285, 298
superbase, 313, 316
surjective, 10
surreal numbers, 105
syllogism, 196, 197
symmetric relation, 34
symmetry of equality, 233

Tarski finite, 13, 323

Tarski’s Theorem, 424
tautology, 191, 426
Teichmiiller-Tukey Lemma, 352
term, 210

terminating decimal, 62, 63
ternary Goldbach conjecture, 198
theory of types, 213

topological space, 82

topology, 82

topos theory, 182

torsion group, 223

torsion-free group, 223

transcendental number, 127, 129-131

transfinite
cardinal, 323

induction, 147, 292, 293, 296, 349

recursion, 147, 295, 296, 303
transitive

class, 284, 377

closure, 381

law, 191

relation, 34

set, 284
transitivity of equality, 234
triangle inequality, 78
trichotomy, 173, 350
trigonometric series, 145
true arithmetic, 414
true sentence, 422
truth table, 207
tuple, 255, 257, 259
type, 213

of a formula, 403

Index

theory, 178, 197, 252

Ultrafinitist, 160
uncountability of R, 73
uncountable, 73, 374
undecidable sentence, 424
uniform convergence, 148
union, 35
unique, 274
universal

choice function, 335, 387

quantifier, 189
unlimited Godel number, 403
unordered pair, 255
upper

integral, 90

sum, 90, 91
urelements, 15

valuation set, 426

variable, 186, 204, 210

Vaught’s conjecture, 373

vector space, 84

velocity, 95, 168

vibrating string, 95

Vitali set, 358

von Neumann successor, 286, 287

weak extensionality, 235
weak second-order logic, 213
weakly inaccessible cardinal, 329
Weierstrass Approximation Theorem,
83
well-formed formula, 203, 204, 210, 397
generalized, 248
well-founded
relation, 280, 281
set, 298
well-ordered set, 142, 284
well-ordering, 135, 142, 173, 174, 279,
281, 336, 340, 349
Well-Ordering Theorem, 173, 174, 197,
281, 336, 349, 350

Z, 39
Zeno’s paradoxes, 163, 168, 169
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Zermelo—Fraenkel set theory, 7, 15, 20,
179, 417
zero, 14, 18, 21
divisor, 30, 45, 125
of a function, 128
ZF, xxi, 7
ZFC, 190
Zig-Zag theory, 252
Zorn’s Lemma, 104, 350, 351
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